CHAPTER 2

Rings and Modules

2.1. Rings, Basic Definitions

DEFINITION 2.1. A ring is a nonempty set R equipped with two operations +
and - such that
(i) (R,+) is an abelian group;
(ii) (ab)e = a(bc) Va, b, c € R;
(iii) a(b+c¢) =ab+ ac, (a+b)c = ac+ be Ya,b,c € R.
If ab = ba for all a,b € R, R is called commutative. If 31 € R such that 1ra =
alr = a Va € R, 1R is called the identity of R.

SUBRING. Let (R, +,-) be aring. S C R is called a subring of R if (S,+,-) is
a ring.

HomoMoORPHISM. Let R and S be rings. A map f : R — S is called a
homomorphism if f(a +b) = f(a) + f(b), f(ab) = f(a)f(b) for all a,b € R. An
isomorphism is a bijective homomorphism.

NoOTE. In general, a ring may not have an identity, e.g. 2Z. If S is a subring
of R, any of the following could happen: (i) R has identity, S does not (R = Z,
S = 27); (ii) S has identity, R does not (R =Z x 2Z, S = Z x {0}); (iii) R and
S both have identity but 1z # 1s (R=Z xZ, S =7 x {0}). If R and S are two
rings with identity, a homomorphism f : R — S does not necessarily map 1 to
1g. However, we make the following declaration.

DECLARATION. In these notes, unless specified otherwise, it is assumed that a
ring has identity; if S is a subring of R, 1g = 1g; a homomorphism maps identity
to identity.

BASIC PROPERTIES OF RINGS.

(i) Op-a=a-0r =0g, a€R.
(ii) (na)b = a(nb) = n(ab), m(na) = (mn)a, a,b € R, m,n € Z.

(iii)

n m n m
() (5n) -3,
i=1 j=1 i=1 j=1
(iv) Assume aq,...,as € R are pairwise commutative. Then
n! ; .
... n P —_— 11 DY ’LS
(art -+ ad) 2 G

i1t tis=n

THE MULTIPLICATIVE GROUP. a € R is call a unit (or invertible) if 3b € R such
that ab = ba = 1. R* := the set of all units of R. (R*, -) is the multiplicative
group of R.
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42 2. RINGS AND MODULES

TYPES OF RINGS.

Integral domain. R: commutative, 1 # 0, no zero divisors (i.e., ab=0=a =
0orb=0).

Division ring (skew field). R: 1r # 0, R* = R~ {0}.

Field. Commutative division ring.

EXAMPLES.

Fields: Q, R, C, Z, (p prime).

Integral domains (not fields): Z, D[z] (the polynomial ring over an integral
domain D).

Noncommutative rings: M,,«,(R) = the ring of n x n matrices over a ring R.

ENDOMORPHISM RING. Let A be an abelian group, End(A) = Hom(A4, A).
(End(A), +,0) is the endomorphism ring of A.

Fact. Every ring R is a subring of End((R, +))
PRrROOF. We have
f: R < End((R,+))
ro— f(r)
where
fr): (B+) — (B +)

T — re.

EXAMPLE (Real quaternions, a division ring which is not a field).
H = {a1 + asi + azj + ask : a1,...,a4 € R}.
Addition: coordinate wise; multiplication: defined by the distributive laws and the
rules i2 = j2 = k2 = —1,ij = k, jk =i, ki = j, ik = —j, kj = —i, ji = —k. If
z = a1 + asi + azj + a4k, define Z = a1 — asi — azj — ask. zéza%—i—a%—&—ag—i—ai.
If 240,27t = éz
GROUP RINGS. Let G be a group (written multiplicatively) and R a ring. The

group ring R[G] := the set of all formal sums »_ ., rgg, where 1y € R and 74 = 0
except for finitely many g € G.

Z Tgg + Z Sq9 ‘= Z(Tg + 59)9,

geG geG geG
(S ) (Z k) = X (X mss)a
heG keG g€G h,keG
hk=g

If X C G is closed under multiplication and e € X, then R[X] = {3 x 749 €
R[G]} is a subring of R[G].
CHARACTERISTIC. The characteristic of a ring R (char R) is the smallest n €

Z* such that na = 0 for all a € R. If no such n exists, char R = 0. ( charZ, = n,
charQ = 0.)

Fact. If D is an integral domain, char D = 0 or a prime.

IDEALS. Let R be a ring. I C R is called a left (right) ideal of R if I is a
subgroup of (R,+) and ax € R for all a € R, € I. An ideal is a two-sided ideal.
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If X C R, the ideal of R generated by X (the smallest ideal containing X) is
(X) (or (X)) = {Zaimibi :n >0, a;,b; €R, x; € X}.
i=1
An ideal generated by one element is called a principal ideal.
SUM AND PRODUCT OF IDEALS. Let I,J be left (right) ideals of R. Define
I+J={a+b:acl, be J}.

I + J is the smallest left (right) ideal of R containing I U J.
If I and J are ideals of R, define

IJZ{ZCLin‘SnZO, a; €1, blej}
=1

IJisanideal of Rand IJ C INJ.

THE QUOTIENT RING. Let I be an ideal of R. Then R/I is an abelian group.
For a+ I,b+1 € R/I, define (a + I)(b+ I) = ab+ I. The multiplication is well
defined and (R/I,+,) is a ring, called the quotient ring of R by I.

T R — RJ/I
r o r+1
is an onto homomorphism (canonical homomorphism).
Fact. I is an ideal of R < I = ker f for some homomorphism f: R — S.

PROPOSITION 2.2 (Universal mapping property). Let f : R — S be a homo-
morphism of rings and let I be an ideal of R such that I C ker f. Then there exists
a unique homomorphism f : R/I — S such that the following diagram commutes.

R—1— s
| A
R/I

ISOMORPHISM THEOREMS.

(i) Let f: R — S be a homomorphism of rings. Then R/ ker f = f(R).
(ii) Let I C J be ideals of R. Then (R/I)/(J/I) = R/J.

THE CORRESPONDENCE THEOREM. Let I be an ideal of R. Let A = the set
of all ideals of R containing I, B = the set of all ideals of R/I. Then A — B:
J — J/I,is a bijection.

mM-ADIC TOPOLOGY. Let R be a ring and m an ideal of R. For each z € R,
{z + m" : n € N} form a neighborhood base of 2. The topology on R defined by
this neighborhood base is called the m-adic topology. The following mappings are
continuous in the m-adic topology.
(i) RxR— R, (z,y) =z +y;
(i) R— R, z — —u;
(ili) Rx R — R, (z,y) — zy.
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(A ring R endowed with a topology such that mappings (i) — (iii) are continuous is
called a topological ring. Thus R with the m-adic topology is a topological ring.)

PrOOF. (i) (z+m™) + (y +m") Cx +y+ m".

(ii) —(x + m™) C —x + m™.

(ili) (z+m")(y+m") Cx+y+m™ O

The ideal m™ is both open and closed. (For every x € m", x +m” C m”; hence
m” is open. R~ m" = {J,cp mn(z +m") is open. So m™ is closed.) The m-adic
topology is Hausdorff < ()7, m™ = {0}. The m-adic topology is discrete < m is
nilpotent (i.e., m™ = 0 for some n > 0).

2.2. Prime Ideals and Maximal Ideals

DEFINITION 2.3. An ideal P of R is called a prime ideal if (i) P # R and (ii)
if A, B are ideals of R such that AB C P, then A C P or B C P.

An ideal M of R is called mazimal if M # R and there is no ideal strictly
between M and R. Maximal left (right) ideals are defined in the same way.

PROPOSITION 2.4. Let P be an ideal of R such that P # R.
(i) If for all a,b € P, ab € P implies a € P or b € P, then P is prime.
(ii) If R is commutative, the converse of (i) is true.

PROOF. (i) Suppose AB C P and A ¢ P. Choose a € A~ P. For all b € B,
abe AB C P. So b€ P; hence B C P.
(ii) Assume ab € P. Then (a)(b) = (ab) C P = (a) C P or (b) C P. O

NoTE. If R is not commutative, the converse of (i) is false. Example: R =
M2 (F) where F is any field. The only ideals of R are 0 and R. So 0 is a primes
ideal of R. But [ ,][°,] =0.

PROPOSITION 2.5. Let R be a ring and I # R a (left) ideal of R. Then I is
contained in a mazimal (left) ideal of R.

PRrROOF. Look at all (left) ideals J such that I C J # 1. Use Zorn’s lemma. O

THEOREM 2.6. Let R be a commutative ring and I an ideal of R.
(i) I is prime < R/I is an integral domain.
(ii) I is mazimal < R/I is a field.
(iii) I is a mazimal = I is prime.
Facrt. If I is an ideal of a ring R such that R/I is a division ring, then [ is a
maximal ideal. The converse is false: 0 is a maximal ideal of Mayo(F).

PROPOSITION 2.7. Let I1,..., I, be ideals of R such that Iy +---+ 1, = R and
LI; ={0} for alli# j. Writel =e1 +---+ ey, where e; € I;. Then we have the
following conclusions.

(i)
€; ’Lfl = jv
€i€j = . .
0 ifi#j.
(e1, ... e, are called orthogonal idempotents. )
(ii) I; is a ring with identity e;. (It follows that ey, ..., e, are unique.) More-
over, ei,...,e, are in the center of R and I; = Re;.
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(i) R2L x - xI,,.

ProoF. (i) If ¢ # j, then e;e; € I,I; = {0}; hence e;e; = 0. Thus e; =
eiler +--+e,) =el.

(i) Let « € I;. Then for each j # i, xe; € I;I; = {0}; hence ze; = 0. So,
x=x(e1 + -+ e,) = xe;. In the same way, e;x = x.

Since e; is the identity of I; and e;x = 0 = xe; for all z € I}, j # i, we see that
e; is in the center if R. Since Re; C I; C I;e; C Re;, we have I; = Re;.

(iii) f: R— I x -+ x I, a— (aey,...,aey,) is an isomorphism. (In fact,
g: I x---xI,— R, (z1,...,2n) — &1+ -+ + T, is the inverse of f.) O
THEOREM 2.8 (The Chinese remainder theorem). Let I1,..., I, be ideals of a

ring R such that I; + 1, = R (i # j). Then
f: R — (R/I;)x---x(R/I,)
a — (a+1I,...,a+1,)

is an onto homomorphism with ker f = I N---N1I,. (Le.,Va; € I;, 1 <i < n,
Jda € R (unique mod I N ---N 1) such that a = a; (mod I;) for all1 <i<mn.)

PROOF. Only have to show that f is onto. It suffices to show that Ja € R such
that
o= 1 (mod I),
10 (mod ), 2<i<n.
Since Iy + I; = R (i > 2), there exists a; € I; such that a; = 1 (mod I;). Then

a=(1l—az) - (1—ay,) works. O
COROLLARY 2.9. Let mq,...,m, € Z* such that (m;,;m;) =1, i # j. Let
@i, ..,y € Z be arbitrary. Then there exists x € Z (unique mod lem(my, ..., my))

such that x = a; (mod my;) for all 1 <i <n.

ExXAMPLE. Let X be a compact topological space and C(X,R) the ring of all
continuous functions from X to R. For each a € X, let M, = {f € C(X,R) :
f(a) =0}. Then M,, a € X, are all the maximal ideals of C'(X,R).

Proor. C(X,R)/M, =R is a field. So M, is maximal.

Let M be a maximal ideal of C'(X,R). Assume to the contrary that M # M,
for alla € X. Then Va € X, 3f, € C(X,R) such that f,(a) # 0. So, fa(x)? > 0 for
all z in an open neighborhood U, of a. Let Uy, , ..., U,, be a finite cover of X. Then
2 4+ f2 €M is invertible. So M = C(X,R), which is a contradiction. [

ay
2.3. Factorization in Commutative Rings; UFD, PID and ED

Let R be a commutative ring and a,b € R. a | b (a divides b) means that
b= ax for some x € R. If a | b and b | a, then a, b are called associates, denoted as
a ~b. (If R is an integral domain, a ~ b < a = bu for some u € R*.) An element
a € R~ (R*U{0}) is called irreducible if a = be (b,c € R) = b or ¢ is a unit.
a € R~ (R*U{0}) is called prime if a | be (b,c € R) = a|bora]|c.

DEFINITION 2.10 (PID). An integral domain P is called a principal ideal do-
main (PID) if every ideal of P is principal.

DEFINITION 2.11 (UFD). An integral domain R is called a unique factorization
domain (UFD) if
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(i) Va € R~ (R*U{0}), a=c1 - ¢, for some irreducible ¢y, ..., c, € R;
(ii) if ¢1 -+ ¢p = di - - dyy, Where ¢;,d; € R are irreducible, then n = m and
after a suitable reordering, ¢; ~ d;, 1 <i < n.

DEFINITION 2.12 (ED). An integral domain R is called a Euclidean domain
(ED) if 30 : R~ {0} — N such that
(i) Va,b e R~ {0}, 9(a) < O(ab);
(ii) YVa € R, 0 # b € R, 3¢q,r € R such that a = ¢b + r, where r = 0 or
(r) < 9(b).
NOTE.
(i) If O satisfies (i) and (ii) of Definition 2.12, so does 0 — min{d(x) : = €
R~ {0}}. Thus, we may assume 0 is in the range of 9.
(ii) Let R be an ED and 0 # & € R. Then z € R* < 9(z) = min{d(y) : y €
R~ {0}}.
PROPOSITION 2.13. Let R be an integral domain.
(i) p € R is prime < (p) is a nonzero prime ideal.
(ii) a € R is irreducible < (a) is mazimal in {(b) : 0 #£b € R, (b) # R}.
(iii) p is prime = p is irreducible.
(iv) If R is a UFD, p is a prime < p is irreducible.

PRrOOF. (iii) Suppose p = ab. Then p | ab = p | a (say). So, a = pu (u € R),
p=pub = ub=1= bis a unit.

(iv) (<) Assume p | ab (a,b € R). Then pg = ab for some ¢ € R. By the
uniqueness of factorization, p appears in the factorization of a or b, i.e., p | a or
p|o. O

NoOTE. If R is not a UFD, p irreducible # p prime. Example: R = Z[/—5] :=
{a +b/=5:a,b € Z}. 2 € R isirreducible. (If 2 = zy for some z,y € Z[/—5].
Then 4 = |22 = |z|?|y|®. Tt follows that of |z|* and |y|?, say |z|?, is 1; hence = is
invertible.) 2|6 = (1 ++v/—5)(1 —+/=5). But 2¢ (1 +v/-5), 24 (1 — v/-=5).

Fact. ED = PID = UFD.

PrOOF. ED = PID. Let R be an ED and I # {0} an ideal of R. Let a € I
such that O(a) is the smallest. Then I = (a).

PID = UFD.

Ezistence of factorization. Let a € R~ (R*U{0}). Assume to the contrary that
a is not a product of finitely many irreducibles. Since a is not irreducible, a = a;af,
where aj,af € R~ (R* U{0}) and w.l.o.g., a; is not a product of finitely many
irreducibles. Write a; = asab, ... = (a) C (a1) C (a2) C ---. Uijo;(a;) is an ideal of
R. So, Us=(a;) = (b) for some b € R = b € (a;) for some i = (a;11) C (b) C (a;),
which is a contradiction.

Uniqueness of factorization. First show that every irreducible element a of R
is a prime. (By Proposition 2.13 (ii), (a) is a maximal ideal; hence (a) is a prime
ideal and «a is a prime.) Then use induction on the number of irreducible factors in
the factorization. O

EXAMPLES OF ED. Z, F[z] (F a field), and (cf. [17, §5.4])
Z[\Vd d=-2, -1, 2, 3, 6, 7, 11, 19,

],
ZMA) g =11, -7, =3, 5, 13, 17, 21, 29, 33, 37, 41, 57, 73.
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ExXAMPLE (UFD # PID). Z[z]. (2,z) is not a principal ideal.
ExAMPLE 2.14 (PID # ED). Z[a], a = (1 + v/~19).

PROOF. 1° Z[a] is not a ED.

The units of Z[a] are £1. (u € Z[a] is a unit < [u[? = 1.) Assume to the
contrary that Z[a] is an ED with degree function 0. We may assume that 0 € im 0.
Let € € Z[a] such that 9(e) is the smallest in ZT. We have

2=qe+r, r=0,=%1.
So, ge = 1,2,3. Thus |e* | 12,22,32 = [¢]* = 1,2,4,3,9. Also,
a=q€e+ry, r =0+£1.

So, qie € $v/—=19+ 3{+£1,3} = [¢]* | 1(19+12) or 2(19+3?), i.e. |¢[* | 5 or 7. So,
e |2 =1, Wthh is a contradlcmon

2° Vz € C, 3¢ € Z[a] such that either |z —g| < 1 or [z — 4| < 3.

Let z = x4 yi. Ip € Z[a] such that z + p belongs to the (closed) parallelogram
0,1, + 1, a, see Figure 2.1. We want to show that z has distance < 1 from one

of the dots or has distance < % from one of the circles. For this purpose, we may
assume z € A0, 3,). Assume |z — $| > 3 = (z— 3)% + (y — @)2 > 1. Since
lz— 1 <3 wehave|y—@\2§z>y§%ory2%.Intheﬁrst

case, |z — O| < 1; in the second case, |z — a| < 1.

e a+1

Wl

S
N

o
NJ=
-

FiGure 2.1. Example 2.14

3° Zla] is a PID.

Let I # {0} be an ideal of Z[a]. Let 0 # 8 € I such that |3]? is the smallest.
We claim that I = (5).

Vo € I, by 2°, d¢ € Z[a] such that |§ —¢| < lor |F— 3] < i If]g—ql <1,
then [0 — ¢B| < |B| = 0 —¢B = 0 = o € (8). So, assume [ — | < 1. Then
120 — ¢8| < |B| = 0 = (. It suffices to show that { € Z[a]. Assume the contrary.
Then q = a + ba, where at least one of a, b is odd.
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(i) ais odd, b is even. Then 4L € Z[a] = 18 = F13—0 € T with 0 < |14] <
|3|, contradiction.
(ii) a is even, b is odd. We have

qa = aa +5b = (a +5b) —aa =da’' +ba=:¢,
where %’ﬁ €1, a odd, b even. This is (i).
(iii) a, b both odd. We have
qa = (a+5b) —aa=ad +ba=:¢,
where %,ﬂ €1, a even, b’ odd. This is (ii). O
GAUSS INTEGERS. Z[i] := {a + bi : a,b € Z} is an ED with d(a) = |a|?.

ProOOF. Let o, 8 € Z[i], B # 0. Jq € Z[i] such that [§ —g| < 1. So, [a—fq| <
18] O

PRIMES IN Z[i]. Let o € Z[i] be neither 0 nor a unit. Then « is a prime (i.e.
irreducible) <

(i) a ~ p for some prime p € Z with p = —1 (mod 4) or
(i) |a|? is prime in Z.

PROOF. (<) Assume (i). Assume to the contrary that p is not a prime. =
p = By, where B,y € Zlil, |2 > 1, y? > 1. Since p? = |34 (in Z) = p =
‘/6|2 =p 7% -1 (mOd 4)3 —

Assume (ii). If o = By, where 8,7 € Z[i], = |a|*> = |B]*|7|> (in Z) = |B]2 =1
or [y]2 = 1.

(=) We have |a|? = p; - - - p,, where py, ..., P, are primes in Z. Since o | aq =
p1---pp and « is prime, o | p; =: p for some i. So, |a|? | p? in Z, = |af* = p
or p?. If |a|> = p, we have (ii). So, assume |a|?> = p?. Since a | p, p = ua for
some u € Z[i]. So, |u|?> = 1, i.e., u is a unit. It remains to show that p = —1

(mod 4). If p=2or p=1 (mod 4), by Lemma 2.15, p = a? + b? for some a,b € Z,
= a=u"1p=u"t(a+bi)(a— bi) is not irreducible, which is a contradiction. [

LEMMA 2.15. Let p be an odd prime integer. Then the following are equivalent.
(i) p=1 (mod 4).

(ii) —1 is a square in Zy.

(iii) p = a® + b2 for some a,b € Z.

PROOF. (i) = (ii). 4 |p—1=2)| = 3z € Z) with o(z) =4 = -1 = 2.

(if) = (iii). We claim that p is not irreducible in Z[i]. (Otherwise, by (ii),
Jr € Zsuch that p |22+ 1= (z+i)(x—i) = p|x+tiorp|r—i=ati=
p(a + bi) = £1 = pb, contradiction.) So, p = af, where «, 8 € Z[i] are nonunits,

=p* = a’|B]* (in Z) = p = |a? (=]8]%). 0
THEOREM 2.16 (Sum of two squares). Let x € Z' have factorization z =
pit - -pi;"q{l ooqln, where piy ... Pmy Qs - -5 qn are distinct primes with p; = —1

(mod 4) and q¢; = 2 or ¢; = 1 (mod 4). Then x = a® + V> for some a,b € Z &
€1,...,em are all even.
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PROOF. (<) g; = |a;|? for some «; € Z[i],= x = |pi’1/2 = 'pf,”{‘/Qafl ceadn 2.

(=) We have z = aa for some a € Z[i]. Assume to the contrary that e; is odd

for some i. Write e; = 2k 4+ 1. Since p; is a prime of Z[i] and p?kﬂ
2

PP« or @, say pPt! | . Then p; ¢ 'n =

| a@, we have

€L, —. ([l

_a_
k+1
it

GCD AND LCM. Let R be a commutative ring and X C R. An element d € R
is called a greatest common divisor of X, denoted by ged(X), if
(i) d]x Vre X and
(ii) if ¢ |z Vo € X, then ¢ | d.
An element m € R is called a least common multiple of X, denoted by lem(X), if
(i") = | m Vz € X and
(ii") if x | ¢ Vo € X, then m | c.
ged’s (lem’s) of X may not exist. If they do, all ged’s (lem’s) of X are associates.
If R is a PID, then (ged(X)) = (X) and (lem(X)) = (¢ x ().
Assume R is a UFD. Two primes in R which are associates will be treated
as being the same. Let P be the set of all distinct primes in R. Then for each

xz € R~ {0},
T ~ H p’/p(w)’
peEP

where v,(z) € N and v,(z) = 0 for almost all p € P. Also define v,(0) = oo for
all p € P. Moreover, define Hpeppep = 0 if e, = oo for some p € P or e, > 0 for
infinitely many p € P. Then

ng(X) ~ H pinf{up(m):mEX}7
peEP

ICIIl(X) ~ H psup{yp(z):zeX}.
peEP

2.4. Fractions and Localization

THE RING OF FRACTIONS. Let R be a commutative ring and let ) # S C R~
{0} be a multiplicative set (i.e., S is closed under multiplication). For (r,s), (v, s") €
R x S, define (r,s) ~ (r/,s’) if 3s1 € S such that s1(rs’ —r's) = 0. “~” is an
equivalence relation on R x S. The equivalence class of (r,s) in R x S is denoted
by L. Let SS'R=Rx S/~={L:r€ R,sc S}. For g,g—: € R, define

r rr’! r v rs +srf

w3

/
- b
/ ss’ s s

/

»n

SS

Then (S7'R,+,-) is a commutative ring, called the ring of fractions of R by S. If
R is an integral domain, so is ST'R. If R is a integral domain and S = R \ {0},
S7!R is a field, called the fractional field of R.

EXAMPLES. Q = the fractional field of Z. The fractional field of Flz] (F a
field) is F(x), the field of rational functions over F.

PROPOSITION 2.17. Let R be a commutative ring and S (# 0, # 0) a multi-
plicative set of R.
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(i) The map

¢s: R — SR
ro— 2 (s € S arbitary)

is a homomorphism. For every s € S, ¢5(s) is a unit of S™'R.
(ii) ¢s is 1-1 < S contains no zero divisors.

PROPOSITION 2.18 (Universal mapping property). Let R be a commutative
ring and S (# 0, # 0) a multiplicative set of R. Let T be another commutative ring
and f : R — T a homomorphism such that f(S) C T*. Then there is a unique
homomorphism f : ST'R — T such that the following diagram commutes.

!

o A4

SR
PROOF. Ezistence. Define f: ST'R — T, L — f(r)f(s)~"
Uniqueness. Assume g : ST'R — T is another homomorphism such that
2 2
go s = f. Then for cach r € R and s € S, g(2)f(s) = g()g(2) = g(25) = F(r);

S

hence g(£) = f(r)f(s)~". O

T

LocAL RINGS. A local ring is a commutative ring R with a unique maximal
ideal M. R/M is called the residue field of R. Example: Let p be a prime and
n > 0. Z,n is alocal ring with maximal ideal pZ,» and residue field Z,n /pZyn = Z,,.

PROPOSITION 2.19. Let R be a commutative ring.

(i) If R is local, the unique mazimal ideal of R is R~ R*.
(ii) R is local & R~ R* is closed under +.

PROOF. (i) Let M be the unique maximal ideal of R. Vo € R~ R*, by Zorn’s
lemma, x is contained in a maximal ideal of R, so x € M. So R~ R* C M. Clearly,
M CR~R*. So M =R~ R*.

(ii) («<=) R~ R* is an ideal of R. Let M be any maximal ideal of R. Then
M C R~ R*. Hence M = R~ R* is unique. So, R is local. O

LOCALIZATION. Let R be a commutative ring and P a prime ideal of R.
Then S = R~ P is multiplicative subset of R and 0 ¢ S # (). S™'R is a local
ring with maximal ideal S™'P. (If £ € (S7'R) \ (S7'P), where r € R and
s €S, thenr € RNP =S. So L isinvertible in ST'R.) S™'R is called the
localization of R at P and denoted by Rp. Example: Let p € Z be a prime. Then
Z(p) = {% ta,b e, pr}.

2.5. Polynomial Rings

POLYNOMIAL RING IN ONE INDETERMINATE. Let R be a ring. A polynomial
in « (the indeterminate) with coefficients in R is a formal sum

f=a+ax+-- +az", neN, a; € R.
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deg f := max{i : a; # 0}. (deg0 = —o00.) R[z] := the set of all polynomials in x
with coefficients in R. + and - in R[z] are defined as follows:

n

i a;x" + i bzt = Z(ai + b))zt
i=0 i=0

=0
(S e) () = 35 (32 ay)a
i=0 §=0 k=0 i+j=k

(R[x],+, ) is a ring, called the polynomial ring over R in x.

POLYNOMIAL RING IN A SET OF INDETERMINATES. Let R be a ring. Let X
be a set of symbols (indeterminates). Let A be the set of all functions o : X — N
such that a(x) = 0 for almost all (all but finitely many) z € X. A polynomial in
X with coefficients in R is a formal sum

[= Z an X,

acA
where a, = 0 for almost all a € A. We may write X = [] .y 2*(). For each
a € A, suppa = {z € X : a(x) > 0} is finite. If suppa = {z1,...,2,}, we write
X = a:f(ml) g, R[X] := the set of all polynomials in X with coeflicients in
R. + and - in R[X] are defined as follows:

DX+ Y b XY= (a0 +ba) X%

acA a€cA acA
(Z U,aXa> (Z bﬁXﬂ> = Z( Z aabg)X’y.
acA BeA YEA a+fB=~v

(R[X],+,-) is the polynomial ring over R in X.
NoOTE. Let F be the free abelian group on X (written multiplicatively) and
X={ah . .a%:n>0 z;€X, dcZ*}.

Then X is a multiplicative set of F' containing 1. The subring R[X] of the group
ring R[F] is precisely the polynomial ring R[X].

NoTE. Vf € R[X], 3x1,...,2, € X such that f € R[xq,...,xz,].

PROPOSITION 2.20 (Universal mapping property). Let R[X] be the polynomial
ring over R in X. Let S be another ring and f : R — S a homomorphism. Let
¢ X — S be a function such that every element in ¢(X) commutes with every
element in ¢(X)U f(R). Then there exists a unique homomorphism f : R[X] — S
such that the following diagram commutes.

R f

Ve

R X]— X

S

¢
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PROOF. Define f: R[X] — S by

Z gy ..o, T Z flag,,...a,) o)™ - pan) .
, dyod

O

Fact 2.21. If X and Y are disjoint sets of indeterminates, then (R[X])[Y] =
RIXUY].

PRrROOF. By Proposition 2.20, 3 homomorphisms g : (R[X])[Y] — R[X UY]
and h: R[X UY] — (R[X])[Y] such that the following diagram commutes.

R[X] S  SR[XUY] R S >(R[X])[Y]
(RIX]DY]— Y RIXUY]<— XuYy

Use the uniqueness of Proposition 2.20 to show ho g = id and g o h = id (Exer-
cise 2.3). O

PROPOSITION 2.22 (The division algorithm). Let R be a ring and f,g € R[x]
such that the leading coefficient of g is a unit. Then 3lq,r,q',r" € R[z] such that

f=aq9+r and  f=gq +1,
where degr < degg, degr’ < degg.
Fact. If F is a field, Flz] is a ED with 9(f) = deg f.

Let R be a commutative ring, f =3, dy... a4, - xdn € Rlzy, ..., o,
and (c1,...,¢,) € R". We write f(c1,...,¢0) = >g, 4 adly___ydnc‘lil R b
fler,y.ooyen) =0, (c1,...,cy) is called a root of f.

FacCTs.

(i) Let R be a commutative ring, f € R[z] and ¢ € R. Then f(c) = 0 <
x—c|f.

(ii) If D is an integral domain and 0 # f € D[x] with deg f = n, then f has
at most n distinct roots in D.

DERIVATIVE. Let R be a commutative ring and f = ag + --- + a,2” € R[z].
f'i=a1 +2asx + - - - + napz™ L. The differentiation rules hold.

THE MULTIPLICITY OF A ROOT. Let R be a commutative ring, 0 # f € F[x]
and ¢ € R. Then f can be uniquely written as f = (z — ¢)™g, where m € N and
g € R[z], g(c) # 0. (To see the uniqueness of m and g, note that (x —c)h = 0
(h € R[z]) = h =0.) m is called the multiplicity of root ¢ of f. c is a multiple root
of f (i.e., with multiplicity m > 1) < f(c) = f'(¢) = 0.
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THE HASSE DERIVATIVE. Let R be a commutative ring. For f(z) = ag+a1z+
-+ apz™ € Rlz] and k > 0, define

k k+1 n e
akf:<k>ak+< A )ak+1x+---+<k>anx k.

O f is called the kth order Hasse derivative of f. We have f*) = k! 0y f.

PROPERTIES OF THE HASSE DERIVATIVE. Let f,g € R[x] and a,b € R.
() ak(af + bg) = aakf + b@kg
(i) Ox(f9) = 214 ;=,(9if)(;9)-
(iii) Ok (f(z +a)) = (Orf)(z +a).
(iv) For each c € R, f =} 450 (9kf)(c)(x — c¢)®. In particular, c is a root of f
of multiplicity > m < (9o f)(c) = -+ = (Om_1f)(c) =

DEFINITION 2.23 (Content). Let D be a UFD and 0 # f =ag + -+ + apz™ €
DJz]. The contentof f is C(f) = ged(ao, ..., an). H C(f) ~ 1, f is called primitive.

LEMMA 2.24 (Gauss). Let D be a UFD and f,g € D[z] primitive. The fq is
primaitive.

PROOF. Assume to the contrary that 3 irreducible p € D such that p | C(fg).
Let ¢ : D[z] — (D/(p))[z] be the homomorphism induced by the natural homo-

morphism D — D/(p). Then 0 = 6(fg) = 6(f)6(g), where 6(f) # 0, 6(g) # 0.
Since D/(p) is an integral domain, so is (D/(p))[z]. We have a contradiction. O

COROLLARY 2.25. Let D be a UFD and f,g € D]x] nonzero. Then C(fg) ~
C(f)C(g)-
PROPOSITION 2.26. Let D be a UFD and F its fractional field. Let f € Dlx].
(i) f is irreducible in D[x] = f is irreducible in F[z].
(ii) Assume f is primitve. Then f is irreducible in Flx] = f is irreducible
Dlx].

PROOF. (i) Assume to the contrary that f = gh, g, h € Flz],degg > 0, degh >
0. Choose a,b € D ~ {0} such that ag,bh € D[ ]. Then abf = (ag)(bh) € Dix];
hence, ab = C(abf) = C(ag)C(bh). So, f = Z-(ag)(bh) = ‘(lgg) . %7 where
%, C?th) € D[z] have degree > 0. Contradiction.

(ii) Assume to the contrary that f = gh, where g,h € D[z] are nonzero and
non units. Since f is irreducible in F[z], one of g and h has degree 0. Thus f is
not primitive, —+«—. ([l

THEOREM 2.27. Let D be a UFD. Then D|x] is also a UFD. The irreducible
elements of D]x] are precisely irreducible elements of D and primitive polynomials
in D[z] which are irreducible in F[z], where F is the fractional field of D.

PROOF. The second claim follows from Proposition 2.26. It remains to show
that D[xz] is a UFD.

1° Existence of factorization.

Let f € D[z] be nonzero and nonunit. Since Flz| is a UFD, f = f1--- fp,
where f; € Flx] is irreducible. Choose 0 # a; € D such that a;f; € D[z]. Write
a;fi = ¢igi, where ¢; € D and g; € DJz] is primitive and irreducible. Then

1 "anf: (alfl)"'(anfn) =C1°""Cng1-" " Gn-
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Compare the contents of both sides. We have ﬁ € D. Thus,

fo ol
al...an

g1 9Gn;

C1,"Cn

where is a product of irreducibles in D.

a1
2° Ijniqueness of factorization.
Suppose

(2.1) av- i fo = b1 bags g

where ay,...,am,b1,...,bs € D are irreducible and f1,..., fn,91,...,9: € D]x] are
irreducible of degree > 0. Compare the contents of the two sides of (2.1). We have
ay - Gy ~ by -bs. So, m = s and after reordering, a; ~ b;.
In Fz],
Jio o~ g1 ge
Thus, n = t and after reordering, f; ~ g; in F[z]. So, f; = %g; for some u,v €
D ~ {0}, ie., vf; = ug;. Then v = C(uf;) ~ C(ug;) = win D. Thus, f; ~ g; in
Dlz]. O

COROLLARY 2.28. If D is a UFD and X is a set of indeterminates, then D[X]
15 a UFD.

EISENSTEIN’S CRITERION. Let D be a UFD with fractional field F' and let
f=ao+ -+ ax™ € D[z], n > 0. If there is an irreducible element p € D such
that pt an, p | a; for 0 <i<n—1 and p*{ ag, then f is irreducible in F|x].

PROOF. Assume to the contrary that f = gh, g,h € F|z], degg > 0, degh > 0.
Then Jg1,hy € Dlx] such that f = ¢g1hy and g1 ~ g and hy ~ h in F[x]; see the
proof of Proposition 2.26 (i). Let ¢ : D[z] — (D/(p))[z] be the homomorphism
induced by the natural homomorphism D — D/(p). Then ¢(a,)x™ = ¢(g1)P(h1).
Since D/(p) is an integral domain, we have ¢(g1) = ax®, ¢(h1) = B!, a, 3 € D/(p).
Since k < deggi, [ < deghy, but k+1 =n = degg; + deghy, we have k = deg g1
and [ = deg hy; hence k,I > 0. Then p | g1(0), p | h1(0), = p* | g1(0)h1(0) = ay,
which is a contradiction.

O

EXAMPLE. Let p be a prime. Then ®,(z) = 1+ 2z + - + 277! € Q[z]
is irreducible. (Apply Eisenstein’s criterion to ®,(z + 1) = 2[(z + 1)P — 1] =

i1 ()27
2.6. Modules, Definitions and Basic Facts

DEFINITION 2.29. Let R be a ring (not required to have identity). A left R-
module is an abelian group (A4, +) equipped with a scalar multiplication Rx A — A,
(r,a) — ra such that for r,s € R and a,b € A,

(i) r(a+b) =ra+rb;
(ii)) (r+ s)a =ra+ sa;

(iii) 7(sa) = (as)a.

A right R-module is an abelian group (A, +) equipped with a scalar multiplication
Ax R — A. (a,r) — ar such that the analogies of (i) — (iii) hold. A left (right)
R-module is sometimes denoted by rA (Ag). If R has identity and

(iv) lpa=a for all a € A,

A is called a unitary left R-module.
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DECLARATION. Unless specified otherwise, all modules are assumed to be uni-
tary. A module is assumed to be left if the side is not specified.

EXAMPLES OF MODULES. Abelian groups are Z-modules. A vector space over
a field F' is an F-module. A ring R is an R-module; submodules of R are left
ideals.

Let V be a vector space over a field F' and o € Homp(V, V). For each f € F|x]
and v € V, define fv = f(a)v. Then V is an F[z]-module.

Let A be an abelian group. For each a € A and f € End(A), define fa = f(a).
Then A is an End(A)-module.

HomoMORPHISM. Let A, B be R-modules. A function f: A — B is called a
homomorphism, or an R-map, if f(a+b) = f(a) + f(b) and f(ra) = rf(a) for all
a,be Aand r € R.

SUBMODULE. Let A be an R-module and B C A. B is called a submodule of
A if B (with the inherited operations) is an R-module.

If X C A, the smallest submodules of A containing X, called the submodule
generated by X, is

(X) = {imxi:nEN, ri € R, x; EX}.

i=1

QUOTIENT MODULE. Let A be an R-module and B a submodule of A. Let A/B
be the quotient abelian group. For a+B € A/B and r € R, define r(a+B) = ra+B.
Then A/B is an R-module, called the quotient module of A by B.

IsoMORPHISM THEOREMS.

FIRST ISOMORPHISM THEOREM. Let f : A — B be a homomorphism of R-
modules. The

f: A/kerf — imf
atkerf —  f(a)

is an isomorphism.

SECOND ISOMORPHISM THEOREM. Let A, B be submodules of an R-module.
Then (A+ B)/B = A/ANB.

THIRD ISOMORPHISM THEOREM. Let C C B C A be R-modules. Then
(A/C)/(B/C) = A/B.

DIRECT PRODUCT AND EXTERNAL DIRECT SUM. Let {A; : ¢ € I} be a family of
R-modules. The direct product of {A; : i € I}, denoted by [[;.; A, is the cartesian
product of A;, i € I. Elements in [],.; A; are of the form (a;)icr, where a; € A;.
[I;c; Ai is an R-module with addition and scalar multiplication defined component
wise.

The external direct sum of {A; :i € I} is

(ex) .
A; = {(ai)ig € HAi : only finitely many a; # 0},
iel i€l

which is a submodule of [],.; A;. If |I]| < oo, @EZ) Ai = Tlies Ai-
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INTERNAL DIRECT SUM. If {4; : ¢ € I} is a family of submodules of an R-
modules A, the submodule

<U A;) = {Z a; > a; € A;, a; =0 for almost all z}
iel iel
is called the sum of {A; : i € I} and is denoted by Y
{0} for all i € I, then >

@E‘en[) A;. Moreover,

ser Ai is called an internal direct sum and is denoted by

EB(GX) A, — EB(iﬂ) A;

i€l iel
(ai)iel — Zie] a;

is an isomorphism. Most of the time, we write both @' and @™ as €.

HowMm. Let gA, gB be R-modules. Homg(rA, rB) = the abelian group of all
R-maps from A to B. Let S be anther ring.

(i) If rAg is a bimodule, Hompg(gAs, rB) is a left S-module. (For f €
Homp(rAs, rB), s € S and a € A, define (sf)(a) = f(as).)

(ii) If gBg is a bimodule, Homg(rA, rBs) is a right S-module. (For f €
Homp(rA, rBs), s € S and a € A, define (fs)(a) = (f(a))s.)

FREE MODULES. Let A be an R-module. A subset X € A is called linearly
independent if riz1 +---+rpx, =0 (r; € R, 21,...,2, € X distinct) = ry =--- =
rn, = 0. X is called a basis of A if X is independent and (X) = A. If A has a basis
X, A is called a free module (on X); in this case,

4= P =P R

zeX reX

If all bases of A have the same cardinality, this common cardinality is denoted by
rank A. If A is free with a basis X and B is another R-module, then every function
f: X — B can be uniquely extended to an R-map f : A — B. Every R-module is
a quotient of a free R-module.

EXAMPLE (A DIRECT PRODUCT THAT IS NOT FREE). [[;2;Z is not a free
Z-modules. Let

A= {(al,ag, ) E HZ : for every k > 0, 2% | a; for almost all z}
i=1
We claim that A is not free. (By Theorem 2.36, [[;=, Z is not free.) Clearly,
|A] > 2% > R,. Assume to the contrary that A is free. Then rank A > Xj. Every

coset of 24 in A contains an element in @;°, Z. Hence A/2A is countable. So,
dimy, (A/2A) < Xy. However, rank A = dimy,(A/2A). We have a contradiction.

THEOREM 2.30. Let D be a division ring. Then every D-module V is free.
Any two bases of V' have the same cardinality. V is called a vector space over D;
dimp V := | X|, where X is any basis of V.

PrOOF. A maximal linearly independent subset of V', which exists by Zorn’s
lemma, is a basis.
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Let X and Y be two bases of V. If | X| = oo or |Y]| = oo, we have |X| = |Y]
by the next lemma. So assume X = {z1,...,2,} and Y = {y1,...,¥m}. Assume
to the contrary that n > m. We have

T Y1 n T

for some matrices A € Mpxm(D) and B € M,,xn(D). It follows that AB =
I,,. There exists an invertible C € M, (D) such that CA = [y .* ¢]. Thus,
0,...,0,1)C =(0,...,0,1)CAB =0, —+«. O

LEMMA 2.31. Let R be a ring and F a free R-module with an infinite basis X .
Then every basis of F' has the same cardinality as X .

PROOF. Let Y be another basis of F'. We claim that |Y| = oco. (Otherwise,
since each y € Y is a linear combination of finitely many x € X, F' is generated
by a finite subset X; of X. But any € X ~ X7 is not a linear combination of
elements in X, —«.)

For each z € X, 3 a finite subset {y1,...,yn} C Y such that x = riy; +
4+ Tn¥Yn, ri € R. Define f(x) = {y1,...,yn}. We claim that |J, .y f(z) =Y.
(Otherwise, X is spanned by Y1 := J,cy f(z) € Y; hence Y is spanned by Y7,
—«.) Now,

Yi=|U f@)| < xR = IX]
rzeX
By symmetry, |X| < |Y]. Hence, |X| = |Y]. O

FacTs. Let D be a division ring.

(i) If W C V are vector spaces over D, then dim V' = dim W + dim(V/W).
(ii) (The dimension formula) If V and W are subspaces of some vector space
over D, then

dimV +dim W = dim(V + W) + dim(V N W).
PROOF. (i) Let X be a basis of W. Extend X to a basis X UY of V. Then
y+ W (y €Y) are all distinct and form a basis of V/W. So, dimV/W = |Y].
(ii) Define a D-map
fr VW — V4+W
(v,w) — v4w.
Then f is onto and ker f = {(v,—v) : v € VNW} 2V NW. Hence
dim V4+dim W = dim(V xW) = dim(im f)+dim(ker f) = dim(V+W)+dim VNW.
O
THE INVARIANT DIMENSION PROPERTY. A ring R is said to have the invariant
dimension property (IDP) if for every free R-module F', any two bases of F' have
the same cardinality.

Division rings (Theorem 2.30) and commutative rings (the next theorem) have
IDP. If A =@;Z,Z and R = End(A), then R does not have IDP. For any positive
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integer n, partition N as Ny U --- U N, such that |N;| = Ng. Let 7; : N; — N be a
bijection. Define f; € End(A) by setting

ey ifje N,
filey =4 0
0 if j & Ni,

where e; = (0,...,0,1,07...). Then fi,..., fn is a basis of gR. (Proof. Vh €
End(A), let g; € End(A) such that g;(e,,(j)) = h(e;). Then (31", g:fi)(e;) = h(e;)
Vj €N. So, h =", gifi; hence fi,..., f, generate gR. If >"._, g;f; = 0, where
gi € End(A), then gx(A) = (X0, 9:fi)({ej : 5 € Ni)) = {0}. So, gr = 0 for all
1 <k <n; hence fi,..., f, are linearly independent.)

PROPOSITION 2.32. A commutative ring R has IDP.

PrOOF. Let F be a free R-module and let X be a basis of F.. Let I be a
maximal ideal of R. Then F/IF is a vector space over R/I.

1° We claim that +1F, 2 € X, form a basis of g/;(F/IF). Assume Y7, (a;+
IN(z; + IF) =0, where a; € F, z; € X (x; distinct). Then Y ., a;x; € IF. Hence
doimy @ity =350 by, by € 1, y; € X. It follows that a; € 1,1 < i <n.

2° By 1°, |[X| = [{z + IF : x € X}| = dimpg,;(F/IF), where dimp,;(F/IF) is
independent of X. O

2.7. Projective and Injective Modules

EXACT SEQUENCES. A sequence of R-modules and R-maps

._)Ai_lfi_*l,AiL, Z.Hfi_“,...
is called exact if im f;_ = ker f; for all i. An exact sequence 0 — A LpLtco—o
is called a short exact sequence. Two short exact sequences 0 — A ERy ;A C—0

and 0 — A’ L5 B & ¢ — 0 are called isomorphic if 3 isomorphisms «, 3,7 such
that

0 — 4 L. B 4 ¢ 0

S B
0 — & Lo Lo — o

commutes.

PROPOSITION 2.33. Let 0 — A 5 B % C — 0 be a short ezact sequence of
R-modules. Then the following statements are equivalent.

(i) 3 an R-map h: C — B such that go h =id¢.
(ii) 3 an R-map k: B — A such that ko f =id4.

(iii) 0—>Ai>B£>C—>OisisomorphictoOHAgA@CECHO.

If (i) - (iii) are satisfied, the short exact sequence 0 — A L B%C =0 is called
split.
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PROOF. (i) = (iii).

0 A B == - C 0
1
ida ¢ ide
0 A ——AsC—— C 0
commutes, where
¢: ApC — B
(a,c) +— f(a)+h(c)
is an isomorphism by the five lemma (next).
(il) = (iii).
0 A= B —— ( 0
idA UJ idC‘
0 A —sApCc—— (C 0
commutes, where
¢Yv: B — AeC
b +— (k:(b),g(b))
is an isomorphism by the five lemma.
(iii) = (1) and (ii).
0 A TZA0CT == C 0
a B ¥
f g
0 A T2 ¥ 5 e —— C 0
k h
Let k=aomof ™, h=Fowoy L O

LEMMA 2.34 (The five lemma). Let

A DA, Jnoay Boa T

lxll Oégl Oégl Oé4l 045\[
B X B, % By %, B, X B
be a commutative diagram of R-modules with exact rows.

(i) If aq is surjective and ag, ay are injective, then ag is injective.
(ii) If as is injective and aa, ay are surjective, then ag is surjective.

PRrROOF. (i) Let a3 € keras. Then ayfs(as) = gsaz(az) = 0. Since ay is
injective, f3(az) = 0. So, ag = fa(az) for some as € As. Let by = as(az). Then
g2(b2) = az(az) = 0. So, bo = g1(b1) for some by € B;. Let a; € Ay such that
al(al) = bl. Then az(ag—fl(al)) = OLQ(QQ) 7012]‘-1(0,1) = b2 7!]10&1(0,1) = bg*bg =
0. So, az = f1(a1). Hence, ag = fa(az) = 0.
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(ii) Let b3 € Bs. Then g3(b3) = a4(ay) for some ay4 € Ay. Since asfi(ay) =
gaaus(as) = gags(bs) = 0, we have fi(as) = 0. So, as = f3(as) for some a3 € Aj.
Since g3(bs — as(as)) = aa(as) —gsaz(as) = as(as) —aafs(as) = as(as) —as(as) =
0, bs — az(az) = g2(be) for some by € By. Let ag € Bs such that by = as(ag). Then
az(as+ fa(a2)) = as(as)+as fa(az) = az(as)+gaaa(az) = as(az)+ga2(bs) = bs. O

PROJECTIVE MODULES. An R-module P is called projective if for every sur-
jection p : A — B and homomorphism f : P — B, there exists a homomorphism
g : P — A such that

P
4
g/
7 f
7
¥
p

A——B——=0
commutes.
Free modules are projective.

THEOREM 2.35 (Characterizations of projective modules). Let P be an R-
module. The following statements are equivalent.
(i) P is projective.
(ii) Bvery short exact sequence 0 — A > B 2P — 0 is split.

(iii) There exists an R-module K such that K & P is free.

Proor. (i) = (ii).

P
/‘(i’/ [id
_ ‘
0 A—— B P 0

(ii) = (iii). There exists a free R-module F' and surjection p : F' — P. Since
0 — kerp — F %5 P — 0 is exact, hence split, F = kerp @ P.
(iii) = (i).
F=Ke@P

/
/
/| fe
/
/

/
g1,
g P

A—L>B——>0

Since F' is projective, there exists g1 : F' — A such that pg; = fr. Let g = gy¢.
Then pg = pgi1t = fre = f. O

PULL BACK. Let

(2.2) lf
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be a diagram of R-modules. Define D = {(a,b) € A x B : f(a) = g(b)} and
a:D— A, (a,b)—a; 3: D — B, (a,b) — b. Then

D % A4
5| |s
B — (C

g
is a commutative diagram of R-modules. (D, a, 3) is called the pull back of (2.2).
g is onto = « is onto. (Proof. Ya € A, 3b € B such that f(a) = g(b). Then
(a,b) € D and a = a(a,b).)

In Theorem 2.35, (ii) = (i) can also be proved using a pull back:

0 ker aC D <__a___ P 0
sl s
‘!/
A—L—- B 0

Note that p is onto = « is onto.
EXAMPLE. Let R = Zg. gZs is projective (Zs ® Z2 = R) but not free.

THEOREM 2.36. Let F' be a free module over a PID R and A a submodule of
F. Then A is free with rank A < rank F'.

PROOF. Let X be a basis of F. Let
V=A{XY,Z,f):ZCcYCX, f:Z—ANY) 1-1, f(Z) is a basis of AN(Y)}.
For (}qaZlvfl)a (}/25227.]02) S y; define (i/laZlhfl) < (}/25227.]02) lfyi C }/27 Zl C
Zy and fa|z, = fi. Then (¥, <) is a nonempty poset in which every chain has
an upper bound. By Zorn’s lemma, (), <) has a maximal element (Yp, Zo, fo). It

suffices to show Yy = X.
Suppose to the contrary that Yy # X. Let 9 € X \ Yy. Put

I={reR:rxqg+yec Afor someyec (Yp)}.

I is an ideal of R; hence I = (s) for some s € R. If s = 0, AN(YoU{zo}) = AN(Y0).
Then (Yo U {z0}, Zo, fo) = (Yo, Zo, fo), —«. So, s # 0. Let u € A such that
u = sxg + y for some y € (Yp). We claim that

First we show that AN (Yo U {xo}) = AN (Yo) + (u). Twe AN (YoU {xo}), then
w = txo + 2 for some z € (Yy) and t € R with s [ t. So, w —tue AN(Yy) = we
AN (Yy) + (u). Next note that (Yp) N (u) = {0}. (If au = ' for some a € R and
y' € (Yo), then a(szo +y) =y, so a =0.) Thus, AN (Yy) + (u) = AN (Yy) & (u),
and claim (2.3) is proved. Now fo(Zy) U {u} is a basis of AN (Yy U {zp}). Extend
fo:Zo— AN{Yy) to g: ZoU{xo} — AN (Yo U {x0}) by setting g(xg) = u. Then
(YQU{I()},ZO U{xo},g) ; (Yo,Zo,fo), ——. (I

NOTE. If rank F' < oo, Theorem 2.36 can be proved by an induction on rank F’;
the argument is similar to the above proof but Zorn’s lemma is not needed.

THEOREM 2.37. Every projective module over a PID is free.
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PROOF. Let P be a projective module over a PID R. By Theorem 2.35 (iii),
P is a submodule of a free R-module. By Theorem 2.36, P is free. (]

THEOREM 2.38 ([1, 16, 21)). Let k be a field. Then every projective module
over k[xy,...,xy,] is free.

In Theorem 2.38, the case when the projective module is non-finitely generated
was proved by Bass [1]; the case when the projective module is finitely generated
is known as Serre’s conjecture and Quillen-Suslin’s theorem. See [14, Ch. III] for
some elementary proofs of Serre’s conjecture.

PROJECTIVE MODULES OVER A LOCAL RING.

THEOREM 2.39 (Kaplansky [13]). Fwvery projective module over a local ring
(not necessarily commutative) is free.

LEMMA 2.40. If A is a direct sum of countably generated R-modules and B is
a direct summand of A, then B is a direct sum of countably generated R-modules.

PROOF. Let A =@,
For each J C I, put Ay = Ziej

X = {(J,E) JCI, Ay=A;NB+ A;NC, L is a family of countably
generated submodules of B such that A; "B =@, ., L}.

A;, where A; is countably generated. Let A= B @ C.
Ai. Let

(X, C) is a poset in which every chain has an upper bound. (If (J;, £;) is a chain in
(X, ), then (U; Jj, U; £;) € X.) By Zorn’s lemma, (X, C) has a maximal element
(Jo, Lo).

We claim that Jy = I. (The conclusion of the lemma follows from the claim.)
Assume to the contrary that iy € I\ Jy. Let Jy = {i1} and Ay, = (z11, T12,...).
Write z1; = o; + z7;, where x}; € B, x5, € C. Each z; (¥Y;) is contained in A;
for some finite J C I. So, ;2 {2};,27;} C Ay, for some countable J; C I. Write
Ay = (w21, %22, ... ), Taj = T + T4, T5; € B, x5, € C. Then U;’;l{xéj,xé’j} C
A, for some countable J3 C I. In general,

AJjCAJj_'_lmB‘FAJ NncC.

Let J* =J:2, J;- Then

i1

Aj« CApNB+A;NC.

Since Aj, N B is a direct summand of Ay, and A, is a direct summand of A,
Aj, N B is a direct summand of A. Hence A;, N B is a direct summand of A ;- N B.
(Cf. Exercise 2.7.) Since Aj» = ApNB®A;»NCand Ay, =A;,NBPA;,NC,

we have

AJ*_AJ*QB ApnNC

Aj,  AjnNB T ANC
Thus, (Aj« N B)/(Aj, N B) is a homomorphic image of Ajy«/Aj,. Since Ay« is
countably generated, so is (Aj« N B)/(Ay, N B). We have

A;j«NB= (AJO ﬂB)@L,

where L 2 (A« N B)/(Aj, N B) is countably generated. Thus (J*, Lo U{L}) € X,
which contradicts the maximality of (Jo, Lo). O
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PROOF OF THEOREM 2.39. Let R be a local ring with maximal ideal m. Let
P be a projective module over R.

1° Every x € P is contained in a free direct summand of P.

There exists an R-module @ such that F':= P & Q is free. Let U be a basis of
F. Write x = aqui + - - - apun, a; € R, uqy,...,u, € U distinct. Assume U is chosen
such that n is as small as possible. Then for each 1 < i < n,

(2.4) a; §Ea1R+---+ai_1R+ai+1R—|—---+anR.

(If ap, = a1by + - ap—1bp—1, then & = a1 (ug + bruy) + -+ ap1(Un—1 + bp_1uy).
Note that {u1 + biun, .., Un—1 + bp—1Un, up} UU’ is a basis of F, where U’ =
U\ {u1,...,u,}. This contradicts the minimality of n.) Write u; = y; + 2;, y; € P,
z; € Q. Then

(25) aiuy + -4 aAnpUy = A1Y1 + -+ AnYn-
Write

Y1 3}
(2.6) =C (mod (U")).

Yn Unp

By (2.5) and (2.6), we have
[a1,...,a,] = [a1,...,a,]C,

ie., [a1,...,a,](I—C) =0. By (2.4), all entries of I — C are in m. Since R is local,
C' is invertible in M, «,(R). So, by (2.6), {y1,...,yn} UU’ is a basis of F. Let
Y ={(y1,...,Yn). Then x € Y and Y is free and is a direct summand of F hence a
direct summand of P.

2° P is a direct summand of a free R-module. By Lemma 2.40, P is a direct
sum of countably generated R-modules. Thus we may assume that P is countably
generated.

Let P = (z1,%2,...). By 1°, P = F} @ Py, where F} is free and x; € F}. Write
xo = xh + Y, xh € F1, o € P;. By 1° again, P = Fy, & P, where F; is free and
aly € Fy. Write zg = a5+af, 25 € F1®Fy, 25 € Py, ... Then P=F1 ¢ F®---. O

INJECTIVE MODULES. An R-module E is called injective if for every injection
i: A — B and homomorphism f : A — F, there exists a homomorphism g : B — FE
such that

0—> A—>B
i
¥
E

comimutes.

FacT. Let {E; : i € I} be a family of R-modules. Then [];.; £; is injective <
F; is injective for all ¢ € I.
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PROOF. (=)

(<)
O
PusH OUT. Let

4 LB
(2.7) 0|

C
be a diagram of R-modules. Let S = {(f(a),—g(a)) : a € A} C B&®C, D =
(B&C)/S,a:B— D, b (b,00+S,3:C — D, c— (0,¢) +S. Then

A L B

ol

¢ — D

B

is a commutative diagram of R-modules. (D, «, f3) is called the push out of (2.7).
PROPOSITION 2.41 (Characterizations of injective modules). Let E be an R-
module. The following statements are equivalent.
(i) E is injective.
(ii) Fvery short exact sequence 0 — E L AL B0 split.

(iii) If E is a submodule of A, then A= E & B for some submodule B of A.

PRrROOF. (i) = (ii).

0 E
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(ii) = (i). Use a push out

0 A —— B

0

‘"ﬁ"“ D coker (3 0

Note that 7 is 1-1 = [ is 1-1. (If z € ker 3, (0,x) € S, i.e., (0,2) = (i(a), —f(a))
for some a € A. So,i(a) =0=a=0= 2= f(a) =0.)

(ii) = (iii). 0 = E < A — A/E — 0 is split.

(iii) = (ii). Obvious. O

NOTE. Theorem 2.45 also provides a quick proof of (iii) = (i).

THEOREM 2.42 (Baer’s criterion). An R-module E is injective < given any left
ideal L of R and R-map a: L — E, a can be extended to an R-map f: R — E.

PROOF. (<) Given

0o — A - B
dl
E
May assume that A C B and i is the inclusion. Let

S={(C,h): AC RCCB, h:C— Eisan R-map, hla = f}.

For (Cl,hl), (CQ,hQ) € S, define (Cl,hl) < (Cg,hg) if C; € Cy and h2|C1 = h;.
(8, <) is a nonempty poset in which every chain has an upper bound. By Zorn’s
lemma, (S, <) has a maximal element of (Cy, hg). It remains to show that Cy = B.

Assume to the contrary that 3b € B\ Cy. Let L={r € R:rbe€ Cp}. Lisa
left ideal of R. «: L — E, r + ho(rb) is an R-map. So, « extends to an R-map
[ : R — E. Define

hi: Co+Rb — FE
c+rb  — ho(c) +rB(1)

hy is a well-defined R-map. (If ¢+ rb = ¢ +7'b, then (r —r')b= ¢ — ¢ € Cy. So,
ho(¢ —¢) = ho((r —7")b) = alr —7") = B(r—r") = (r —r")B(1).) Also hi|c, = ho.
SO, (Co + Rb, hl) ; (00, ho), —r . O

D1vISIBLE MODULES. Let R be an integral domain and D and R-module. D is
called divisible if Vy € D, and 0 # r € R, 3x € D such that rx = y. D is divisible
SrD=DVY0#reR.

FAcTs.

(i) Dy, i€ I divisible & @, ; D; divisible.
(ii) D divisible and E C D = D/FE divisible.
(iii) D injective = D divisible.
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PROOF. (iii) Let y € D and 0 # r € R. Consider
0 —=rR~——R

where f(r) =y. Then rg(1) = f(r) = y. O
PROPOSITION 2.43. Let D be a modules over a PID R. Then D is injective <
D is divisible.

PROOF. (<) Let I # 0 be an ideal of R and f : I — D an R-map. We have
I = (a) for some 0 # a € R. Since D is divisible, 3z € D such that ax = f(a).
Define g : R — D, r — rx. Then g is an R-map and g¢|; = f. By Baer’s criterion,
D is injective. ([

PROPOSITION 2.44. FEwvery abelian group A can be embedded in a divisible
abelian group.

PrOOF. A = (D,c;Z)/K — (D;c; Q)/K, where (P, ; Q)/K is divisible.
O

THEOREM 2.45. Every R-module A can be embedded in an injective R-module.

ProOOF. By Proposition 2.44, 3Z-module embedding f : A — B, where B is a
divisible abelian group. Then we have R-module embeddings

A -5 Homy (s Ry, 2A) > Homy (2R, 2B)

where
¢pa): R — A f@): R — B
T — ra r +—  f(a(r))
By the next lemma, Homy(zRg, zB) is an injective R-modules. O

LEMMA 2.46. Let R be a ring and B a divisible abelian group. Then Homy(zRg, 7.B)
is an injective R-module.

PROOF. Let L be a left ideal of R and f : L — Homy(R, B) an R-map. Let
g: L — B
. — [f(@)](1r).
g is a Z-map. So, g extends to a Z-map g : R — B. For each r € R, define
h(r): R — B
y — glyr).

Then h(r) € Homz(R,B), h : R — Homyz(R, B) is an R-map and h|y, = f. By
Baer’s criterion, Homy (R, B) is injective. O
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2.8. Chain Conditions

Let rA be an R-module. Two finite descending (or ascending) sequences of
submodules

A=A)D>A DDA, ={0}

are called equivalent if there is a bijection between {A;_1/A4; : 1 <i<mn, 4,1 2
A;} and {A]_;/A} 1 <j<m, Aj_; 2 A}} such that the corresponding factors

are isomorphic. A descending sequence A = Ay D A1 D --- D A, = {0} is called a
composition series of A if A;_1/A; is simple for all 1 < i < n.

THEOREM 2.47 (Scherier). Any two finite desceding (or ascending) sequences
of submodules of a module R A have equivalent refinements.

THEOREM 2.48 (Jordan-Holder). Any two composition series of a module pA
are equivalent.

Proofs of Theorems 2.47 and 2.48 are the same as the proofs in the group case;
see Theorem 1.37 and 1.39.

ACC anD DCC. An R-module A is said to have the ascending chain condition
(ACQ) if for every ascending chain of submodules A; C Ay C ---, there exists n
such that A, = A,41 = ---. A is said to have the descending chain condition
(DCC) if for every descending chain of submodules 41 D Ay D -- -, there exists n
such that A, = A1 ="---.

EXAMPLE. Z as a Z-module has ACC but no DCC. Let p be a prime and let
Z(p*) be the subgroup of Q/Z defined by

a

Z(p“):{b+ZeQ/Z:a,beZ, b=rp forsomeiEO}.

The every proper subgroup is generated by # + Z for some i > 0. Since

1 1
_ (= c({= C ...
0 <p0 +Z> - <p1 +Z> C...,
Z(p*>°) as a Z-module has DCC but not ACC.

PROPOSITION 2.49. Let A be an R-module.

(i) A has ACC & every nonempty family of submodules of A contains a
mazximal element < every submodule of A is finitely generated.

(ii)) A has DCC < every nonempty family of submodules of A contains a
manimal element.

PROOF. (i) Every submodule of A is finitely generated = A has ACC.

Let Ay C Ay C --- be an ascending sequence of submodules of A. Then
Uico 4i = (a1, ..., ax) forsome ay, ..., a, € J;o, Ai. Choose n such that ag, ..., ax
€ A,. Then A, = ;2 4. O

PrOPOSITION 2.50. A module g A has a composition series < A has both ACC
and DCC.
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PROOF. (=) Assume that A has a composition series with n+1 terms. Assume
to the contrary that A does not have ACC or DCC. Then there is a squence of
submodules of A:

A=A02A1 2 2 Ap1 = {0}
Any refinement of this sequence has at least n + 1 nonzero factors hence cannot be
equivalent to the composition series of A. This is a contradiction to Theorem 2.47.

(<) We construct a composition series A = Ay D A; D --- as follows. Let
Ag = A. If Ay # 0, since A has ACC, among all proper submodules of Ay, there
is a maximal one, say, A;. Clearly, Ay/A; is simple. By induction, there are
submodules Ag D A1 D Ay D --- such that A;/A;y; is simple for all ¢ and A;14 is
defined whenever A; # 0. Since A has DCC, the above descending series must stop
at A,. So, A, =0. Now, A=Ay D A; D--- D A, =0 1is a composition series of
A. O

DEFINITION 2.51. A ring R is called left (right) noetherian if the module pR
(RR) has ACC. R is called left (right) artinian if the module g R (Rg) has DCC.
R is called noetherian (artinian) if it is both left and right noetherian (artinian).

THE HOPKINS-LEVITZKI THEOREM (THEOREM 4.25). A left (right) artinian
ring is left (right) noetherian.

PrOOF. Not easy, will be given in §4.3. (]

THEOREM 2.52 (Hilbert basis theorem). If R is a left (right) noetherian ring,
then so is Rlx1,...,xp].

PrROOF. We only have to show that R[z] is left noetherian. Assume to the
contrary that there exists a left ideal I of R[z] which is not finitely generated. Let
fo € T be a polynomial of the smallest degree. Then I # (fp). Let f1 € T\ (fo)
be of the smallest degree. In general, let f,o1 € I\ (fo,-.., fn) be of the smallest

degree. Let d, = deg f,,. Then dy < d; < ---. Let a, be the leading coefficient
of fn. Then (agp) C (ag,a1) C --- is an ascending chain of pR. Since R is left
noetherian, Im such that (ag,...,a,) = (ag,. .., Gm,@m+1). So,

Am+1 =T000 + -+ Tmlm, 7T € R.

Put
f=fmir =Y rifi(w)atmo =
i=0
Then f €I\ (fo,-.-, fm) and deg f < dp,+1, which is a contradiction. d

PROPOSITION 2.53. Let 0 — A % B % C — 0 be an evact sequence of R-
modules. Then B has ACC (DCC) < both A and C have ACC (DCC).

PROOF. B has ACC = A and C have ACC.

Let Ay C As C --- be an ascending sequence of submodules of A. Then
i(A1) C i(A2) C --- is an ascending sequence of submodules of B. Thus i(A;) C
i(Ag) C - -- stabilizes and so does A; C Ay C - --.

Let C; € Cy C --- be an ascending sequence of submodules of C'. Then
p~1(Cy) € p~H(Cs) C --- is an ascending sequence of submodules of B, so it
stabilizes. Since C; = p(p~'(C;)), C1 C Cy C - -+ also stabilizes.

A and C have ACC = B has ACC.
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Let By C By C --- be an ascending sequence of submodules of B. Then 3In > 0
such that for all k£ > 0, p(B,,) = p(Bn+x) and i~ *(B,,) = i 1(B,4+x). We have a
commutative diagram
i P

0 i1(By) B, p(Bn) 0
lid [ id
0 7:_1(Bn-‘rk) - Bn—i—k ? p(Bn—‘rk) 0
By the five lemma, By, = By, 1. O

PROPOSITION 2.54. Let R be a left noetherian (artinian) ring. Then every
finitely generated R-module A has ACC (DCC).

Proor. A = R"/K. Since R has ACC, by Proposition 2.53, R" and R"/K
has ACC. O

PROPOSITION 2.55. Let 0 — A - B 2 C — 0 be an exact sequence of R-
modules.

(i) Assume that A= (X) and C = (Y). Choose Z C B such that p(Z) =Y.
Then B =(X UZ). In particular, A and C are finitely generated = B is
finitely generated.

(ii) If R is left noetherian, then B is finitely generated < both A and C are
finitely generated.

PRrROOF. (ii) (=) By Proposition 2.56 (i), A is finitely generated. O

PROPOSITION 2.56. Let R be a left noetherian ring and M a finitely generated
R-module.
(i) Every submodule of M is finitely generated.
(ii) If R is a PID and M is generated by n elements, then every submodules
of M can be generated by < n elements.

ProOF. (i) Let M = (z1,...,x,) and let S be a submodule of M. Use induc-
tion on n.

Ifn=1, M = (z1) & R/I for some left ideal I of R. Then S = J/I for some
left ideal J of R with J D I. Since R is left noetherian, J is fnitely generated and
so is J/I.

Assume n > 1. Let My = (x1,...,2,-1). Then

0—-SNM —S—S/(SNM;)—0

is exact. Since S N M; C M, by the induction hypothesis, S N M; is finitely
generated. Since S/(S N My) = (S+ My)/My C M/M; = {x,, + M), S/(SN M)
is also finitely generated. Thus S is finitely generated.

(ii) In the proof of (i), S/(S N M) is cyclic. O

2.9. Finitely Generated Modules over a PID

THEOREM 2.57 (Structure of finitely generated modules over a PID). Let A be
a finitely generated module over a PID R. Then

(2.8) A=Rz & - &Rz,
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where
(2.9) R # ann(z1) D -+ D ann(z,).
Moreover, ann(zy),--- ,ann(zs) are uniquely determined by (2.8) and (2.9). (Note.

Rz; 2 R/ann(z;).)

PROOF. Ezistence of decomposition (2.8).

Since A is finitely generated, we may assume A = R"/K, where K is a sub-
module of R™. Since R is a PID, by Proposition 2.56, K is finitely generated. (In
fact, by Theorem 2.36, K is free of rank m < n.) Let K = (f1,..., fm) and write

bil e1
l=c|:].
f”n/ en

where eq,...,e, is the standard basis of R" and C € M,,x,(R). There exist
P € GL(m, R) and @ € GL(n, R) such that

di
pecQ=| O
dr
0 0
where d; # 0, dy | da | -+ - | dy-. (This is the Smith normal form of A; see [12, §3.7].)
We assume dy = --- =d, =1 and d, 1 ¢ R*. Let
h fi el el
Plif=]:| and Q")) =]
fm fin en €n
Then
d
fi 1 ¢
N = 0 .
" ol
0 0
So, K = (f{,...,f},) = (di€}, ... ,drel). Since
R'IL :Re/IEB@Re’/n,
K = Rdie} ®---® Rdpel, (d;=0fori>r),
we have

A=R"/K = Re)/Rd\é}, @ - @ Re,/Rd,e/,
=R/(di1)®---®R/(dn)
= R/(datr) © - © R/(dy).
Let w; = 1+ (d;) € R/(d;), a+1 <i <n. Then R/(d;) = Rw;, ann(w;) = (d;) and
A2 Rwgy1 @ -+ & Rw,.

Uniqueness of ann(z), ..., ann(z).
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Assume that
A=Rzxn® - ® Rzs = Rwi1 & -+ ® Ruwy,

where R # ann(z1) D --- D ann(zs) and R # ann(wy) D -+ D ann(w;). We will
show that s =t and ann(z;) = ann(w;).

Without loss of generality, assume s > t. Let (w],...,w}) = (0,...,w1,...,w).
Then
(2.10) A=Rz;1 @ - ® Rzs = Rw} ®--- ® Ruw',

where ann(z;) D -+ D ann(zs) and ann(w}) D --- D ann(w,). It suffices to show
that ann(z;) = ann(w;) for all 1 <7 <s.
First, ann(z;) = ann A = ann(w}). Let 1 < i < s and let ann(z;) = (d;). By

(2.10),

Rdizis1 -+ ® Rd;jzs D Rdiw; D---D Rdlw;
So,

wy Zi+1

di | * | =diC | o, C € Mis_it1yx(s—i)(R)-

/!
S

There exists P € GL(s — i + 1, R) such that PA = [, .* (]. Hence,

w

*
w; Zi+1
;P || =dPC| | =
, *
wy Zs
0
Write P = [, ." p.]. Then
w!
dilpir-ops] | 1 | =0.
w/

So, dipjw; = 0,1 < j < s, since Rw; & -+ & Rwj is a direct sum. So, d;p; €
ann(w’) C ann(wy;), ¢ < j < s. Since P is invertible, ged(p;,...,ps) = 1. Thus,
d; € ann(w;). So, ann(z;) = (d;) C ann(w}). By symmetry, ann(w}) C ann(z;). O

NoTE. In the above theorem, assume ann(z;) = (d;), 1 < i < s, dy # 0,
dt+1 == ds = 0. Write
di:piil"'piik7 1§2St7
where p1,...,p; € R are distinct irreducibles and e;; € N. Then
A% R e o R/ s R = [ @ RG] e R

1<i<t ’
1<5<k
The integer s — t is called the rank of A; dy, ..., d; are called the invariant factors
of A; p;” with e;; > 0 are called the elementary divisors of A.
Two finitely generated modules over a PID are isomorphic iff they have the
same rank and the same invariant factors (elementary divisors).
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ExXAMPLE. Let
-18 7 91 —-14 87
14 -5 3 10 7
8 -3 3 6 5
126 —47 =275 94 —243

and A = Z°/{zA : x € Z*}. The Smith normal form of A is
1

20
0 0

So, A 2 Zy ® Zyy © Z2. The elementary divisors of A are 2,22 5; rank A = 2.

The structure theorem of finitely generated modules over a PID can also be
derived by the following method. The advantage of the above method is that it
allows one to compute the invariant factors.

ANOTHER PROOF OF THEOREM 2.57. Let A be a finitely generated module
over a PID R.

Existence of the decomposition of A.

1° Let Ayor = {a € A :ra =0 for some 0 # r € R}. Then A/A;,, is torsion
free. By the next lemma, A/A;o, is a free R-module. Thus the exact sequence
0— Aior — A — A/Aor — 0 is split. So,

A= Aior @ (A/Avor)-
2° For each irreducible p € R, let
A(p) ={a € A:p"a =0 for some n > 0}.
Then

Ator = @ A(p)a

where the sum is over finitely many irreducibles p € R.

3° Assume p"A(p) = 0 but p" L A(p) # 0. Let a € A(p) such that p"~ta # 0.
Then Ra = R/(p™) (as R-modules and as R/(p™)-modules). Using Baer’s criterion,
it is easy to see that R/(p™) is an injective R/(p™)-module. Since Ra is an injective
submodule of A(p) (as R/(p™)-modules), we have A(p) = Ra® B for some R/(p")-
and R-submodule B of A(p). Apply the same argument to B. ... Since A(p) is
finitely generated, it has ACC (Proposition 2.54). So eventually,

Alp) = R/(P™) @+ & R/(P™).
Uniqueness of the decomposition of A. Let

A=Ro [@ (R/(pn@,l)) G- ® R/(pnwp)))}

P
Then r = rank(A/A¢o,) and

dim 4 /() (p" 1 A/p"A) = {1 < i < iy n(p,i) > n}l.
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LEMMA 2.58. Let R be a PID. If A is a finitely generated torsion free R-module,
then A is free.

PROOF. Assume A = (x1,...,2,). Let {y1,...,Ym} be a maximal linearly
independent subset of {z1,...,2,}. Then for every 1 < i < n, 30 # a; € R such
that a;x; € (Y1,...,Ym). Let a =aq1---a,. Then aA C (y1,...,ym) = R™. So, aA
is free. Since A is torsion free, aA = A. O

THE RATIONAL CANONICAL FORM OF A LINEAR TRANSFORMATION. Let V
be an n-dimensional vector space over a field F' with a basis €1,...,¢,. Let T €
Endp (V) such that

€1 €1

€n €n

For each f € Flz] and v € V, define fv = f(T)v. Then V is an F[z]-module.
Define

o Flz]™ — V
€1
(f17~~~afn) I (flv”‘vfn)
€n
Then ¢ is an F[z]-map with
(2.11) ker ¢ = {y(zI — A) :y € Flz]"}.

Proof of (2.11): Y(f1,..., fn) € F[z]™, by the division algorithm, (f1,..., fn) =
y(xl — A) + (a1,...,ay,) for some y € F[z]" and (aq,...,a,) € F™. Then

€1 €1 €1
(fi,oosfn) | 1] = (@l = A) + (ar,...,an)) | 1| = (a1,...,an)

€n €n €n

Hence (f1,..., fn) € keré < (a1,...,a,) =0.
Therefore, we have an F[z]-module isomorphism

V2 Flz]"/{ylal — A) :y € Flz|"} = Flz]"/(a1,...,an),

where

a
zl — A=

Qn
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and (a1, ..., a,) is the F[x]-module generated by aq, ...,

form of I — A be

1
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Then by the proof of Theorem 2.57,
V= Flz]/(d) & --- & Fla]/(dr),

ie, V=Vi@® @V, where V; 2 Flx]/(d;). Let d; = 2% 4+ a; ¢, _12% 1+ -+ a; .
Then 1,z,...,2% ! is an F-basis of F[z]/(d;) and

dy

dy

«,. Let the Smith normal

x x
xei71 xeifl
where
0 1
0 1
M(d;) =
0 1
| —@i,0 —Qie;—1 |
is the companion matrix of d;. 1,z,...,2% 7" correspond to an F-basis €; 1,...,€;¢,
of V;. We have
€i,1 €1
T = M(d;)
ei,ei €i76i
Now U._,{€i1,..., €, } is an F-basis of V and
€1,1 €1,1
€16, M (dy) €1,e1
T =
67,71 M(dr) 67«71
_erver_ _67"767‘_
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Exercises

(Boolean ring) Let R be a ring such that a® = a for all @ € R. Prove that R
is commutative.

Let R be a ring. Let a,b € R such that 1 — ab is left invertible. Prove that
1 — ba is also left invertible. (Note. “left invertible” can be replaced with
“right invertible” or “invertible”.)

In the proof of Fact 2.21, show that ho g =id and g o h = id.
Let p be a prime and n € N. Then f(z) = Zf;ol 2" € Q[x] is irreducible.

(i) Let R be a commutative ring and f € R[x]. Suppose that 30 # g € R[z]
such that gf = 0. prove that 3¢ € R\ {0} such that c¢f = 0.
(ii) If R is not commutative, the conclusion in (i) is false.

Let D be a UFD and let F be the fractional field of D. Prove that F* /D>
is a free abelian group.

Let V' be an infinite dimensional vector space over a field F' and let R =
Endp(V @ V). Clearly, lygy is a basis of gR. Let € : V — V @& V be an
isomorphism. Prove that emy, ems is also a basis of gR. (m;: V@V — V is
the projection onto the ith component.) Hence R does not have IDP.

Let AC B C C be R modules. If C = A@® A’ for some submodule A’ of C,
then B=A® (A’ N B).

(Fitting) Let rA be an R-module which is both noetherian and artinian. Let
[ € Endg(A) and define im > = (7=, f*(A), ker f>° = [J;—, ker f*. Prove
that

A=1im f> @ ker f>.

Also show that flim feo @ Im f*° — im f*° is an automorphism and that
flker foo : ker f° — ker f*° is nilpotent, i.e., (f|ker =)™ = 0 for some n > 0.

(i) Let

0 A—1l.p—2.¢
-
[Ket B8 vy
¢ f/ !’

0 Al B —L—

be a commutative diagram of R-modules with exact rows. Prove that
3! R-map a : A — A’ such that the resulting diagram commutes.
(ii) Let

A—t-p—2.¢ 0
e
f g’\l’
A B c 0

be a commutative diagram of R-modules with exact rows. Prove that
3! R-map v : C — C’ such that the resulting diagram commutes.
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(iii) Let

Ay B - | Cy
1
0 —! A |1 g, Lo L
ot 8 %
v 2 ai B3 v;
Ay % By 7 Cs

be a commutative diagram with exact rows. Then 3! R-maps a3, od, o, o}
such that the resulting diagram commutes. (Of course, there is a 3-D
version of (ii).)



CHAPTER 3

Fields

3.1. Field Extensions

DEGREE OF EXTENSION. Let F' C K be fields. [K : F| := dimp K is called the
degree of K over F. If [K : F] < oo, K is called a finite extension over F.

ExaMPLES. [C:R] =2; [R: Q] = . In general, if I C K are fields such that
|K| = oo and |K| > |F|, then [K : F] = |K|. Let X be a basis of K/F. Then
K=@, .y F. Clearly, |[X| = oo and |X| < |K|. Let Po(X) be the set of all finite
subsets of X. Then

K| =@ F| < > IFIY < Po(0)] max{|Fl, Xo}

zeX YePo(X)
= | X|max{|F|,No} = max{|F|,|X]|}.
Since | K| > |F|, we must have |K| < | X].

FacT. Let F be a field and let f € F[z] be irreducible with deg f = n. Then
K = Flx]/(f) is an extension field of F with [K : F] =n. 2%+ (f),...,2" 1 + (f)
is a basis of K over F. x + (f) € K is a root of f.

FacT. Let F C K C L be fields. Then [L: F|=[L: K|[K : F].

PROOF. Let A be a basis of K/F and B a basis of L/K. Then the elements
ab (a € A, b € B) are all distinct and form a basis of L/F. O

NOTATION. Let F' C K be fields and X C K.
F[X] := the smallest subring R C K such that R D F' and R D X,
F(X) := the smallest subfiled E C K such that £ D F and E D X.

We have
F[X}:{f(ulv"'vun):nENa feF[xla"'amn]a ulv"'vuneX}v

F(X) = {% cu,v € FIX], v o}.

If F and F are both subfields of K, the compositum of E and F', denoted by EF,
is the smallest subfield of K containing £'U F'.

DEFINITION 3.1. Let F' C K be fields and v € K. If 30 # f € F[z] such
that f(u) = 0, w is called algebraic over F. The monic polynomial m € F[z] of
the smallest degree such that m(z) = 0 is called the minimal polynomial of u over
F. If u is not algebraic over F, it is called transcendental over F. K is called an
algebraic extension of F if every element of K is algebraic over F'; otherwise, K is
called transcendental over F'.

7
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EXAMPLE. V2 4 V/3 € R is algebraic over Q with minimal polynomial (2 +
6z — 3)2 — 2(32% + 2)2.

PROOF. Let o = /2 + /3. Then 3 = (a — \/5)3 = a3 — 3v2a? + 6a — 2v/2.
So, a® + 6a — 3 = v/2(3a2 +2), (@’ + 6a — 3)? = 2(3a? + 2)%. On the other hand,
it is obvious that v/2, ¥/3 € Q(a) (v2 = QZZQ?;;?’) So 6 | [Q(«) : Q. O

Let A = {u € C : u is algebraic over Q}. Then |A| = Ny (since |Q[z]| = No).
So, |C\ A] = X. Examples of transcendental numbers over Q: e, 7 (difficult),
>t tomr (Liouville’s number, Theorem 3.8).

Let F be a field. Then z € F(x) is transcendental over F. C/R, Q(v/—19)/Q
are algebraic extensions. R/Q, F(z)/F are transcendental extensions. If u €
F(x)\ F, F(x)/F(u) is algebraic. (Assume u = f(z)/g(z), where f,g € F[x]. Let
hy) = g(y) —uf(y) € (F(u))[yl- Then h # 0 and h(z) =0.)

Basic racTs. Let F' C K be fields.

(i) If u € K is transcendental over F, then F(u) & F(x).

(ii) Let u € K be algebraic over F and f € F[z] monic. Then f is the
minimal polynomial of u < f is irreducible and f(u) = 0. In this case,
F(u) = Flu] & Flz]/(f) and [F(u) : F] = deg f; 1,u,...,u%/"1is a
basis of F'(u)/F.

(iii) u € K is algebraic over F' < [F(u) : F] < oo.

(iv) If [K : F] < oo, K/F is algebraic. (The converse is false; cf. Example 3.3.)

PROPOSITION 3.2 (Relative algebraic closure). Let ' C K be fields and let
A ={u € K :u is algebraic over F}.
Then A is a subfield of K and is called the algebraic closure of F' in K.

ExAMPLE 3.3. Let A be the algebraic closure of Q in C. Then A/Q is algebraic
but [A : Q] = oo. Proof: Let p be a prime and n any positive integer. By
Eisenstein’s criterion, 2" —p € Q[z] is irreducible. Thus [A : Q] > [Q(p'/™) : Q] = n.

PROPOSITION 3.4. Let F C K C L be fields such that K/F and L/K are both
algebraic. Then LK s algebraic.

PROOF. Vu € L, since u is algebraic over K, we have u™4b,_1u™ 14 - -4+by = 0
for some by, ...,b,_1 € K. Then
[F(u) : F] <[F(boy---,bn—1)(u): F]
=[F(bg,...,bp_1)(u) : F(bg,...,bp_1)][F(bg,...,bp_1): F] < 0.
Hence v is algebraic over F'. O

RULER AND COMPASS CONSTRUCTIONS. On the complex C with 0 and 1 given,
a point (complex number) is called constructible if it can be obtained through a
sequence of steps; in each step, one uses a ruler and a compass to determine the
intersection point(s) of two curves on C each of which is either a line through
two points already constructed or a circle whose center and radius are already
constructed.

THEOREM 3.5.

(i) z € C is constructible < 3 fields Q = Ko C K1 C --- C K,, C C such that
[Kj : Kj—l] =2and z € Kn
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N/

-1 0 P

FiGURE 3.1. Construction of \/p, p > 0

(ii) The set of all constructible numbers in C is a field.

PROOF. (i) (=) Consider a step in a ruler and compass construction. Let
K C C be a subfield containing all numbers already constructed. The current step
produces a + bi where (a,b) is a common root of two polynomials in K|z, y], each
of which is of the form cz +dy+e ((c,d) # (0,0)) or the form x2? +y? + fo + gy + h.
It’s easy to see that [K(a) : K] =1or 2 and [K(b) : K] =1o0r 2. So, K C K(a) C
K(a,b) C K(a,b,i) > a + bi, where each extension is of degree 1 or 2. Therefore,
each constructible number is contained in the last field of a tower of extensions
Q:KQCK1CCKHC(CW1th [KJKjfl]:Q, 1<5<n.

(<) Using induction on n, we only have to show that every element in K;
is constructible from K; ;. Note that K; = K;_1(v/d) for some d € K; ;. Let
d = pe?® where p > 0. Then Vd = /pe?/2. The angle /2 is constrctible from
. Also, ,/p is constructible form p, see Figure 3.1. So Vd is constructible form
d. Each element in K;_1(v/d) is of the form a + bv/d with a,b € K;_;. Clearly,
a + bv/d is constructible from K;_;.

(ii) Let z,w € C (w # 0) be constructible. Try to show that z —w and z/w are
both constructible. The geometric proof of this is obvious. The algebraic proof is
alsoeasy. Let Q=Ko C K1 C---CK,2>zand Q=LyC Ly C--- C Ly, 5w,
where [K; : K;_1] =2 and [L; : Lj_1] = 2. Then

QcK,c---CcK,CcK,LyC---CK,L,, >z, w,
where each extension is of degree 1 or 2. O
COROLLARY 3.6. If z € C is constructible, then [Q(z) : Q] is a power of 2.

THREE ANCIENT RULER-COMPASS PROBLEMS.

(i) Squaring the circle (constructing a square having the same area of a unit
circle). Impossible since 7 is transcendental hence not constructible.

(ii) Doubling the cube (constructing a cube with volume 2). Impossible since
[Q(21/%) : Q] = 3.

(iii) Trisection of an arbitrary angle. An angle of 60° cannot be trisected by
rule and compass. Since cos3a = 4cos® a — 3cosa, cos20° is a root of
823 — 6x — 1, which is irreducible in Q[x]. So, [Q(cos20°) : Q] = 3 and
cos 20° is not constructible.

THE PRIME FIELD. Let F' be a field. The intersection of all subfields of F' is
called the prime field of F'.
Q if char F =0,

(The prime field of F) & .
Z, if char F' = p.
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PROOF. Let P be the prime field of F. When char F = 0, the isomorphism
isQ— P, Tllﬁ, when char F' = p, the isomorphism is Z, — P, a + pZ

(l'lF. O

TRANSCENDENCE OF LIOUVILLE’S NUMBER.

THEOREM 3.7 (Liouville’s inequality). Let o € C be a root of a polynomial of
degree d in Z|x]. Then for each € > 0, there are only finitely many rational numbers
¢ (a,b € Z, b>0) such that

‘* _0“ bd+€

PROOF. Assume that « is a root of cgz?+---+¢o € Z[z]. Let ¢ € Q such that
% —al < i but f($) # 0. Then
a a\d cqa® + cqg_1a4 b+ - - + b 1
1(5)] = lealg) -+ e =] b =
Write f(z) = (z — a)g(z), where g(x) = eq_12%"! + - - 9. Note that

a ald-t d—1
l9(%)| < lea-a |3 Fo el S leaalllel + 174l =

where C' does not depend on ¢. Therefore,

bdf\f( ) =15 ~ells(})] < 7=

i.e., b < C. There are only finitely many such b. For each such b, there are only
finitely many a € Z such that |§ —a| < 1. O

o0

THEOREM 3.8. Liouville’s number o =, ﬁ is transcendental.

ProoOF. For each N > 1, let ry = 25:1 ﬁ = 150 € Q. Then for each
D >0,

— 1 2 1
v —ol= > o = Tovrot < (10N D
n=N-+1

where N is large enough. By Loiuville’s inequality, « is transcendental. (I

REMARK. Let u, € {0,...,9}, n > 1, be a sequence with infinitely many

nonzero terms. Then > 7 | Toir is transcendental; this is clear from the proof of

the above theorem. So we have exhibited N transcendental numbers.

3.2. Galois Theory

THE GALOIS GROUP. Let F' C K be fields. Aut(K/F) := {0 € Aut(K) :
o|r = id} is called the Galois group of K over F.

ExampLES. Aut(C/R) = {id, ()}.

Aut(R/Q) = {id}. Proof: Let o0 € Aut(R/Q). If a,b € R such that a > b, then
ola—">b) = oc(va— b2) = o(va—1b)? > 0; hence o(a) > o(b). For each z € R,
choose sequences ay,b, € Q such that a,, /" z and b, \, , Then a, = o(a,) <
o(x) < o(by) = by, for all n. Hence o(x) = x.

|Aut(C/Q)| = Rl (Cf. Exercise ?7.)

FacT. Let F' C K be fields, f € F[z] and 0 € Aut(K/F). Then o permutes
the roots of f in K. It follows that if [K : F| < oo, then |[Aut(K/F)| < co.
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SUBFIELDS AND SUBGROUPS. Let F' C K be fields and let
F(K/F) = the set of all fields between F' and K,
G(K/F) = the set of all subgroups of Aut(K/F).
For L € F(K/F) and H € G(K/F), define
L' = Awt(K/L) € G(K/F),
H ={zxeK:o(x)=zVoeH} € F(K/F).
PROPOSITION 3.9.

(i) K’ = {id}, F’ = Aut(K/F), {id} = K.
(i) L,M € F(K/F), LCM =L > M'; HJeGK/F), HCJ= H' >

J.
(111) For L € f(K/F) and H € g(K/F)’ L C L//7 H C H”, L = L,,
H" = H'.

(iv) He G(K/F), |[Hl<oo=H"=H.
(v) For L,M € F(K/F), (LM) =L'nM'; for H,J € G(K/F), (HUJ) =
HNJ.
PRrROOF. (iii) To show that L"” = L’, note that L C L” = L’ D L’ and that
L/ C (L/)// — L///.
(iv) See the second paragraph of the proof of the fundamental theorem of Galois
theory.
(v) Obviously, (LM) ¢ L'nM’'. Also, (L' " M') > L"M" > LM. So,
I'nM c(L'nM")" c (LM)'. Hence (LM) =L NnM'. O

NoOTE. In (i), we do not always have Aut(K/F)" = F. If this happens, K/F is
called a Galois extension.

9l

K {id}
Aut(K/F) <2 Aut(K/F)

| -

F

DEFINITION 3.10 (Galois extension). Let F' C K be fields. K is called a Galois
extension over F if {x € K : o(x) =2 Vo € Aut(K/F)} = F. Equivalently, K/F
is Galois iff Vo € K \ F, 30 € Aut(K/F) such that o(z) # .

ExAaMPLE. Q(2'/3)/Qis not Galois since Aut(Q(2'/3)/Q) = {id}. Q(2'/3,e?>7/3)/Q
is Galois. Let ¢ = e>™/3. Then () € Aut(Q(2Y/%,£)/Q(21/?%)). Also, Jo €
Aut(Q(2/3,€)/Q(€)) such that o(21/3) = 21/3¢. Every z € Q(2/3,¢) fixed by
() and ¢ must be in Q.

THE FUNDAMENTAL THEOREM OF GALOIS THEORY. Let K/F be a finite Galois

extension. Then () : F(K/F) — G(K/F) and () : G(K/F) — F(K/F) are
bijections and are inverses of each other. Moreover,
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(i) if L,M € F(K/F) and L C M, then [M : L] = [L' : M']; if H,J €
G(K/F) and H C J, then [J : H| = [H' : J'];
(ii) for L, M € F(K/F), (LAM)' = (L'UM"); for H,J € G(K/F), (HNJ)' =
HIJ/;
(iii) for every L € F(K/F), K/L is Galois; L/F is Galois < L' < F'; when
L'QF', Aut(L/F) 2 F'/L = Aut(K/F)/Aut(K/L).

K O L fid)

K O, fiay

always Galois ‘

Aut(K/F)

Aut(K/F)

PRrOOF. The proof relies on two key lemmas (Lemmas 3.12 and 3.13) which
will be proved afterwards.

Since K/F is Galois, F”" = F. For each L € F(K/F), we have L C L” and,
by Lemmas 3.12 and 3.13, [L” : F] = [L" : F"] < [F' : L' < [L: F}], So, L" = L.
For each H € G(K/F), we have H C H"” and [H" : {id}] = [H" : {id}"] < [{id}’ :
H'| < [H :{id}]. So, H" = H. (Note. In the proof of H” = H, we only used the
fact that |H| < oo; the extension K/F could be arbitrary.)

(i) Since [I/ : M'] < [M : L] = [M" : L"] <[L' : M’], we have [M : L] = [L':
M').

(i) Obviously, (LNM)" > L’UM’. So, (LNM)" > (L'UM"). Also, (L'UM') C
L'NnM"=LnM. So, (L'UM") > (LNM)". Hence (LN M) = (L' UM).

(iii) K/L is Galois since L"” = L.

Now we prove that L/F is Galois & L' < F'.

(=) Let 0 € L' and 7 € F'. We want to show that 7=lo7 € L’. It suffices
to show that 7(L) C L. Let w € L and let f € F[z] be the minimal polynomial
of u over F. Let ui(= w),us,...,u, be all the distinct roots of f in L. Then
Vao € Aut(L/F), o permutes uq,...,u,; hence a((z —ui)- - (x —u,)) = (x —
uy) - (@ —u,). Since L/F is Galois, (x — uy)--- (x — u,) € F[z]. So, 7 permutes
the roots of (z —uy) -+ (z — u,). Therefore, 7(u) = 7(u1) = u; € L for some 1.

(<) For each 7 € F/ = Auwt(K/F), we have 7(L) C L. (For each o € L/,
77 lor € L'. So, o7(v) = 7(v) Vv € L. Hence 7(v) € L.) Thus 7|, € Aut(L/F)
(since we also have 7=1(L) C L).

Now assume that w € L'\ F. Since K/F is Galois, 37 € Aut(K/F) such that
T(u) # u. Then 7|5, € Aut(L/F) and 7|1 (u) # u. So, L/F is Galois.

Note that ¢ : F' — Aut(L/F), 7 +— 7|r, is a homomorphism with ker ¢ = L'.
Hence F'/L' < Aut(L/F). Since |F'/L'| = [L : F] = |Aut(L/F)| < oo, F'/L' =
Aut(L/F). O
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PROPOSITION 3.11 (Linear independence of characters). Let G be a group and
FE a field. Let oy,...,0, be distinct homomorphism from G to E*. Then oq,...,0,
are linearly independent over E as functions from G to E. (A homomorphism
0 :G — E* is called an E-character of G.)

PRrROOF. Assume to the contrary that o1, ..., o, are linearly dependent. Choose
a minimal linearly dependent subset of {o1,...,0,}, say, {o1,...,0m}. Then
de1, ..., ¢m € E* such that cio1 + -+ + ¢om = 0, iee.,
(3.1) cro1(x)+ -+ cmom(x) =0 for all z € G.

Clearly, m > 2. Choose y € G such that o1(y) # o2(y). Replace by yz in (3.1).
We have

(3.2) caor(Y)or(x) + -+ cmom(y)om(z) =0, z € G.

(3.1) —o1(y)~t-(3.2) =

&) (1 - Z?Ez;)az(x) +o 4 cm(l - Z_T((j)))am(w), z€QG.

Then o9, ...,0,, are linearly dependent, —«—. ([l

LEMMA 3.12. Let F C K be fields and L,M € F(K/F), LC M. If [M : L] <
oo, then [L' : M'] < [M : LJ.

PROOF. Let [M : L] = n and assume to the contrary that [L' : M'] > n. Let
01,...,0n41 € L' such that they represent distinct left cosets of M’ in L’. Let
€1,-..,€n be a basis of M/L. Then 30 # (c1,...,cnp1) € K™ such that

01(61) T 0n+1(€1) c1
=0.
Ul(en) e Un-i-l(en) cn+1
For each x € M, write
€1
‘T:[a17-'~7an,] , (ZjGL.
677,
Then
oi(er)
O-l(x):[a’lv 7an] , 1<i<n+1
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So,
¢
c1o1(x) + -+ cpp10n41(2) = [01(2), ... opga(2)]
Cn+1
0'1(61) 0n+1(€1) C1
= [alv L) an]
o1(€n) -+ ontilen)] [Cn+1
=0.
Thus o1|as, - - -, 0nt1|a are linearly dependent over K.
Since 071, . .., 0,41 belong to different left cosets of M’ in L', o1 |prx, .-y Ont1|arx
are distinct K-characters. By Proposition 3.11, o1|asx,...,0n+1|arx are linearly
independent over K, —+«. O

LEMMA 3.13. Let F C K be fields and H,J € G(K/F), H C J. If[J : H] < o0,
then [H' : J'] < [J: H].

PRrOOF. Let [J : H] = n and let o1(= id),...,0, be a system of representa-
tives of left cosets of H in J. Assume to the contrary that [H' : J'] > n. Let
€1,--.,€n+1 € H' be linearly independent over J' and let

ow(er) - oi(€n+1)
A= S Mnx(n+l)(K)~
on(er) -+ onlentr)

Let 0 # ¢ € K™t! have the fewest nonzero components such that Ac = 0. We may
assume

c=|c |, c; # 0.

_O_
The first equation in Ac = 0is €;+eaca+- - -+¢,.¢, = 0. Hence, not all ¢y, ..., c,. € J .
(Otherwise, €1, ..., €. would be linearly dependent over J'.) Say ¢y ¢ J'. Choose
o € J such that o(ca) # co. Apply o to Ac = 0. We have o(A)o(c) = 0.
Since oo1H,...,00,H is a permutation of o1H,...,0,H, oo1|g’,...,00,|g 18
a permutation of oy|gs,...,0,|g. (Here, note that aH = BH = a3 € H C
H" = o™ 16|y =id = a|lg = B|u.) So, 0(A) = [00,(¢;)] is a row permutation of
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A. Therefore, o(A)o(c) = 0 implies that Ao(c) = 0. Now, A(c — o(c)) = 0, where

0

co — o(c2)

C_U(C) = |Cr —O'(CT) 7é 0
0

0

has fewer nonzero components than ¢, —+«. (I

NoOTE. Let K/F be a finite extension. Then |[Aut(K/F)| < [K : F]. The
equality holds < K/F is Galois.

THEOREM 3.14 (Artin). Let K be a field and H < Aut(K). Then K/H' is
Galois. If |H| < oo, then Aut(K/H') = H.

PRrROOF. Since H"” = H', K/H' is Galois. If |[H| < oo, by Proposition 3.9 (iv),
Aut(K/H')=H" = H. O

3.3. Splitting Fields and Normal Extensions

SPLITTING FIELDS. Let F be a field and S C F[z]\ F. An extension K D F is
called a splitting field of S over F if

(i) every f € Ssplitsin K, i.e., every f € S is a product of linear polynomials
in K[z];
(ii) K is generated by F and the roots of all f € S.
Namely, a splitting field of S over F' is a smallest extension of F' in which all f € S
splits.

ALGEBRAICALLY CLOSED FIELDS. A field F' is called algebraically closed if
every f € Flz]\ F splits in F'. The following statements are equivalent.

(i) F is algebraically closed.
(ii) Every f € Fz]\ F has a root in F'.
(iii) The only algebraic extension of F' is itself.

THE FUNDAMENTAL THEOREM OF ALGEBRA. C is algebraically closed, i.e.,
every f € C[z] \ C has a root in C.

PROOF. Assume to the contrary that f(z) # 0 for all z € C. Then ﬁ is
a bounded entire function. By Liouville’s theorem, ﬁz) is a constant function,

——, O

ALGEBRAIC CLOSURE. Let F' be a field. The following two conditions on an
extension K/F are equivalent.

(i) K/F is algebraic and K is algebraically closed.
(ii) K is a splitting field of F[z] \ F over F.
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The field K in (i) and (ii) is called an algebraic closure of F.

ExAMPLES. C is an algebraic closure of R. If F C K and K is algebraically
closed, then the algebraic closure of F' in K is an algebraic closure of F'. The field
of all algebraic numbers in C is an algebraic closure of Q.

THEOREM 3.15 (Existence of algebraic closure). Every field F' has an algebraic
closure.

PrROOF. For each f € F[z]\ F, assign an indeterminate X;. Let X = {X :
f € Flz] \ F'} and consider the polynomial ring F[X]. Let I C F[X] be the ideal
generated by f(Xy), f € Flz]\ F. Then 1 ¢ I. (Otherwise, 3f1,..., fn € Flz]\ F,
1s- -5 9n € F[X] such that

(3.3) > gifi(Xp) =1.
i=1

Let K/F be an extension such that each f; (1 <i < n) has aroot u; € K. In (3.3),
let Xy, =u;,1<i<n,and X;=0for f € (Flz]\ F)\{f1,---,fn}- Then 0 =1,
*)(7.)

Let M be a maximal ideal of F[X] containing I and let F} = F[X]/M. Then
F) is an algebraic extension of F' and every f € F[z]\ F has a root in Fj. By
the same construction, there is an algebraic extension F;;q of F; such that every
[ € F;[z] \ F; has a root in F;. Then K = |J;, F; is an algebraic closure of F. [

AN ALTERNATIVE PROOF. 1°. If K/F is algebraic, then |K| < Rg|F]|.

2° Choose a set S D F such that |S| > Ng|F|. Let A be the class of all fields
K such that K C S and K is an algebraic extension of F. Then A is a set. For
K,L e A,say K < L if K is a subfield of L. Then (A, <) is a poset in which every
chain has an upper bound (the union of the chain). By Zorn’s lemma, (A, <) has
a maximal element E. F is an algebraic closure of F. (Assume to the contrary
that 3 an algebraic extension E;/F such that Ey # E. Since E;/F is algebraic,
|E1| < No|F| < |S|. Thus 3 a 1-1 map f : E; — S such that f|g = id. Define
+ and - in f(E4) by setting f(a) 4+ f(b) = f(a+b) and f(a)f(b) = f(ab) for all
a,b € Ey. Then f(Ey) € Aand E 2 f(Ey), —«<.)

Note. We cannot simply consider the class of all algebraic extensions of F. It
is too big to be a set. O

COROLLARY 3.16 (Existence of splitting field). Let F' be a field and S C Fx]\
F. The there is a splitting field of S over F.

PrROOF. Let K be an algebraic closure of F' and let R be the set of all roots in
K of all polynomials in S. Then F'(R) is a splitting field of F'. O

THEOREM 3.17 (Uniqueness of splitting field). Let F' be a field and S C F[z]\F.
Then any two splitting fields of S over F are F-isomorphic. (An isomorphism
between two extensions of F which is identity on F is called an F-isomorphism.)
In particular, the algebraic closure of F' is unique up to F-isomorphism.

PRrOOF. This follows from the next theorem. O

THEOREM 3.18. Let 0 : Fy — Fy be an isomorphism of fields and S1 C Fy[x] \
Fy, So={of: fe S} C Flz|\ Fy. Let Ky be a splitting field of Fy and Ko a
splitting field of F5. Then o can be extended to an isomorphism Ki — Ks.
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PRrOOF. Let
A ={(Ly,Ls,7) : L; is a field between F; and K; and

T : L1 — Ly is an isomorphism such that 7|p, = o}.

For (L1, Lo, 7), (L}, Ly, 7') € A, say (L1, La,7) < (L, Ly, 7') if Ly C L}, Ly C L}
and 7’|, = 7. By Zorn’s lemma, (A, <) has a maximal element (Ey, F2, ). It
suffices to show that F; = K; and Ey = K.

Assume to the contrary that Ey # K; or Es # Ky, say Fy # K;. Then
3f € S; such that f does not split in Fy. Let g € Eq[z] be an irreducible factor of
f with degg > 2 and let u € K3 \ E7 be a root of g. Let v € Ky be a root of ag.
(ag € Es[z] is the polynomial obtained by applying « to the coefficients of g.) By
the next lemma, « can be extended to an isomorphism g : Eq(u) — Es(v). Then
(El,EQ,Oé) é (El(u),Eg(’U), ﬁ), —r—. [l

LEMMA 3.19. Let 0 : F1 — F5 be an isomorphism of fields. Let K; be an
algebraic closure of F;, i = 1,2. Let f € Fy[z] be irreducible, u € Ky a root of f and
v € Ky aroot ofof. Then o can be extended to an isomorphism 7 : Fy(u) — Fa(v)
such that T(u) = v.

PROOF. f is the minimal polynomial of u over F} and of is the minimal
polynomial of v over F5. Hence

¢: Fi(u) —  Fy(v)
gu) +— (og)(v), g € Fiz]

is a well defined isomorphism. |

PROPOSITION 3.20. Let f € Flz]\ F and let K be the splitting of f over F.

(i) If f is irreducible, the Aut(K/F) acts transitively on the roots of f.
(ii) If Awt(K/F) acts transitively on the roots of f and f has no multiple
roots, then f is irreducible.

PrOOF. (i) follows from Lemma 3.19.

(ii) Suppose to the contrary that f = gh, g,h € Flz]\ F. Then g and h do not
have common roots. Any o € Aut(K/F) maps a root of g to a root of g, not a root
of h, —«. O

PROPOSITION 3.21. Let f € Flz] \ F and let K be the splitting field of f over
F.
(i) [K : F] [ (deg f)!.
(ii) Let f1,...,fr be the distinct irreducible factors of f. Then [K : F| |
(deg f1)!-- - (deg fi)!-

Proor. (i) Induction on deg f. If f is reducible, say f = gh, g,h € Flz]|\ F,
let E be the splitting field of g over F. Then K is the splitting field of h over E.
Thus [K : F] = [K : E|[E : F] | (degg)!(degh)! | (deg f)!. If f is irreducible, let
u € K be a roots of f and write f = (z — u)m, m € (F(u))[z]. Then [F(u) : F] =
deg f and [K : F(u)] | (degm)! since K is the splitting field of m over F(u). So,
(K< F) | (deg f)!.

(ii) Let Ey = F and E; C K the splitting field of f; over F;_;. Then Ej, = K
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PROPOSITION 3.22 (Normal extension). Let K/F be an algebraic extension.
Then the following statements are equivalent.

(i) If f € Flx] is irreducible and has a root in K, then f splits in K.
(ii) K is a splitting field over F' of some S C Flx] \ F.
(iii) Let F be an algebraic closure of F' containing K. Then for every o €
Auwt(F/F), o(K)=K.
The field K in (i) — (iii) is called a normal extension of F'.

PROOF. (i) = (ii). Let B be a basis of K/F. For each b € B, let f; be the
minimal polynomial of b over F. Then K is the splitting field of {f}, : b € B} over
F.

(if) = (iii). Let X be the set of all roots of all f € S. Then K = F(X) and for
each 0 € Aut(F/F), o(X) = X. So, 0(K) = o(F(X)) = F(o(X)) = F(X) = K.

(iii) = (i). By assumption, f has aroot u € K. Let v € F be any root of f. Let
E C F be the splitting field of f over F. By Proposition 3.20 (i), 37 € Aut(E/F)
such that 7(u) = v. By Theorem 3.18, 7 can be extended to o € Aut(F/F). Thus
v=oc(u) € K. So f splits in K. O

PROPOSITION 3.23. Let K/F be a normal extension. Then every F-isomorphism
between two intermediate fields Ly and Ly (F C L; C K) can be extended to an
automorphism of K.

PrROOF. K is a splitting field of some S C F[z]\ F. Thus K is also a splitting
field of S over Ly and over Ly. By Theorem 3.18, o extends to some 7 € Aut(K/F).
O

The converse of Proposition 3.23 is false: Q(2!/3)/Q is not normal and has no
proper intermediate subfields.

SEPARABILITY. Let f € F[z] be irreducible. f is called separable if it has no
multiple roots (in any extension of F'). Note that f is separable iff f’ # 0. Let
K/F be an algebraic extension. v € K is called separable over F' if its minimal
polynomial over F' is separable. K/F is called a separable extension if every u € K
is separable over F'.

Fact. If char F' = 0, every algebraic extension over F' is separable.

THEOREM 3.24 (Characterization of algebraic Galois extensions). Let K/F be
an algebraic extension. The following statements are equivalent.
(i) K/F is Galois.
(ii) K is a normal and separable extension over F'.
(iii) K is a splitting field over F of a set of polynomials in F[x] without multiple
T00ts.

PROOF. (i) = (ii). For each u € K, we want to show that the minimal poly-
nomial f of u over F' is separable and splits in K.

Let {uq,...,u,} be the Aut(K/F)-orbit of u. Let g(z) = (x —u1) -+ (x — up).
Then og = g for all 0 € Aut(K/F); hence g € F[z]. So, f|g. (In fact, f = g since
o(u) is a root of f for every o € Aut(K/F).) Thus f is separable and splits in K.

(ii) = (iii). Let B be a basis of K/F. For each b € B, let f, € F[z] be the
minimal polynomial of b over F. Then f; is separable and K is the splitting field
of {fp: b€ B} over F.
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(iii) = (i). Let S C F[z] \ F be a set of polynomials without multiple roots
such that K is a splitting field of S over F.

1° Assume [K : F|] = n < oo. Use induction on n. The case n = 1 needs no
proof. Assume n > 1. 3f € S which does not split in F. Let g € F[x] be an
irreducible factor of f with deg g = r > 2. Let uy,...,u, € K be the roots of g.
For each 1 < ¢ < r, 3 F-isomorphism o; : F(u1) — F(u;) such that o(u;) = u;. By
Proposition 3.23, 0; can be extended to an isomorphism 7; € Aut(K/F). Clearly,
77 1 & Aut(K/F(uy)) for i # j. So, 71,...,7, represent different left cosets of
Awt(K/F(up)) in Awt(K/F). Thus [Aut(K/F) : Aut(K/F(u1))] > r = [F(u1) :
F). Since [K : F(u1)] < n, by the induction hypothesis, K/F(u1) is Galois. So,

[Aut(K/F)| = [Aut(K/F) : Aut(K/F(u1))][Aut(K/F(u1))]
> [F(u1): F][K : F(uy)] = [K : F).

Hence K/F is Galois.

2° For each T' C S, let K C K be the splitting field of T" over F. Then
K =Urcs, 1)<oo Kr- Vu € K\ F, 3T C S with |T| < oo such that u € Kr. Since
[K7: F] < oo,by 1°, 30 € Aut(Kr/F) such that o(u) # u. Since K is the splitting
field of S over Kr, by Theorem 3.18 (or Proposition 3.23), o can be extended to
an isomorphism 7 € Aut(K/F). We have 7(u) # u. So K/F is Galois. O

THEOREM 3.25 (Normal closure). Let K/F be an algebraic extension. Then
there exists an extension L/K such that
(i) L is normal over F;
(ii) of K € M C L such that M is normal over F, then M = L.
If Ly is another extension of K satisfying (1) and (ii), then Ly is K-isomorphic to
L. The field L is called a normal closure of K over F. Moreover,
(iii) if K/F is separable, then L/F is Galois;
(iv) if [K : F] < o0, then [L: F] < cc.

L
|

K
|

F

PROOF. Let B be a basis of K over F. For each b € B, let f, be the minimal
polynomial of b over F'. Let L be a splitting field of {f; : b € B} over K. Then (i)
— (iv) are satisfied.

Assume L, is another extension of K satisfying (i) and (ii). Then L, is also
a splitting field of {fy : b € B} over K. By Theorem 3.17, L and L; are K-
isomorphic. (I

3.4. The Galois Group of a Polynomial

Let f € Flz] and K a splitting field of f over F. Aut(K/F) is called the Galois
group of f over F. We also denote Aut(K/F) by Aut(f/F). Let uy,...,u, € K
be the distinct roots of f. Then ¢ : Aut(K/F) — Stu,....unys @ 7 Ol{uy,...oun} 18
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an embedding. So, Aut(K/F) C S,. If f is irreducible, Aut(K/F) is a transitive
subgroup of S,,.

THE DISCRIMINANT. Let f € F[x] be of the degree n > 0 and split as f =
ap(z — u1) -+ (z — up) in a splitting field K of f. Then A :=[],_.(u; —u;) € K
and

i<j(

D(f) =A% = (1) D ] (ui — ;) € F.
1#]
Let D = D(f). To see that D € F, we may assume that u,...,u, are all distinct.
For each 0 € Aut(K/F), o(A) = (signo)A, so o(D) = D. Since K/F is Galois,
D e F. D(f) is called the discriminant of f.

PROPOSITION 3.26. Let f € F[x] be a polynomial with no multiple roots and
let K be the splitting field of f over F.
(i) A:=+/D(f) € K and Aut(K/F)N A, C Aut(K/F(A)).
(ii) Assume char F' # 2. Then Aut(K/F) N A, = Aut(K/F(A)). In particu-
lar, Awt(K/F) C A, < D(f) is a square in F (& A€ F).

- K {id}
Galois |F(A) F(AY = Awt(K/F) N A,
L L Aut(K/F)

ProOF. (i) If o € Aut(K/F) N Ay, then 0(A) = A, so 0 € Aut(K/F(A)).
(ii) Vo € Aut(K/F), we have o(A) = sign(o)A. Thus 0 € K(A) < o(A) =
A & sign(o) =1« 0 € Awt(K/F)NA,. (Note. Since char F #2,1# —1.) O

NOTE. Proposition 3.26 (ii) is false if char F' = 2. Example: f =22 +z+1 €
Zs|z] is irreducible. Let K be the splitting field of f over Zy and let o € K be
a root of f. The o2 is also a root of f and a? # a. We have A = a —a? = 1
(ra?+a+1=0). So, Aut(K/F(A)) = Aut(K/F) = Sy # Aut(K/F) N As.

THE RESULTANT. Let a = (ag,...,a,) € F"" and b = (by,...,by,) € F™FL,
where m +n > 0. Define

ao al . . . an
ag aq . . . A,
m
aO al . . . a/n
(3.4) Rab)=|bo b - - by
bo b1 - - bm
n
bo b1 - by,
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If f=apz" +ar1z™ '+ - 4ag, g=>byz™ +bixz™ ' +---+b,, where m +n >0
and ag,by # 0, then R(a,b) is called the resultant of f and g and is denoted by
R(f.9).

PROPOSITION 3.27. ged(f,g9) # 1< R(f,9) =0.
PROOF. (=) Let u be a common zero of f and g (in some extension of F).

Then

ag ai . . . [e2%
ap a1 : . . (79
um+n—1
ap ai : : © Qp .
bo b1 - - bn : =0.
bo b1 - - bpn u
1
L bo b1 - - by
(<) 30 # (agy - - -, m—1,80;-- -, Bn_1) € F™" such that
_aO a1 . . . Ap ]
agp a1 . . . Qp
aO al . . . an
(3.5) (a0, y@m—1,B0,--+,0n-1) |bo b1 - - by =0.
bo b1 - - by,
L bo b1 - - by

Let a = apz™  + a12™ 2 4+ - 4+ oy and B = Bzt + Bz 2+ -+ By
Then «, 8 are not both 0 and dega < m, deg 8 < n. Moreover, (3.5) is equivalent
to af +Bg=0.So (f,g) # 1. O

PROPOSITION 3.28. Let x1,...,Tn,Y1,---,Ym,X be independent indeterminates.
In (F(z1,..., %0, 01, yn)) [X], write

(X_xl)"'(X_xn):Xn+a1XTL_1+~-~+an7
(X —y1) (X —ym) = X"+ X" 4ot by,

i, a; = (—1)'8pi(T1,. . 2n), bj = (1) 8m.j(Y1,- -, Ym), where sy, is the ith
elementary symmetric polynomial in n indeterminates. Let a = (1,a1,...,a,) and

b=(1,b1,...,bn). Then

(3.6) R(a,b) = [T ] @i - w).

i=1j=1

PrOOF. When z; = y;, by Proposition 3.27, R(a,b) = 0. So, in Flz1,...,Z,,
Y1, Ym), Ti —y; | R(a,b). Thus, the right side of (3.6) divides R(a,b). Note
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that
deg(;cl,...mn) R(a, b) =m deg(xl

coomy) Gn = MM

So we must have R(a,b) = [, [}, (zi —y;) for some c € Flyy, ..., ypn]. Com-
pare the coefficients of (x; - - - 2,)™ at both sides. We have ¢ = 1. O

COROLLARY 3.29. Let f,g € Flz] \ F. Suppose f and g split (in a splitting
field of fg) as

f=ao(x—u) - (z—up), ag € F*,
g=bo(x —v1) - (x—vm), b € F*.
Then
(3.7) R(f,9) = aj bgHH u; — vj).
i=1j=1
Proor. In Proposition 3.28, let z; = u;, y; = v;. (|

NOTE. (3.7) can be written as

(33 R(f.9) = aj [ gtw) = (1) "Hf )

These formulas can be generalized as follows.

COROLLARY 3.30. Let f and g be as in Corollary 3.29 and write f = apgx™ +

cdn, g =box™ 4+ +by,. Let h = cox®+---+cp € Flz], k > 0. (Note that we do

not assume that co # 0.) Put a = (ag,...,a,), b= (bo,...,bm), ¢ = (co,.-.,Ck)-
Then

(3.9) R(a,c) = ag [ [ h(w)

=1
(3.10) R(e,b) = (=1)™kpk H h(v;).

PROOF. Assume ¢y = 0. (Otherwise, use (3.8).) Clearly,

(3.11) R(a,c) = agR(a, (c1,...,cx)),
(3.12) R(e,b) = (—1)™boR((c1,. .., k), b).
Use (3.11) and (3.12) repeatedly until ¢; # 0. Then use (3.8). O

THEOREM 3.31. Let f = apa™ +aya" ' +---+a, € Flz], n >2, a9 # 0. Then
D(f) = (~1)="" Vag*"*' R(a,a’),
where a = (ag, .. .,a,) and @’ = (nag, (n — )ay,...,an—1).
PRrROOF. Write f = ag(x —u1) -+ (z — up). Then by Corollary 3.30,

R( / _a'O 1Hf u; _aon 1HH 2n 1( )%n(n—l)D(f)

i=1 j#i
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EXAMPLE. f =22+ bx +c= D(f) = b* — 4c.
f=a34+b2x®+cx+d= D(f) = b*c* —4c® — 4b3d — 27d? 4 18bcd. If char F # 3,
f=vy>+qy+r, where y =z + 2. Hence D(f) = —4q> — 2772

GALOIS GROUPS OF SEPARABLE IRREDUCIBLE POLYNOMIALS OF DEGREE < 4.
If f € Flz] is a separable irreducible quadratic, clearly, Aut(f/F) & Zs.

PROPOSITION 3.32. Let f € F[z] be a separable irreducible cubic.
(i) If char F # 2,
As if D F?
Au(/p) =00 TR
Sz if D(f) ¢ F*,
where F? = {a® :a € F'}.
(ii) If char F = 2, we may assume f = x> + ax +b. Then
As if y? + by + a3 + b2 has a root in F,

S3  otherwise.

Aut(f/F) = {

PROOF. Since Aut(f/F) is a transitive subgroup of Sz, we have Aut(f/F) = Ss
or Ag.

(i) follows from Proposition 3.26 (ii).

(ii) Let K be a splitting field of f over F' and let uy,us,us € K be the roots of
f. Put G = Aut(K/F). Let

o= ulug + uzu§ + ugu%,
B = uiu3 + uzu3 + ugu?.

Then a # 3 and every o € G permutes «, 3. Moreover, o fixes a and g iff o € As.
So, F(a,8) =GN As. Let r(y) = (y — a)(y — B) € K[y]. Since r(y) is fixed by G,
we have r(y) € Flz]. In fact, direct computation shows that

r(y) = y* + by + a® + V7.

So, r(y) has aroot in F < F(a,8) =F & GNA3 =G & G = As. O
K {id}
F(a,B) G N A;s
F G

LEMMA 3.33. Let f € Flx] with deg f = 4 such that f has 4 distinct roots
U1, ..., uy in a splitting field K of f over F. Let

Q= Uitz + U3y, B = urus + uguy, Y = UiUg + UU3.

(Note that o, 8,7 are distinct.)
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(i) Aut(K/F (o, B,7)) = Aut(K/F) NV, where
V={(1), (1,2)(3,4), (1,3)(2,4), (1,4)(2,3)}.
(i) Assume f = a* 4+ bx3 + cx® + dx +e. Then
(x —a)(x - B)(x —v) =2 — cx® + (bd — 4e)x — b*e + 4ce — d* € Fz].
This polynomial is called the resolvant cubic of f.
PROOF. (i) Vo € Aut(K/F)NV, clearly, o fixes o, 3,7. So, 0 € Aut(K/F(a, 3,7)).
It remains to show that Aut(K/F(«, 3,7)) C V. Let 0 € Aut(K/F(«, 3,7)). There
exists ¢ € V such that ¢o(u1) = u;. We claim that ¢o = id. (Then o = ¢t € V)
Assume to the contrary that ¢o # id. Without loss of generality, ¢o(us) = us.
Then ujus + uzug = o = ¢po(a) = uyuz + ugug. Then (u; —uyg)(us —uz) = 0, —.
(i) The coeflicients of (z — «)(z — 8)(x — 7) are symmetric functions of a, 8, v,

hence symmetric functions of w1, ..., us; hence polynomials in b, ¢, d, e. The actual
computation of the coefficients of (z—a)(x—3)(x—7) is tedious but straightforward.
O

PROPOSITION 3.34. Let f = x* + bx® + ca® + dx + e € F[z] be irreducible and
separable and let g € F[x] be the cubic resolvant of f. Let E be a splitting filed of
g over F and let m = [E : F] = |Aut(g/F)|.

(i) If m =6, then Aut(f/F) = Sa.
(ii) If m =3, then Aut(f/F) = Ay.
(iii) If m =1, then Aut(f/F)=V.
(iv) If m =2, then

Aut(f/F) =~ Dy if f is irreducible over E,
| Zs if f is reducible over E.

ProoOF. Let K D E be a splitting field of f over F. Put G = Aut(F/F). By
Lemma 3.33 (i), [G : GNV] = [E : F] = m. Since G is a transitive subgroup of
Sy, we have 4| |G|; hence |G| = 4,8,12,24. More precisely, G = S4, Ay, Dy, V or
G >7y.

{id}

GNnvV

G

K
|
E
|
F

(i) and (ii). Since 3||G|, |G| = 12 or 24. So, G = Ay or Sy. Thus m = [G :
GNV]=|G|/4. So, G =S4 when m = 6; G = Ay when m = 3.

(iii) Since G C V, we have G = V.

(iv) Since [G : GNV] = 2, we have G = D4y or G = Z4. Moreover, f is
irreducible over E < Aut(f/E) (= G NV) acts transitively on the roots of f
SGENV =V s G=D;y. O

THE INVERSE GALOIS PROBLEM. Can every finite group G be realized as the
Galois group of some finite Galois extension K/Q? The answer is not known. The
answer is affirmative for many families of finite groups.
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e S, (Proposition 3.36), Ay;
e finite solvable groups (Safarevich [20]);
e many finite simple groups ([15]).

REALIZATION OF S,, AS A GALOIS GROUP OVER Q.

PROPOSITION 3.35. Let f = 2™ +a, 12" ' +---+ag € Z[z]. Let p be a prime
and let f = a™ + @p_12" "1 + -+ ag € Z,[x] be the reduction of f. Assume that
f has n distinct roots vy, ..., v, in a splitting field K of f over Zyp. Then f hasn
distinct roots uy,...,u, in a splitting field K of f over Q. Moreover, if uy, ..., uy,
are ordered suitably and Sy, ... ..y is identified with S, . .1 in the obvious way,
then Aut(K/Z,) C Aut(K/Q).

.....

------

Aut(K /Z,)—— Aut(K/Q)

PrROOF. The reduction from Z to Z, is denoted by ( ).

1° Since (f, f') = 1 in Z,[x], we have (f, f') = 1 in Q[z]. So f has n distinct
roots in K.

2° Let
g@) = IT (z= D www) € Klyn - wallal,
ocES,, i
o@) = JT (2= D voww) € Klyr, - wallel.
g€Sy 7
Then g(z) € Zyi,...,yn]lz]. In fact, Vr € S,, 7g = g. So, each coefficient
of g(x,y1,...,yn) I8 a symmetric polynomial in wus,...,u, with coefficients in Z.
Thus each coefficient of g(x,y1,...,yn) is a polynomial over Z in the coefficients of
f,ie.,
(313) g(x7y17"'ayn) = Z Cio,u.,in(a07-~wa/nfl)xioyil y:fﬂ
10++Zn:n'
where ¢;, ;. € Z[Xo,...,Xp—1]. By the same argument,
(3.14)
g(gjvyla"'ayn) = Z Cio,...,in(%a"'7an—1)xloy’il yiln GZp[ylvaynHI]
i0+-Fin=n!

By (3.13) and (3.14),
(315) g(xaylv"'vyn):g('r7y17~-~7yn)~
3° Put G = Aut(K/Q) and G = Aut(K/Z,). For each o € S,,, let

go(z) = H (z - Zuro(i)yi)7

TEG

9o (2) = H (»T - Zvra(i)yi>

T€@



96 3. FIELDS

For each 7 € G, we have 7(g9,) = go», S0 9o € Qy1,...,yn][x]. Since g, | g in
Q(yh R yn)[‘r}? where 9o € @(yla s 7yn)[‘r] and g € Z[yh R yn] [‘r] are both
monic and Q(y1,...,yn) is the fractional field of the UFD Zlyi,...,ys], we have
9o € Zly1, - .., yn|[z]. In the same way, g, € Zy[y1, - - -, yn][z]-

We claim that for each o € S,,, g, is the irreducible factor of g in Z, (y1, - - - , Yn ) [Z]
divisible by @ — >, vy () ¥i-

Proof of this claim. Let h(x) be the (monic) irreducible factor of g(x) in
Zp(Y1,- - > yn)[z] divisible by & — >, vsiyy;. Then V7 € G, z-Y, Vro(i)¥i =
T(z — D, Voiyys) divides b. So g, () | h(x). Thus h = g,.

In fact, g, is also the irreducible factor of g in Q(y1,...,yn)[x] divisible by
T — ) Ug()Yi- However, we do not need this.

4° We have g = gy, - * Yo, , Where o1 (= id),..., 0} are representatives of the
right cosets of G in S,,. By (3.15), gid | 8§ = § = Jo, - * * Gor» SO @id | J»; for some 3.
By relabeling u;, we may assume giq | §o, = Gid-

Vo € G, we have

gid(Z,y1, -+, Yn) = H (IE - va(i)yi) = H (CE - Z%(i)%-l(i))

TeG TeG
= gid(x7 yo_l(l)a e 7y0'_1(n))7
which divides gid(ZE, Yo-1(1)5--+> yafl(n)) = ga($7 Yi, .- 7yn) So gid | ng(gaa gid)
in Zy(y1,---,yn)x]. Thus ged(go, Gia) # 1. Write Go = Go; for some 1 <4 < k.

Then g, = go,. So ged(Gs,, Gia) # 1. Since g = g, - - * Jo,, has no multiple roots, we
must have o; = id, i.e., 0 € G. So we have proved that G C G. O

PROPOSITION 3.36. Let n > 3. Let f1, fo, f3 € Zlz] be monic polynomials of
degree n. such that
(i) f € Zo[x] is irreducible;
(ii) in Zs[z], fo = gh, where g is irreducible of degree n — 1 and h is linear;
(iil) in Zs[z],
s kl if n is odd,
3 klily if n is even,
where k is irreducible of degree 2, 1,11,ls are irreducible of odd degree and
(lhi,12) = 1.
Let f = —=15f1 + 10f2 + 6f3 € Z[x]. Then the Galois group of f over Q is S,.
ProoF. Let G = Aut(f/Q). Note that f = f1 (mod 2), f = fo (mod 3),
and f = f3 (mod 5). Since Aut(fi/Z2) C G, G contains an n-cycle a. Since
Aut(f2/Z3) C G, G contains an (n—1)-cycle . Since Aut(fs3/Zs) C G, G contains

an element of the form 70, where 7 is a transposition, o(c) is odd and 70 = o7. It
follows that 7 € G. Therefore G D («, 3, 7) = S,. O

3.5. Finite Fields

EXISTENCE AND UNIQUENESS. Let F' be a field with |F| < oco. Define a ring
homomorphism
f: 2 — F

n — nlg
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where 1p is the identity of F'. By the first isomorphism theorem, we have an
embedding Z/ ker f <— F. Thus Z/ ker f is an integral domain. Therefore, ker f is
a prime ideal of Z, i.e., ker f = pZ for some prime p. Since the field Z/pZ = Z, is
embedded in F', we may simply assume that F' contains Z, as a subfield. Clearly,
F is a vector space over Z,. Since F' is finite, [F : Z,] = dimz, ' < co. Let
n = [F:Zpy]. Then F' = Zy as a Z,-vector space. In particular, |F| = p".

Conversely, given a prime p and an integer n > 0, up to isomorphism, there
exists a unique field F' with |F| = p™.

THEOREM 3.37. Let p be a prime and n a positive integer. The splitting field
of 2P — x € Z,[x] has precisely p" elements.

PROOF. Let f = 2P — z and F the splitting field of f over Z,. Note that
(f',f) = (=1, f) = 1. Thus, f has p" distinct roots in F. Let
E={a€eF: f(a) =0}
We will show that FF = E. It suffices to show that F is a field. (Then f splits in
E. Since F' is the smallest field in which f splits, we must have F' = E.)
In fact,
¢: F — F
a — a?"
is an automorphism of F'. E is the fixed field of ¢ in F'. Hence, F is a field. (I
THEOREM 3.38. Given a prime p and an integer n > 0, all finite fields of order
p" are isomorphic.

PROOF. Let F be a finite field with |F| = p™. As seen at the beginning of this
section, Z, C F. Since F'\ {0} is a multiplicative group of order p"™ — 1, we have
a?" =1 =1 for all a € F'\ {0}. Thus,

a’" =a forallacF.

Namely, all elements of F are roots of f = a?" — x € Z,[z]. Therefore, F is a
splitting field of f over Z,.

Since all splitting fields of f over Z, are isomorphic, the conclusion of the
theorem follows. O

We denote the finite field with p™ elements by F,». Thus, I, = Z,. We have
an [F,-vector space isomorphism (not a ring isomorphism) Fj» = .

THE MULTIPLICATIVE GROUP OF ]Fpn.

THEOREM 3.39. F,. is cyclic. A generator of F . is called a primitive element
of Fpn.

PRrROOF. This follows from the next proposition. (]

PROPOSITION 3.40. Let F be any field and G a finite subgroup of the multi-
plicative group of F. Then G is cyclic.

PRrROOF. Assume to the contrary that G is not cyclic. By the fundamental
theorem of finite abelian groups, G = G x G, where |G1| = m, |G3| = n and
(m,n) > 1. Let k = lem(m,n). Then k < mn = |G| and

¥ =1 forallz e G.

However, ¥ — 1 cannot have more than k roots in . We have a contradiction. O
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COROLLARY 3.41. Let p be a prime and n > 0 an integer. Then there exists
an irreductble polynomial f € Fp[z] of degree n.

PROOF. Let o € Fp» be a primitive element. Clearly, Fpn = Fp(a). Let
f € Fplz] be the minimal polynomial of «a over F,. Then f is irreducible and
deg f = [Fp(a) : Fp] = [Fpn : Fp] =n. O

REPRESENTATION OF ELEMENTS OF ]Fpn.

o Let f € Fp[z] be irreducible of degree n. Then F,» = F,[z]/(f). So each
element in Fy» is uniquely of the form

co+clx+~-~+cn,1x”_1—i—(f), ci € Fp;

this element is usually denoted by (co,c1,...,cn—1) € F). See Table 3.1
for the multiplication table of Fos = Fao[z]/(2® + x + 1).

e Let o be a primitive element of F,n. Then Fpn = {0,1,0,...,a7" 72}
Representing elements of F,~» this way is convenient for multiplication
but not for addition.

TABLE 3.1. Multiplication Table of Fgs = Fa[x]/(2% + 2 + 1)

000 001 010 011 100 101 110 111
000 | 000 000 000 000 000 000 000 000
001 [ 00O o001 010 011 100 101 110 111
010 | 000 010 100 110 o011 001 111 101
011|000 011 110 101 111 100 001 010
100 | 000 100 011 111 110 010 101 o001
101 { 000 101 001 100 010 111 011 110
110 | 000 110 111 001 101 011 010 100
111 | 000 111 101 010 001 110 100 011

LATTICE OF FINITE FIELDS.

THEOREM 3.42. Let p be a prime and let Fp be the algebraic closure of Fy,.
(i) For each integer n > 0, F, has a unique subfield of order p™.
(i) Let Fym C F, and Fyn C Fy. Then Fpym C Fyn if and only if m | n. In
general,

(316) ]Fpm n Fpn = ]Fp(m.n)7

(317) Fpm]Fpn - ]Fp[m,n],

where FpymFpn is the subfield of F,, generated Fpym UFpn, (m,n) = ged(m, n)
and [m,n] = lem(m,n).

NOTE. We already know that a finite field of order p™ is unique up to isomor-
phism. However, Theorem 3.42 (i) states that in a given algebraic closure of F, a
finite field of order p™ is not only unique up to isomorphism, but also unique as a
set.
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PROOF OF THEOREM 3.42. (i) By the proof of Theorem 3.38, a subfield of F,,
of order p" must be {a € F, : a?" = a}.
(ii) EFpm C Fpn, then Fpn is an [Fp» : Fpm]-dimensional vector space over Fpm.
Hence,
pn — |Fpn| — |Fpm|[]Fpn Fpm] _ pm[]Fpn:]Fpm].
Thus n = m[Fpn : Fpm].
If m | n, then

-z = x(mpn_l -1)= z(xﬁmiill(PVYL—l) _ 1)

oo oo
Iy -1 Iy -1
mo_ m__1y\s m m__1ys
=z "t -1) g gD = (P ) g g
i=0 =0

Therefore, in F,, the splitting field of xP" — z is contained in the splitting field of
" — 1z, ie., Fpm C Fpn.

To prove (3.16), first observe that F um.n) C Fpm NFpn. Let Fpm NFpn = Fpe.
Since Fp= C Fpm and Fp« C Fpn, from the above, s | m and s | n; hence s | (m,n).
Therefore, Fpm N Fpn = Fps C Fymn. Equation (3.17) is proved in the same
way. ([

PROPOSITION 3.43. Let Fpm C Fpn, where m | n. If o is a primitive element

-1 L.
of Fpn, then a?™=1 is a primitive element of Fpm.

n_1
PROOF. Since o(a) = p" — 1, o(a»™ 1) = p™ — 1. Since F . is cyclic, Fym is
1
the only subgroup of F,. of order p™ — 1. Thus, Fym = (« 1 ). O
THE AUTOMORPHISM GROUP. Define a map

o: Fpn — Fpm

a +— aPl.
Clearly, o € Aut(F,n /IF,). o is called the Frobenius map of Fyn over Fp,.

THEOREM 3.44. The extension Fpn /F), is Galois and Aut(Fpn /F,,) = (o). More
generally, if m | n, then the extension Fyn /Fym is Galois and Aut(Fpn /Fpm) =
(a™).

PROOF. Since #?" — x € F,[z] has no multiple roots and since F,. is the
splitting field of 2?" — x over F,, F,» is Galois over F,. Thus, |[Aut(F,./F,)| =
[Fpn : Fy] = n. Since o € Aut(Fyn /F,), to prove that Aut(F,» /F,) = (o), it suffices
to show that o(c) = n, or, equivalently, o(c) > n. Since ¢°(?) = id, we have

(3.18) 0=0°(a)—a= "

—a forallaeFyn.
The polynomial P x, being of degree p°(?), has at most p°(®) roots in Fpn.
Thus, (3.18) implies that p™ < p°(@), ie., n < o(o).

If m | n, then F, C Fpm C Fpn. Since Fyn /IF,, is Galois, so is Fpn /Fpm. More-
over, Aut(Fyn /Fpm) is a subgroup of Aut(F,. /F,) of order . Since Aut(F,. /F,) =
(o) is cyclic, its only subgroup of order = is (0™). Thus, Aut(Fyn /Fpm) = (¢™). O

NOTE. The automorphism o™ € Aut(Fpn /F,m) = (6™) is defined by 0™ (a) =
a?”ae Fp», and is called the Frobenius map of Fyn over Fpym.



100 3. FIELDS

3.6. Separability

DEFINITION 3.45. Let K/F be an extension of fields and let u € K be algebraic
over F'. wu is called purely inseparable over F' is the minimal polynomial of u over
Fis (x —u)™ for some n > 0. K/F is called a purely inseparable extension if every
u € K is purely inseparable over F.

EXAMPLE. Let char F' = p. Consider fields F(z) D F(zP). The minimal
polynomial of z over F(z?) is f(y) = y? — aP € [F(zP)][y]. Since f(y) = (y — z)?,
x is purely inseparable over F(aP).

Fact. If u is both separable and purely inseparable over F', then u € F'.

PROPOSITION 3.46. Let K/F be an extension with char F = p > 0 and let
u € K be algebraic over F. Then uP" is separable over F for some n > 0.

PrOOF. Let f = ag + a1z + --- be the minimal polynomial of v over F. Use
induction on deg f.

Assume u is not separable over F. Then 0 = f' = a; + 2asx + 3azz® +---. It
follows that a; = 0 whenever p {i. So f(z) = ag + apa? + agyx®? + -+ = g(aP),
where g € Flz] with degg = - deg f < deg f. Since g(u?) = 0, by the induction
hypothesis, (u?)?” is separable over F for some m > 0. Note that (uP)?" =
w" (]

PROPOSITION 3.47. Let K/F be an extension with char ' = p > 0 and let
u € K be algebraic over F. Then the following statements are equivalent.
(i) w is purely inseparable over F'.
(ii) u?" € F for some n > 0.
(iii) The minimal polynomial of u over F is of the form z*" — a.

PrROOF. (i) = (iii). Let f = (x —u)™ € F[x] be the minimal polynomial of u
over F. Write m = kp", where (k,p) = 1. Then

n

f=(aP" —uP" ) = (@P ) — k" (2P ) e Fla).
So, ku?" € F, hence u?" € F. Thus 2?" — u?" belongs F[z] and divides f. It
follows that f = a?" — u?".
(iii) = (ii). We have u?" =a € F.
(ii) = (i). Let f be the minimal polynomial of u over F. In > 0 such that
flaP" —u?" = (z—u)?". So, f = (x —u)™ for some 1 < m < p". Thus u is purely
inseparable over F'. O

COROLLARY 3.48. Let K/F be a finite purely inseparable extension, where
char F =p > 0. Then [K : F] is a power of p.

PRrROOF. Use induction on [K : F|. Assume [K : F] > 1. Choose u € K \ F.
By Proposition 3.47 (iii), [F(u) : F] = p™. Since K/F(u) is purely inseparable and
[K : F(u)] < [K : F], by the induction hypothesis, [K : F(u)] is a power of p. So
[K : F] is a power of p. O

PROPOSITION 3.49. Let K/F be an algebraic extension where char F = p > 0.
Then the following statements are equivalent.

(i) K is purely inseparable over F.
(ii) If u € K is separable over F, then u € F.
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(iii) K is generated over F by a set of purely inseparable elements over F.

PROOF. (i) = (ii). Obvious.

(ii) = (i). Let u € K. By Proposition 3.46, u?" is separable over F for some
n > 0. By (ii), u?" € F. By Proposition 3.47, u is purely inseparable over F.

(i) = (iii). Obvious.

(iii) = (i). Assume K = F(X), where X C K is a set of purely inseparable
elements over F. Let P = {u € K : u is purely inseparable over F'}. By Proposi-
tion 3.47,

(3.19) P={ucK:u"" €F for some n > 0}.
It is clear from (3.19) that P is a subfield of K. Since P D F and P D X, we have
PoF(X) =K. O

PROPOSITION 3.50. Let K/F be an extension and let X C K be a set of
separable elements over F. Then F(X)/F is separable.

PRrROOF. Vu € X, let f,, € F[z] be the minimal polynomial of u over F. Then
fu is separable. Let L D F(X) be a splitting field of {f, : v € X} over F. By
Theorem 3.24, L/F is Galois hence separable. So F(X)/F is separable. O

THEOREM 3.51. Let K/F be an algebraic extension. Let

S ={u € K : u is separable over F},
P ={u € K : u is purely inseparable over F'}.

(i) S and P are subfields of K. S is separable over F'; P is purely inseparable
over F.
) K is purely inseparable over S.
(iii) P N S=F.
)
)

Aut(K/P) = Aut(K/F).

/\
\/

PrROOF. Assume char F' = p > 0 since if char FF = 0, all the conclusions are
obvious.

(i) By Propositions 3.50 and 3.49, S and P are subfields of K.

(ii) Yu € K, by Proposition 3.46, 3n > 0 such that u?" is separable over F,
ie., u?" € S. By Proposition 3.47, u is separable over S.

(iii) Obvious.

(iv) (=) K is both separable and purely inseparable over SP. Thus K = SP.

(<) Every u € S is separable over F hence separable over P. So, K = P(S) is
separable over P.

(v) 1° Aut(K/F) = Aut(K/P).
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Let 0 € Awt(K/F) and v € P. Let f = (x — «)™ be the minimal polynomial
of u over F. Then o(u) is also a root of f. So, o(u) = u. Thus o € Aut(K/P).

2° K/P is Galois.

Let u € K\ P. Let f be the minimal polynomial of u over F. Since u is not
purely inseparable over F', f has a root v € K such that v # u. 3 F-isomorphism
T : F(u) — F(v) such that 7(u) = v. By Proposition 3.23, 7 extends to some
o€ Auwt(K/F) = Aut(K/P). We have o(u) = v # u. So K/P is Galois.

3° Aut(S/F) =2 Aut(K/F).

Vo € Aut(K/F), clearly, o(S) = S. So o|g € Aut(S/F). The group homomor-
phism

0: Aut(K/F) — Aut(S/F)
o — ols

is onto. (Since K/F is normal, every 7 € Aut(S/F) extends to some o € Aut(K/F).)
0 is also 1-1. Assume o € ker . Then o|g =id. By 1°, o|p = id. Thus o|gp = id.
However, by 2°, K/P is separable. By (iv), SP = K. So ¢ = id.

4° S/F is Galois.

Vu€e S\ F,wehaveue K\ P (- SNP=F). By2° 3o € Aut(K/P) such
that o(u) # u. We have o|g € Aut(S/F) and o|s(u) # u. O

COROLLARY 3.52. Let F C E C K be fields such that both E/F and K/E are
separable. Then K/F is separable.

PRrROOF. Let S = {u € K : u is separable over F'}. Since K is separable over
E, K is separable over S. By Theorem 3.51 (ii), K is purely inseparable over S.
So K =8S. d

AN

COROLLARY 3.53. Let K/F be an algebraic extension with char F = p > 0.
(i) If K/F is separable, then K = FK?, where KP = {a?P : a € K}.
(ii) If K = FK? and [K : F] < oo, then K/F is separable.
(iii) v € K is separable over F < F(uP) = F(u).
PRrOOF. (i) Since K is separable over F', K is separable over FKP. Since K is
purely inseparable over KP, K is purely inseparable over FFKP. Thus K = FKP.

K

FKP

7N\
F K?

(ii) We have K = FK?" for all n > 1. (See the remark below.) Since [K :
F] < 0o, we can write K = F(uq,...,u,) for some uy,...,u, € K. In > 0 such
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that u?" is separable over F for all 1 < i < m. Thus K?" = FP"(uf", ... ul") is
separable over F. So K = FKP" is separable over F.
(iii) In fact,
u is separable over F' < F(u)/F is separable
< F(u) = F(F(u)?) = F(uP) (by (i) and (ii)).

REMARK. Let K/F be an extension with char F' = p > 0.
o K =FKP" for somen>1< K =FKP" for alln > 1.
e Let u € K. Then F(uP") = F(u) for somen > 1 < F(u?") = F(u) for
alln > 1.

PROOF. Assume K = FK*" for some n > 1. Then K = FK”" C FK?. So
K = FKP. It follows that K = F(FKP)? = F(FPKP') = FKP? | etc. For the
second claim, let L = F(u). Then FLP" = F(uP"). O

SIMPLE EXTENSIONS. An extension K/F is called simple if K = F(a) for some
a€ K.

THEOREM 3.54. Let K/F be an algebraic extension. Then K/F is a simple
extension if and only if there are only finitely many intermediate fields between F
and K.

PROOF. (<) Let u € K such that F(u) is a maximal simple extension of F' in
K. Assume to the contrary that F(u) # K. Choose v € K\ F(u). If |F| < 0o, then
|F'(u,v)| < 00. So F(u,v) is a simple extension over F', which is a contradiction.
So assume |F| = co. Among the intermediate fields F'(u + av), a € F, at least
two are equal, say F(u + a1v) = F(u + agv), where a1,a2 € F, a1 # as. Then
F(u,v) = F(u+ a1v) which is a simple extension over F, —«.

(=) Let K = F(u) and let f(z) € F[z] be the minimal polynomial of u over F.
For any intermediate field B between F and F(u), let fp(r) = 2™ + b,_12" ' +
-+ + by € Blz] be the minimal polynomial of u over B. We claim that

B = F(bg,...,bp—1).
Clearly, B D F(bg,...,bp_1). Let B' = F(bg,...,b,_1). Since B’ and B are
between F and F'(u), we have B'(u) = B(u) = F(u). Note that
[F(u): B] = [B(u) : B] = deg fp

=[B'(u) : B'] (since fp is also the minimal polynomial of B’)

=[F(u): B].
It follows that B = B’.

Therefore, B is determined by fp. fp is a monic minimal factor of f(x). f(x)

has only finitely many monic factors. Thus there are only finitely many intermediate

fields B between F and F'(u).
t

COROLLARY 3.55. FEvery finite separable extension is a simple extension.

PROOF. Let K/F be a finite separable extension. Let L be the normal closure
of K over F. Then L is a finite Galois extension over F'. So there are only finitely
many fields between F' and L. Same is true between F' and K. (]
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SEPARABLE AND INSEPARABLE DEGREES. Let K/F be an algebraic extension
and S C K the largest separable extension over F. [K : F|s; := [S : F] is the
separable degree of K over F; [K : F|; := [K : S] is the inseparable degree of K over
F. Note that [K : F] = [K : F;[K : F],.

K
‘[K:F]i
s

|[K:F15

F

LEMMA 3.56. Let FF C L C M C K be fields such that K/F is normal. Let

Iso(M/F) = the set of all F-isomorphisms M — K,
Iso(L/F) = the set of all F-isomorphisms L — K|
Iso(M/L) = the set of all L-isomorphisms M — K.

Then |Iso(M/F)| = |Iso

—~

M/L)||Iso(L/F)|.

I S e

NOTE. The sets Iso(M/F), Iso(L/F
can let K be an algebraic closure of F.

~

and Iso(M/L) do not depend on K. One

PROOF OF LEMMA 3.56. Since K/F is normal, every o € Iso(L/F) extends
to some & € Aut(K/F). Define

6: Iso(L/F)xIso(M/L) — Iso(M/F)
(0,7) — Gl o
1° 60 is 1-1. Assume &1, (ar) © T1 = O2|r, (1) © T2, Where 01,02 € Iso(L/F) and
71,72 € Iso(M/L). Then
o1 = 01le = (G1lr ) © T1)[L = (F2lryar) 0 T2) | = G2|1 = 02

Now 51|7—1(JM) oT1 = C_Tl|7-2(M) O To 1mphes that 0'1(7'1(0,)) = 0'1(7'2(0,)) VYa € M. SO,
Tl(CL) = 7'2((1) Ya € M, i.e., T1 = T2.

2° 0 is onto. Let a € Iso(M/F). Then o := a|p € Iso(L/F). Let 7 =
o o oa. Then 7 € Iso(M/L) and a = G- (a0 T O

PROPOSITION 3.57. Let F C L C K be fields such that [L : F], < oo and
K/F is normal. Then |Iso(L/F)| = [L : Fls, where Iso(L/F) is the set of all
F-isomorphisms L — K.
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K
|
L
|
S
|

F

PRrOOF. Let S C L be the largest separable extension over F. Since L/S is
purely inseparable, it is easy to see that Iso(L/S) = {id}. (Let o € Iso(L/S) and
let u € L. Since w is purely inseparable over S, the minimal polynomial of u over
Sis f(x) = (x —u)™ for some m > 0. Since o(u) is a root of f, we have o(u) = u.)
By Lemma 3.56, [Iso(L/F)| = |Iso(L/S)|[Iso(S/F)| = [Iso(S/F)|. Thus it suffices
to show that [S : F| = |Iso(S/F)|.

Use induction on [S : F|. Assume [S : F| > 1. Choose u € S\ F. Let
f be the minimal polynomial of v over F. Then f has n = deg f distinct roots
Ui,y ...,up € K. Then Iso(F(u)/F) = {o1,...,0n}, where o; : F(u) — F(u;) is
the F-isomorphism such that o;(u) = u;. So |Iso(F(u)/F)| = n = [F(u) : F].
Since S/F(u) is separable and [S : F(u)] < [S : F], by the induction hypothesis,
[Iso(S/F(u))| =[S : F(u)]. So

[Ts0(S/F)| = [Ts0(S/F(w)|[Iso(F(w)/F)| = S : F(u)][F(u) : F] = [ : F].

Proposition 3.57 is false when [L : F]; = oc.

PROPOSITION 3.58. Let F C L C K be fields such that [L : F]s = oo and K/F
is normal. Then |Iso(L/F)| = 2[E+Fls,

ProOF. For each Y C L, let C(Y) C K be the set of all conjugates of elements
in Y over F. (Two algebraic elements over F' are called conjugates if they have the
same minimal polynomial over F.)

1° Let S be the largest separable extension of F' in L. Let X be a basis of S
over F. Define

0: Iso(S/F) — Jl.exCle)
o — (U(E))EEX'
0 is 1-1. So,
[Iso(L/F)| = |Iso(S/F)| < ‘H C(e)‘ < N\OXI < (2R)IXT = oMolX] = 9IX| = lL:Fls
eeX
(Iso(L/F)| = |Iso(S/F)| since [Iso(L/S)| = 1; see the proof of Proposition 3.57.)
2° Let
Yy = { (Y,<):Y CS; <isa linear order on Y;
foreachyeY, y¢ F(C{z €Y 2 <y}))}.

For (Y1,<1), (Y2,<2) € Y, say (Y1,<1) < (Y2,<2) if ¥7 C Y5 and <; is the

restriction of <s. Then (), <) is a poset in which every chain has an upper bound.
By Zorn’s lemma, (Y, <) has a maximal element (Y, <).
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We claim that |Y| > [S: F] = [L : F]s. Otherwise,

[F(C(Y)) : F] {z RIS F] Y] <eo,
<|YIRog=Y|<[S:F] if|Y]|=cc.

So F(C(Y)) € S. Choose yp € S\ F(C(Y)) and define y < yp for all y € Y. Then

(Y U{yo}, <) € Y, contradicting the maximality of (Y, <).

For each y € Y, since y is separable over F and y ¢ F(C({z €Y : 2 <y})), y
has a conjugate y € K over F(C({z eY: z< y})) such that g # y. Using Zorn’s
lemma, it is easy to see that for every (fy)yey € [[,ey{¥, ¥}, F0 € Iso(L/F) such
that o(y) = f, for all y € Y. Thus

[Iso(L/F)| > ‘H{y’@}‘ — oIVl > 9lL:Fls

yey
O
COROLLARY 3.59. Let F C L C K be fields such that K/F is algebraic. Then
(3.20) (K : Fls =[K : L|s[L: Fls,
(3.21) [K: F); =[K: L;[L: Fl;.

PrOOF. 1° We first prove (3.20). Let Sk/p be the largest separable extension
of F'in K.

(3.22) Sk/F L

Since [K : F]s = [Sk/r : SL/F][SL/F CF) K L = [SK/L L], and [L: Fls =
[Sp/r : F], it suffices to show [Sk/r : Sp/r] = [Sk/r + L]. Apply Theorem 3.51
(iv) to

Sk/L
VRN
(3.23) Sk/F L

NS
Sr/F
we have SK/L = SK/FL.

Let X C Sk be linearly independent over Sy, ,p with [X| < co. We claim
that X is also linearly independent over L. (This means that Sk ,p and L are
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linearly disjoint over Sp . Also, this implies that [Sk /7, : L] = [Sk/r : Sp/r].)
We have

L(X)
AN
Spyr(X) L

N

Sp/F

Since [Sp,p(X) : Spsr| and [L(X) : L] are finite, by Proposition 3.57 and
Lemma 3.56,
[L(X) : L] = [Iso(L(X)/L)| = [Iso(L(X)/SL/F)|
= |Iso(S1/p(X)/SLyp)| = [SL/p(X) : Sp/p] = |X].
So, X is linearly independent over L.
2° Proof of (3.21). It suffices to show that in diagram (3.22), [Sk/r, : Sk/r] =
[L : Sp/r]. Since we have proved that in diagram (3.23), Sk/r and L are linearly

disjoint over Sy, /p, it follows that L and Sk, are linearly disjoint over Sp,p ([11,
p318, Theorem 22]) SO, [SK/L . SK/F] = [SK/FL . SK/F] = [L . SL/F]'

COROLLARY 3.60. Let f € Fx] be monic and irreducible and let K be a splitting
field of f over F. Let uy € K be any root of f. Then
(1) f=[(x—u1)- - (x —un)|F@FL where uy, ... u, € K are the distinct
roots of f and n = [F(uy) : Fls;
(11) u[lF(ul):F]i
PROOF. May assume char F' = p > 0.
(i) Let ug,...,u, € K be all the distinct roots of f. Then

[F(u1) : Fls = |Iso(F(u1)/F)| =n.
Write f = (x —ug)™ -+ (x — up,)™. For each 1 < ¢ < n, 3 F-isomorphism o; :
F(uy) — F(u;) such that o;(u1) = u;. Then
(@ —u)™ (= up)™ = f=0if = (x—oi(w))" -+ (x - oi(un)) ™.
It follow that 7, = 1. So f = [(x —u1) - (z — uy,)]™. We have nr; = deg f =
[F(uy) : F] = [F(u1) : Fls[F(uy) : F;, sory = [F(uy) : Fls.
(ii) In the notation of (i), we have f = (2™ — uy*)--- (2" — ul}) since rq is
a power of p. Thus g := (z —ui')---(z — uj!) € Flz], where ui*,...,u} are all
distinct. Since u™ is a root of g, u™ is separable over F'. (Il

is separable over F'.

3.7. Cyclotomic Extensions

Let F be a field. A splitting of 2™ — 1 over F' is called a cyclotomic extension of
order n over F. If char F = p > 0 and n = mp’, (m,p) = 1, then 2" —1 = (xmfl)pt.
So, a splitting field of ™ — 1 over F' is a splitting field of 2™ — 1 over F'. Therefore,
we assume that char F' { n.

Let K be a cyclotomic extension of order n over F' (char F' { n) and let U,, =
{u € K : u"™ =1}. Then |U,| = n since ™ — 1 has no multiple roots. Since U, is
a finite subgroup of K*, U, is cyclic. A generator of U, is called a primitive nthe
root of unity.
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PROPOSITION 3.61. Let K be a cyclotomic extension of order n over F', where
char F' { n.
(i) K/F is Galois.
(i) K = F(C), where ¢ is any primitive nth root of unity.
(ifi) Let
0: Aw(K/F) — ZX

o — 1

where o(¢) = ¢*. Then 6 is a 1-1 group homomorphism. In particular,
[K : F]| ¢(n), where ¢ is the Euler function.

CYCLOTOMIC POLYNOMIALS. Let K = F((), where ( is a primitive nth root
of unity and char F' 1 n.

Op(x)= [] (@-w)
u€(¢)
o(u)=n

is called the nth cyclotomic polynomial over F'.

Facts.
(i) 2" =1 =TIy, Palz).
(ii)
e Tt e/
@TL( ) Hdln’d<n ¢d(x) g( ]-) i

where p is the Mobius function.
(iii) If char F =0, ®,,(z) € Z[z]; if char F = p > 0, ®,,(z) € Zy[z].

PRrROOF. (i)
2" —1= H (x—u):H H (x—u):HCI)d(:E).
u€(C) dn O?zi)@d dln

(ii) The formula ®,,(z) = Hd\n(l’d — 1)#n/D follows from (i) and the Mobius
inversion.

(iii) Assume char F' = 0. (The proof in the case char F' = p is the same.) Use
induction on n. We have

2" — 1=, (x) [] ®alx).
d|n
d<n

Since 2" — 1 € Z[z] and since [];,, 4, Pa(z) € Z[z] is monic (by the induction
hypothesis), we have ®,(z) € Z[z]. O

CYCLOTOMIC EXTENSIONS IN CHARACTERISTIC 0.

THEOREM 3.62. Let ¢, = e2™/™ ¢ C.

(i) @, (the nth cyclotomic polynomial over Q) is irreducible over Q and is
the minimal polynomial of ¢, over Q.

(i) [Q(Cn) : Q] = ¢(n) and Aut(Q(Ca)/Q) = Z;7.
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PROOF. We only have to show that ®,, is irreducible in Q[z]. Let f € Q[z]
be a monic irreducible factor of ®,, and write ®,, = fg, where g € Q[z] is monic.
Since ®@,,(z) € Z|z], it follows that f,g € Z[x] (Write f = %fl, g = 791, where
k,,s,t € Z*, (k,1) =1, (s,t) = 1 and f1,g1 € Z[x] are primitive. Since f and g
are monic, k =s=1. So # fig1 = fg € Z[z]. Thus =t =1.)

Let p be a prime such that p { n. We claim that if w is a root of f, then so is
uP. Suppose to the contrary that u? is not a root of f. Then uP is a root of g, i.e.,
u is a root of g(2P). So, f(z) | g(zP). Let f denote the reduction of f in Z,[x].
Then in Z,[z], f(x) | g(z?) = g(z)?P. Hence (f,g) # 1. Then ®, = fg has multiple
roots. Since ®,, | 2" — 1, it follows that 2" — 1 € Z,[z] has multiple roots. But this
is impossible since p { n. So the claim is proved.

By the above claim, if u is a root of f, then so is u” for all r with (r,n) = 1.
Thus deg f > ¢(n). So f = ®,,. O

COROLLARY 3.63. Let F' be a field with char FF = 0. Let ¢ be a primitive nth
root of unity in some extension of F'. Then

[F(Q) - F1 = 1Q(¢) : Q(¢) N F] =

F(¢)
/N
Q<) F
N

OnrE

#(n) o

Q

PRrROOF. Tt suffices to show that [F(¢) : F] > [Q(¢) : Q(¢)NF]. Let f € Flx] be
the minimal polynomial of ¢ over F. Since f is a factor of 2™ — 1 = H?;(} (x — (),

we have f € Q(O)[z]. So f € (Q(¢) N F)[x]. Thus [Q(C) : Q) N F] < deg f =
[F(C) : F). O

EXAMPLE. Let (g = ¢™/8 = ¥2 4 V2 F — (+/2). Then Q(¢s) N F = F. So

[F(Gs) s Fl = frg =2

CYCLOTOMIC EXTENSIONS IN CHARACTERISTIC p.
FacT. Assume p { n and let (, be a primitive nth root of unity in some

extension of F). Let o,(p) be the order of p in Z). Then Fy((n) = Fponm. More
generally, Fpm (Cn) = Fpim.on -

PROOF. (, € Fpr & n | pF — 1 0,(p) | k. -

COROLLARY 3.64. Let char FF = p > 0. Let ¢ be a primitive nth root of unity
in some extension of F, where p{n. Assume F o, NF =TFpm. Then [F(C) : F] =

on (p) .
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/\
\/

ONF=Fpm

ch)n(p) =F (

PROOF. Same as the proof of Corollary 3.63 O

ABELIAN EXTENSIONS. An abelian extension is an algebraic Galois extension
K/F such that Aut(K/F) is abelian. Subextensions of an abelian extension are
abelian (Exercise 3.2). Cyclotomic extensions are abelian. Thus an extension K
of F contained in a cyclotomic extension of F' is a finite abelian extension over F.
The converse is true for F' = Q.

THE KRONECKER-WEBER THEOREM. If K/Q is a finite abelian extension,
then K C Q((y) for some n > 0, where (, = e2™/™.

The proof is difficult and needs algebraic number theory ([22, Ch.14]).

RULER AND COMPASS CONSTRUCTION OF REGULAR POLYGON AND FERMAT
PRIMES. Let F}, = 22" 1,k >0. Fy,..., Fy are primes (the only known primes in
the sequence Fy). For 5 < i < 23 and many other values of i, F; are known to be
composite. A primes of the form F}, is called a Fermat prime.

PROPOSITION 3.65. (, = €2™/™ is constructible by ruler and compass iff n =
2%py - - - ps, where p1,...,ps are distinct Fermat primes.

PROOF. 1° We first show that ¢, is constructible < ¢(n) is a power of 2.

(=) By Theorem 3.62 (ii) and Corollary 3.6, ¢(n) = [Q({,) : Q] is a power of
2.

(<) Let ¢(n) = 2™. By Theorem 3.62 (ii), Q(¢,)/Q is a Galois extension where
Aut(Q(¢,)/Q) is an abelian group of order 2™. Thus there are subgroups

1=Hy< Hy << Hp, =Aut(Q(,)/Q)
such that [H; : H;_1] = 2. So we have a tower of fields
Q=H], C---CH, CH)=Q()

such that [H]_; : H]] = 2. Hence by Theorem 3.5, {, is constructible.

2° Let n = 2%p7* - - - p%, where p1,...,ps are distinct odd primes and e; > 0.
Then

¢(n) =2°"pl T (1 — 1) - pe T (ps — 1),

So ¢(n) is a power of 2 < e = - =es =1and p; =2 +1,1 < j < s. Note
that if 2 + 1 is a prime, then ¢ is a power of 2. (If ¢ = uv, where u is odd, then
2V +1]2" +1.) So p; =2% + 1 is a prime < p; is a Fermat prime. O
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3.8. Trace and Norm, Cyclic Extensions

Let F C K C F be fields such that [K : F] < co and F is an algebraic closure
of F. Let r = [K : F],; and Iso(K/F) = {o1,...,0.}. For each u € K, define

Trg/p(u) = [K : F]i(Ul(U) ++ Ur(u)) (the trace of u),

K:F i
Nic/r(w) = (o1(u) o ()™
It follows from the next proposition that Trg/p(u), Ng/p(u) € F Vu € K.

(the norm of u).

PROPOSITION 3.66. Let [K : F] < oo and u € K. Let f = 2" + a,_12" ! +
-+ +ag € Flz] be the minimal polynomial of u over F. Then

(3.24) Trg/p(u) = —[K : F(u)]an_1,
(3.25) Ne/p(u) = [(=1)"ag) ",
PROOF. Let r = [F(u) : F]s and let Iso(F(u)/F) = {o1,...,0,}. By Corol-
lary 3.60 (i),
f _ [(Z o Ul(u)) o (l’ - O’r(u))} [F(u)F]l
So,

tr =P FL Y og, ao= [0 T[]

Let Iso(K/F(u)) = {71,...,7¢}, where t = [K : F(u)]s. Let 5; € Aut(F/F) be an
extension of ¢;. By the proof of Lemma 3.56, Iso(K/F) = {G;|-, (k)0 : 1 < j <
r, 1 <k <t}

F
|
K
|
|
F
Then
Triyp(u) =[K:Fl;i > afu)
a€lso(K/F)
K P Y ay(nw)
155
=[K:Fli-t Y o
1<j<r
=t[K : F(u)]; [F(u) : F); Zoj(u)
= —[K : F(u)]an—1.
The proof of (3.25) is the same. O

FacTs. Let [K : F] < 0.
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(i) For u,v € K and a,b € F,
Try/p(au+bw) = aTrg p(u) + bTrg p(v),
Ngp(uv) = Ng/p(u)Ng, p(v).

(ii) If w € F, then Trg/p(u) = [K : Flu and Ng,/p(u) = wlEFT
(iii) (Transitivity) Let FF C K C L where [L : F] < oo. Then for each u € L,

Trp p(u) = Tr p(Try x(u)),
Np/r(u) = Ng/p(Npyx (u).

Proor. (iii) Let Iso(K/F) = {o1,...,0.}, Iso(L/K) = {71,...,7t}. Extend
oj toa; € Aut(F'/F). Then Iso(L/F) = {0|; k)0t : 1 <j<r, 1<k <t}

=R — N —

So,

Trg/p(Trp k() = TI'K/F([L tK] Z’Tk(u))
k

[L: K]

=7 Ty (Z Tk(“))
ko

[L:K][K:F)

-1 ()
= [L:Fl; Y oj(mi(u))
7,k

=Trr p(u).
g

CYCLIC EXTENSIONS: algebraic Galois extensions K/F such that Aut(K/F) is
cyclic.

THEOREM 3.67. Let K/F be a finite cyclic extension with Auwt(K/F) = (o).
Letu € K.
(i) Trg/p(u) =0 u="v—0o(v) for somev € K.
(ii) (Hilbert’s Theorem 90) Ng/p(u) =1 u = (o Jor some v e K*.
PROOF. Let n = [K : F.
(i) We show that the sequence of F-maps

id—o Trx/r
—

0—F—K—K F—0

is exact.
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1° Trg/p : K — F is onto. Since ¢°,...,0" ! are distinct automorphisms of

K, by Proposition 3.11, they are linearly independent over K as K-valued functions.
So Trg/p = 0%+ ...+ 0" 1 £ 0. Hence Trg/p : K — F is onto.
2° ker(id — o) ={v € K : o(v) = v} = F since K/F is Galois.
3° Clearly, im(id — o) C ker Trg/p. However, by 1° and 2°,
dimp (ker Trg/p) =n — 1 = dimp (im(id — o).
So im(id — o) = ker Trg /5.
(ii) We show that

ia N
1 — F* s KX —2 K 5

is exact. It suffices to show that ker N/ C im(%).
Let u € ker N, p. Define
a: K — K
x +— uo(x).
Then of = uo(u) - o'~ 1(u)o® and o™ = id. Since 0°,...,0"71
pendent over K, so are a,...,a" . Hence 3z € K such that

vi= (a4 +a" ) (z) £0.

Clearly, a(v) = v, i.e., us(v) =v. Sou = ﬁ

are linearly inde-

Note. In general, Ng/p : K* — F* is not onto. Example: N¢/r(z) = 2|2,
zeC. |

PROPOSITION 3.68. Let F' be a field containing a primitive nth root of unity ¢
(so charF {n).

(i) K/F is a cyclic extension of degree n < K = F(u) where u is a root of
an irreducible polynomial of the form 2™ — a € F|[z].
(ii) If u™ € F, then Aut(F(u)/F) < Zy,.

NotTe. In (ii) of the above Proposition, if F' does not contain a primitive nth
root of unity, Aut(F(u)/F) may not be abelian. See Exercise 3.5.

PROOF OF PROPOSITION 3.68. (i) (<) Obvious.

(=) Let Aut(K/F) = (o). Since Ng,p(¢) = ¢" = 1, by Hilbert’s Theorem
90, ¢ = # for some u € K. So o(u) = Cu. Since o'(u) = C'u, 0 < i < n—1,
are distinct conjugates of u over F, [F(u) : F] > n. Thus K = F(u). Since
o(u™) =o(u)"” = (Cu)™ = u", we have u" € F. Let a = u"™. Then 2" —a € Flx] is
the minimal polynomial of u over F.

(ii) Vo € Aut(F(u)/F), o(u) = ('u for some i € Z,. The embedding
Aut(F(u)/F) < Z, is given by o + 1. O

THEOREM 3.69 (Artin-Schreier). Assume char F = p > 0. Then K/F is a
cyclic extension of degree p < K = F(u) where u is a root of an irreducible poly-
nomial of the form a? —x —a € F[z].

PROOF. (<) It is easy to see that u + ¢, ¢ € F, are all roots of zP — = — a.
So F(u) is the splitting field of P — xz — a over F. Hence K/F is Galois. Since
[K : F] =p, K/F must be cyclic.
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(=) Let Aut(K/F) = (o). Since Trg/p(1) = p = 0, by Theorem 3.67 (i),
1=o0(u) — u for some u € K. Clearly u ¢ F. We have

o —u)=ocw)? —o(u)=(u+1)P - (u+1)=u” —u.

SouP —u € F. Let a = u? — u. Then u is a root of 2 — z — a € F[z]. It remains
to show that 2P — x — a is irreducible in F[z]. Note that the roots of 2? —x — a
are u+1i, ¢ € Fp. Let f € F[z] be a monic irreducible factor of ¥ — z — a. Then
[ =1licglr — (u+1i)] for some § # S C F,,. Since

F=alsl — (|S|u+2i)x‘s‘_1 T
i€S

we have |S|u € F. Since u ¢ F, we must have |S| =p. So f = 2P —x — a. O

Norte. It follows from the proof of Theorem 3.69 that if char F' = p, a polyno-
mial of the form zP — z — a € F[z] is either irreducible or splits in F.

3.9. Radical Extensions

DEFINITION 3.70. Let K/F be a finite extension. K is called a radical extension
over F'if K = F(uq,...,uy,) such that for each 1 <i < n,

(i) w" € F(uy,...,u;—1) for some m; >0 or
(ii) char F'=p and u¥ —u; € F(uy,...,ui—1).

Assume char F = 0. If K/F is a radical extension, then every element in K
can be expressed in terms of elements in F' using +, —, x, +, z/". Let f € Flz]. 1t
the splitting field of f over F' is contained in a radical extension over F', then the
equation f(z) = 0 is solvable by radicals.

Call an extension K/F (with non assumption on char F') solvable by radicals if
K is contained in a radical extension of F'.

Fact. Let Eq, E5 be intermediate fields of FF C K such that both E; and Fs
are radical over F. The E1FEs is also radical over F'.

PROOF. Let Ey = F(uy,...,uy) and By = (F(v1,...,v,) such that uy, ..., un

and vq,...,v, satisfy the conditions on Definition 3.70. Let (w1,...,Wmin) =
(U1, oy U, V1, .-, 0y). Then E1Es = F(wy, ..., Wntn) and wy, . .., Wytn satisfy
the conditions in Definition 3.70. ([

THEOREM 3.71 (Galois). Let K/F be a finite extension and K’ the normal
closure of K over F. Then K/F is solvable by radicals < Aut(K'/F) is solvable.

PROOF. (=) 1° Assume F C K C L, where L is a radical extension over F.
Let L = F(uy,...,u,), where u; satisfies (i) or (i) in Definition 3.70. We may
assume that each m,; in (i) of Definition 3.70 is a prime.

Let NV be a normal closure of L over F. We claim that N is radical over F.
Let v1,. .., vy be all the conjugates of uy,...,u, over F. Then N = F(v1,...,Um).
For each 1 < j < m, Ju € {uq,...,u,} such that v and v; are conjugates over
F. So 3 F-isomorphism o; : F(u) — F(v;). Extend o; to 6, € Aut(N/F). Let
L; = 5;(L). Then L, is radical over F. Since v; € F'(v;) C ;(L) = L;, we have
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N = Ly---L,. By the above fact, N is radical over F. Replacing L with N, we
may assume that L/F is radical and normal. We may assume K’ C L.

L
!

normal | K’
! normal

F

2° By 1°, Awt(K'/F) =2 Aut(L/F)/Aut(L/K’). So it suffices to show that
Aut(L/F) is solvable. Let P C L be the largest purely inseparable extension over
F. Then L/P is Galois and Aut(L/P) = Aut(L/F) (Theorem 3.51). Note that
L/P is still radical. Replacing F' with P, we may assume that L/F is Galois. Hence
we may assume that the m;’s are primes # char F'.

3° Let m be the product of all m;’s. Let ¢ be a primitive mth root of unity. Since
Aut(L/F) = Aut(L(¢)/F)/Aut(L(¢)/L), it suffices to show that Aut(L(¢)/F) is
solvable. Since Aut(L(¢)/F)/Aut(L(¢)/F({)) = Aut(F(¢)/F) is abelian, it suffices
to show that Aut(L(¢)/F(¢)) is solvable.

L)
/N

’ F(Q)
AN ) /

Let H; = Aut(F (uq,...,u;)/F). Since F(C,u,...,u;) is normal over F({,uy,
[N ,Ui_l), Hi—l < Hz and Hi/Hi—l = Aut(F((, Uy ... ,Ui)/F(C,Ul, ey ui—l))~
By Proposition 3.68 (i) and Theorem 3.69, Aut(F'(¢, u1,...,u)/F (¢, u1, ..., ui—1))
is cyclic. So H, is solvable. Note that H,, = Aut(F((,ui,...,un)/F({)) =
Aut(L(Q)/F(Q)).

(<) 1° It suffices to show that K'/F is solvable by radicals. Let S C K’ be
the largest separable extension over F. Then S is Galois over F' and Aut(S/F) =
Aut(K'/F) (Theorem 3.51). K'/S is purely inseparable, hence radical. Thus it
suffices to show that S/F is solvable by radicals.

2° Let m be the product of all prime factors of [S : F] different from char F'.
Let ¢ be a primitive mth root of unity. We claim that [S(¢) : FI(¢)] | [S : F]. (By
Corollaries 3.63 and 3.64, we have [S(() : S] | [F(¢) : F], so the claim follows.)
We show that S(¢)/F is radical. It suffices to show that S(¢)/F(¢) is radical.
Since both Aut(S(¢)/S) and Aut(S(¢)/F)/Aut(S(C)/S) = Aut(S/F) are solvable,
Aut(S(¢)/F) is solvable. So Aut(S(¢)/F(C)) is solvable. Let 1 = Hy < Hy < -+- <
H, = Aut(S(¢)/F(¢)) such that H;/H;_; is cyclic of prime order. Then H]_,/H]
is a cyclic extension of prime degree. By Proposition 3.68 (i) and Theorem 3.69,
H!_,/H! is radical. Therefore H) = S(¢) is radical over H/ = F((). O
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Hi_, Hiy
/ \ | |

ot m,
\ / | |

F(¢) H,

PROPOSITION 3.72. Let F C K C N such that N/F is normal and Aut(N/F)
is solvable. Then Aut(K/F) is also solvable.

PrOOF. Let H = Aut(K/F) and H = {u € K : o(u) = u Vo € H}. By
Theorem 3.14, K/H’ is Galois. Since H C Aut(K/H') and since
Aut(K/H') = Aut(N/H')/Aut(N/K),

which is solvable, we conclude that H is solvable. ([l

N

normal | K
| Galois
Hl
COROLLARY 3.73. If K/F is solvable by radicals, then Aut(K/F) is solvable.
ProOOF. Combine Theorem 3.71 and Proposition 3.72. O

EXAMPLE. Let f = 2% — 42 — 2 € Q[z] and let K be a splitting field of f over
Q. Then Aut(K/Q) = S5 (Exercise 3.3 (i)), which is not solvable. So the equation
f(z) = 0 is not solvable by radicals over Q.

NoTE. Let K/F be algebraic and K’ the normal closure of K over F. If
Aut(K/F) is solvable, Aut(K’/F) is not necessarily solvable. Example: Let u be
a root of f(z) = 2% — 4z — 2 € Q[z] and let K = Q(u). Then Aut(K/Q) = 1 but
Aut(K'/Q) = S5. (Proof that Aut(K/Q) = 1. If K = Q(u) contains more than
one root of f, then [K': Q] < 3![Q(u) : Q] < 5!, —«.)

3.10. Transcendental Extensions

ALGEBRAIC DEPENDENCE AND INDEPENDENCE. Let K/F be an extension
and S C K. S is called algebraically dependent over F' if ds1,...,s, € S distinct
and 0 # f € F[x1,...,x,] such that f(s1,...,8,) = 0. S is called algebraically
independent over F if it is not algebraically dependent over F'.

Fact. Let S C K be algebraically independent over F'. Then the ring homo-
morphism ¢ : F({z;s : s € S}) — F(S) mapping z to s is an isomorphism.

TRANSCENDENCE BASIS. Let K/F be an extension. A transcendence basis of
K over F is a maximal subset of K that is algebraically independent over F. By
Zorn’s lemma, transcendence bases exist.
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PROPOSITION 3.74. Let K/F be an extension and S C K algebraically inde-
pendent over F. Let u € K\ F(S). Then u is transcendental over F(S) < SU{u}
is algebraically independent over F.

PROOF. (=) Assume to the contrary that 3s1,...,s, € S distinct and 0 # f €
Flx1,... %y, Tygq) such that f(s1,...,sn,u) = 0. Write f = > 10 fi(z1, ..., z0)zl g,
fi € Flz1,...,xy,]. Then > fi(s1,...,sp)u’ = 0. Since u is transcendental over
F(S), we have f;i(s1,...,8,) = 0, 1 < ¢ < m. Since sq,...,s, are algebraically
independent over F', f; =0,1<i¢<m. So f =0, —«.

(<) Assume 3f € F(S)[z] such that f(u) = 0. Write

(51,25 8n) 4

Zf : )iﬁz, fisgi € Flz1, ... zn], gi(s1,...,80) #0.
g’L S1,...,S )

Let

gi xl?"'

. fi(z n) i
:(ng(xla xn)Z ‘ 1"”:‘T )Z‘ EF[xlr--yxna‘r]'
Then h(s1,...,8n,u) =0. So h = 0. Hence

0="h(s1,...,8n,2) = (ﬁgi(sl, . ,sn))f(:c) =0.
i=1

So f = 0. Therefore u is transcendental over F'(S). d
COROLLARY 3.75. Let K/F be an extension. A subset S C K is a transcen-
dence basis of K over F iff
(i) S is transcendental over F' and
(ii) K is algebraic over F(S).
THEOREM 3.76. Let K/F be an extension. Then two transcendence bases of

K over F have the same cardinality.

PRrROOF. Let S and T be two transcendence bases of K/F.
Case 1. |S| < oo, say S ={s1,...,8n}.

1° We claim that 3¢ € T such that {1, s2,..., s, } is a transcendence basis of
K/F.
First, 3¢; € T such that t; is transcendental over F(ss,...,s,). (Otherwise,

F(s2,...,8,)(T)/F(s2,...,8,) Iis algebraic. Since K/F(T) is algebraic,
K/F(sa,...,8n)(T) is algebraic. So K/F(sa,...,s,) is algebraic. But s; € K

is not algebraic over F(sa,...,s,), —«.) By Proposition 3.74, {t1,s2,...,8,} is
algebraically independent over F'.
Next, s is algebraic over F(t1, sa,...,8,). (Otherwise, ¢, 51, S2,. .., $, would

be algebraically independent over F', —«.) By Corollary 3.75, {t1, $2,...,5,} is a
transcendence basis of K/F.

2° Using 1° repeatedly, 3¢1,...,t, € T such that {¢1,...,t,} is a transcendence
basis of K/F. Thus T = {t1,...,t,}. So |[T| =n=1S|.

Case 2. |S| = o0 and |T| = o0

Vs € S, s is algebraic over F(T). Let f(x) = 2™ + ap_12™ 1 + - +ag €
F(T)[2] be the minimal polynomial of s over F/(T'). Since F(T") = Uz 17| <00 F(T7),
3T, C T with |Tg| < oo such that ag,...,am—1 € F(Ts). So s is algebraic over
F(Ts).
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We claim that (J, g7 is a transcendental basis of K/F. First, (J,cq7Ts is
algebraically independent over F' since it is contained in 7. Since K/F(S) and
F(S)/F(Ucs Ts) are both algebraic, K/F(J,cg Ts) is algebraic. Thus (J, g T is

a transcendence basis of K/F. Hence T' = | J,. g Ts. Now we have

(T < DI < 1SR = IS,
s€S
By symmetry, |S| < |T). O

TRANSCENDENCE DEGREE. The transcendence degree of K/F, denoted by
tr.d. K/F, is the cardinality of any transcendence basis of K/F.

THEOREM 3.77. Let F C K C L be fields. Then
tr.d. L/F =tr.d. L/K + tr.d. K/F.

PROOF. Let S be a transcendence basis of K/F and T a transcendence basis
of L/K. Then clearly SNT = (. It is easy to check that S UT is a transcendence
basis of L/F. O

ExaMPLE. tr.d.C/Q = X and |[Aut(C/Q)| = R! (= |S¢|, where Sc is the
symmetric group on C).

PRrROOF. Let T be a transcendence basis of C/Q. Clearly, |T| = oco. Since
C/Q(T) is algebraic, |C| < |Q(T)|Rg = |Q(T)|. Let Py(T') be the set of all finite
subsets of T'. Then

D= U o)< 3 1)< PR = [T =[],
T'€Po(T) T'eP(T)
So |C| < |T|. Of course, |T| < |C|. So |T| =|C| =N.

Every p € St induces an automorphism p of Q(7). Since C is the algebraic
closure of Q(T), p extends to an automorphism p of C. The mapping Sr —
Aut(C/Q), p— pis 1-1. So |[Aut(C/Q)| > |St| = |Sc| = N!. Since Aut(C/Q) < S,
we have |[Aut(C/Q)| < XL O

3.11. Transcendence of ¢ and 7

ENTIRE FUNCTIONS OF ORDER < p ON C. An entire function f(z) is said to
have order < p if 3C > 0 such that

|f(2)] < eClF for all 2z € C.

Equivalently, | f(z)| = O(C"lz‘p) as |z| — oo for some Cy > 1.

MEROMORPHIC FUNCTIONS OF ORDER < p ON C. ’gcgj; where f(z) and g(z)

(g # 0) are entire functions of order < p.

THEOREM 3.78 (Lang). Let K be a number field. Let f1,..., fn be meromor-
phic functions of order < p such that
(i) Dfa € K[f1,..., [N, 1<a <N, (D=4L)
Assume that w, ..., w, € C are distinct such that fo(w;) € K foralll <a <N
and 1 < j <m. Then m < 10p[K : Q].
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PROOF (Gelfond, Schneider, Lang). 1° Notation and assumptions. Let ox be
the ring of integers of K. We may assume that f,(w;) € ox. (Otherwise, multiply
fa by a suitable integer in og.)

Let t € Zt, n = 2mt?, r = 2mt. O( ) means O( ) as t — +oco. Constants,
denoted by C1, (s, ..., are positive real numbers depending only on the data in the
statement of the theorem. Let Iso(K/Q) denote the set of all isomorphisms of K
into C. For each =z € K, let

||z]| = max{|¢(z)| : ¢ € Iso(K/Q)}-

Assume that fi and fo are algebraically independent over K.
2° We claim that there exists a constant C; > such that

(3.26)  [|D*(ff)(wy)|| < kRO forall k>0, 1 <u,v<r, 1<j<m.
Let h1=~-~:hu:f1 andhu+1:---:hu+v:f2. Then

(3.27)
ID*(f113) (w;)|

k
:H Z (k R )Dklhl(wj)"'Dku+ylyhu+v(U}j)H
T

< (u+ )" max{|[D* by (wy)[| - -+ [[ D54 b (w)|| k- + i = K.

Let

fi Pi(f1,..., fn)
D E . R PQEK[X17...,XN].

In Py (fis--5 fN)

By induction (or by Theorem 3.81), for each I > 0, (D!f,)(w;) is a sum of (I —
1)!N'=1 terms of the form
(3.28) |
{ (9“Pa1 6”71Paz—1
0Xp(,0) 0Xpi)  0Xpa-10) 0Xpa—10-1)

Pa(fr(wy), o fwy)),

where 71,...,7;_1 € Nand ¢1 +---+14_1=101—1. Put

o
0Xp, -+ 0Xg,

22071Sa,617751SN,1S.]Sm}

C = max{ (fi(wy), o S ()|

Then

ID fa(w))]| < (1= 1)IN"TICY 150, 1<a<N, 1<j<m.
Including the case [ = 0, we have
(3.29) ID! fi(w))|| < INYC+C)H, 120, 1<i< N, 1<j<m,

where
¢ = max{|[falwy)l| : 1 S a < N, 1< j < m}.
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By (3.27) and (3.29),

ID*(f1£3) (wy)
< (2r)f max{ky! - ky o/ NUTU(C + OV ey b kg = k)
< klrkoptr,
3° Choose 0 # A € o such that
o'P,
)‘m(fl(wj)7~-~7fN(wj)) €ox

foralli>0,1<a,p1,...,0: <N,1<j<m. By (3.28), we have

(3.30) NDfo(w)) € ok, 1>0,1<a<N,1<j<m.

(Recall that we assumed f,(w;) € 0x.) It follows that
NDM(ff3)(w)) € o, k20, 1<uv<r 1<j<m.

By 2°,

gy VDRI S INFRACET < ol

k>0, 1<u,v<r, 1<j5j<m.

4° We claim that 3b,, € 0x (1 <u,v <r) not all 0 such that

(3.32) Y buDF(f ) (wy) =0, 0<k<n 1<j<m,
u,v=1
and
(3.33) max{||byo|| : 1 < u,v <7} = O(n*").
Write Ay k; = APDF(f2f2)(w;) € ox. Then (3.32) is equivalent to
T
(3.34) > Auksibuw =0,  0<k<n, 1<j<m.
u,v=1
o is a free Z-module of rank M := [K : Q]. Let €,...,€ep be a basis of ox over
7Z.. Write

M
Auv,kj = E guv,kj,lﬁl; guv,kj,l S Zv
=1

M
(3.35) buv = Y Cuvt€ls  Cuvi € L.
=1

Then (3.34) is a system of nmM linear equations in M unknowns cy, g, i.e.,
(3.36) Aleuwi] =0,

where [y, ] is an 72M x 1 column and A is an nmM x r?M matrix whose entries
are linear combinations of &, k;; over Z. More precisely, the ((k,7,1), (u,v,1"))

. M 1y 0,
entry of Ais Y _; all &y kj . where al ! is defined by

M
l/l//
€€ = E a, €.
=1
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Let €},...,€), be the dual basis of €;,..., ey with respect Trg /. Then &y xj1 =
TrK/Q(Auv,kj62)~ SO, by (331),

SC?’HAuv,ij < k!’l"kaJrr < n!rnCZJrr’
0§k<n, 1SU,U§T’, 1§]§m

|£u’u,k:j,l

Thus all the entries of A have | | < n!TanJ'_T. Let L € Z* to be chosen. A :
7'M _, gnmM maps [—L,L]"QM to [—n!r”CgJ”rQML, n!r”Cg””TQML]"mM -
[—Lnlr™ P 208+T, Lty 205" M - Therefore, if

(3.37) (2L +1)"M > (2Lnly" 205+ 4 1)mmM
(3.36) has a nonzero integer solution [cyy,] € [—L,L]”*™ . (3.37) holds when

(2L)"M > (3Ll 20ty

ie.,
(3.38) g M LOF M s (gplpnt 2oty
Since 72 — nm = nm, (3.38) holds when we choose

L = 3nlr" 208t = 3n!(2nm)%(”+2)Cg+T =0(n*").
Then by (3.35),
max{||byo|| : 1 < u,v <7} = O(n*").
5° Define a meromorphic function

u,v=1
(Note. F depends on r hence on t.) By 4°,
DkF(wj):O forall0<k<n, 1<j<m.

But F # 0 since f1, fo are algebraically independent over K. Let s > n be the
smallest integer such that

DkF(wj)zo forall0<k<s, 1<j<m.
Assume, without loss of generality, that
v i= D*F(w;) #0.
By (3.30), A°v € og; hence
(3.39) 1< [NggoA )] < AP Nk g (7).
By (3.26) and (3.33),

(340) bl = || D2 buD (S (wy)|| = O st Cyte) = O(s™).
u,v=1

By (3.39) and (3.40),

(3.41) 1< Lo (o) a1 ),

6° There exist entire functions p(z) and ¢(z) of order < p such that pf; and ¢fs
are entire functions of order < p. We may assume that p(w;) # 0 and ¢(wy) # 0.
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Let 6 = pq. Then 6 is an entire function of order < p and 6f;,60f; are both entire
functions order < p. Clearly,

0(2)* F(z)
H;n:1(z —wj)*

is an entire function. Let R > 0 be large. When |z| = R

(3.42) H(z):=

6()*"F (= \Z bu [(0£1)(2)]“[(0£2)(2)] " [0(2)]

u,v=1
< T2O(n2n)cger
< O(SQSOSQTRP).

By the maximum modulus principle,

QSCQT’RP
< < _— ).
max{|H(2)|: |2] < R} < O(*75—)
Let R = 82%’ and z = wy, we have
28027"82 82305 2mns SQSCS
o) <0G - oSG <o),
From (3.42), it is clear that
s 3SCf1
(3.43) 7] = D" Fw)| = O(sCo) [ H (wi)] < Ot ).
S £
Now combine (3.41) and (3.43), we have
5s([K:Q]—1)+3s .
1< 0(0@%) < O(C,s* O 5)).
520
So, 5[K : Q] — 35 20, 1e,m< 10p[K : Q). O

COROLLARY 3.79 (Hermite-Lindemann). If o € C* is algebraic, then e® is
transcendental.

PrROOF. In Theorem 3.78, let f1(z) = 2, f2(z) = €*. Assume to the contrary
that e is algebraic. Then in Theorem 3.78, we can let w; = jo, j = 0,1, 2,
e U

COROLLARY 3.80. e and 7 are transcendental.

PROOF. If m were algebraic, by Corollary 4.1, 2™ = 1 would be transcendental.
O

DERIVATIVES OF THE SOLUTION OF THE CAUCHY PROBLEM. For k € Z%, let
Tp={(ir,..., i) ENF iy 4 iy >t 1<t <k, iy ++ip =k}

Also define 3o = {0}. For (ji,...,jk—1) € NF1 and (i1,...,ir) € NE, say
(jla"wjkfl) < (Zlaazk> if (Zl7alk)) = (jlw"ajlfhjl + 1707jl+17"'ajk:71)
for some 1 <l <k—1or (i1,...,ik) = (J1,-- -, Jr—1,1)-

Note. If(j17~-~;jk—1) < (il,...,ik),then (j17"'7j]€—1) €ETp1 & (il,...,ik) S
T
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THEOREM 3.81. Let D = %, where z is either a real or a complex variable.
Consider the Cauchy problem

Y1 Pi(y1,---Yn) y1(0) 0
(3.44) D|:|= : ; : =1:1
where Pi,..., P, have continuous partial derivatives of total order up to k in a

neighborhood of (0,...,0). Then the (k+ 1)st derivatives of a solution of (3.44) in
a neighborhood of (0,...,0) is given by

(3.45)
Y1
DL | =
Yn

Z a(ih . ’ik)ii (Inilfl & 77() . (InilJr"'*"'k—l*(k*l) ® #)P’
(i1, mrin )T dyn Oy’ Dy

where

(i)

Pi(y1y.- 3 yn)
P = : ;
Py, Yn)
(i) %;If is an n X n' matriz whose columns are indeved by (B1,...3;) €
{1,...,n}" lezicographically and whose (a, (B1,...,[3;))-entry is
O'Py
Ayp, -+ Oyp,’

(iii) a(iy,...,ix) € Z", (i1,...,ix) € Ji, are defined inductively by

{a(il’ con ) = Z(j17---,jk71)‘<(i1,-A-ﬂ‘k) a(jiy- oy Jk-1)s

a(@) =1.
Moreover,
> alin,.. i) = k.
(i1yeeesik) €Tk
Proor. For (iy,...,ix) € Tk, let ix41 = 0 and let
k+1 .
(3.46) Flar. i) = I1 (Iniﬁ.,.mfl,(,,]) ® %),

where the factors in the product appear from left to right in the order of | =
1,2,...,k+ 1. Then (3.45) can be written as
Y1

(3.47) DMLl = > alin, k) Fly i)
(41,--yik)ETR
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To prove (3.47), we use induction on k. The initial case k& = 0 needs no proof.
Since

(5 ) =Y g Dy =Y T
a9 = y i = 3 ?
ys, - 0ys) — = Oyp, - Oypdysy T A= sy Oy Oyp, T

we have

D(aip) B 6i+1P(Ini ©P).

oyi) W
Thus
G“P}
Oy
outip
ayiT
ainrlP

D |:Ini1+---+il_1—(l—1) (24

(348) :Inil+'“+il—1*(l*1) ® |: Inil ® P):|

= [Ini1+---+i171—(1—1) ® ] I:Ini1+---+il71+(il+1)—l ® P]

By (3.46) and (3.48), we have
DE, .. .0
k1 1—1 , ‘
o' P o' P
= Z{H (Ini1+---+i5,1—(s—1) X 78 % ):| {D (Ini1+---+il71—(l—1) & 78 > )}
=1 s=1 4 4
’ﬁ ' P
{ (I i1tetig_q—(s—1) & - )}
s=l+1 " 8yls
k1

= g F(il,...,7;[717i1+1,07il+17~"y7;k)0)'
=1

Therefore, assuming (3.47), we have

Y k+1

k2 | - | . )
D =D i,y ik) D Fliy iy it 10,i14100sin 0)
(il,...,ik)ejk =1

= Z a’(j17'-'7jk+1)F(j17~~~gjk+1,0)a
(J1ysdlt1) €Tkt
where
a(fi, .- Jry1) = Z alii, ..., ig).
(415508 )= (J1se s d0+1)
So the induction is complete.
Since a(iy,...,ix) is the number of chains § = ag < a3 < -+ < a =
(i1,...,1k), where oy € J;, 0 < I < k, and since for each o € T, there are ex-
actly I ayy1 € Jy41 such that oy < ag41, we have

Z a(il,...,z’k):k!.

(31,1 ) €Tk

Note. For a formula for a(iq,..., i), see [10].
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Exercises

Let F' C K be fields and let M, N be two intermediate fields between F' and
K such that [M : Fl=m<ooand [N: F]=n<oo. Let [ MNN:F]=1.
Prove that

[MN:F)<mn—(I-1)(m+n-1).

Let FF C L C K be fields such that K/F is algebraic and Galois. Then the
following hold.
(i) K/L is Galois.
(ii) L/F is Galois & Aut(K/L) < Aut(K/F). Moreover, if L/F is Galois,
then Aut(L/F) =2 Aut(K/F)/Aut(K/L).

(i) Let p be a prime. Let f € Q[z] be an irreducible polynomial of degree
p which has precisely two non real roots in C. Prove that the Galois
group of f over Q is 5.

(ii) Show that for every prime p, there is an f € Q[z] satisfying the condi-
tions in (i).

Let char F' = 2. Assume that f(z) = z* + az® + b € F|[x] is irreducible such
that b ¢ F? and a + c?b ¢ F? for all ¢ € F. (Example. F' = Fy(y, ), where
y, z are independent indeterminates. f(z) = 2* + y2% + 2.) Let u be a root
of f. Prove that in F(u), the largest separable extension over F is F(u?)
and the largest purely inseparable extension over F' is F.

Determine the Galois group Aut(Q(i,3'/¢)/Q(4)).
Compute the cyclotomic polynomial @3y over Q.

Let n > 2 and let ¢ be a primitive nth root of unity over Q. Prove that
[Q(¢+¢™Y : Q] = ¢(n)/2. (Hint: Let u= ¢+ ¢ 1. Then ¢(* —u(+1=0.)
Prove that Ng_, /r, : Fgn — F is onto.

Let f € Fy[z] be irreducible of degree n. Prove that in Fym[z], f(z) factors
as a product of ¢ irreducible polynomials of degree n/t where t = (n,m).

(Compare with Proposition 3.9 (v) and the fundamental theorem of Galois
theory (ii).) Let F C K be fields and L, M € F(K/F), H,J € G(K/F).
(i) Prove that (LNM)" D (L'UM’) and give an example in which (LNM )" D

(LU M.

(ii) Prove that (H N J) D H'J' and give an example in which (H N J)" 2
HJj.

(Lagrange theorem on natural irrationalities) Let F' C K be fields and let L

and M be two intermediate fields such that L/F' is finite and Galois. The

LM is a finite Galois extension over M and Aut(LM/M) = Aut(L/L N M).

(Irreducibility of 2" — a) Let F be a field, a € F', and n € ZT. Then 2" —a
is irreducible in F[z] if and only the following two conditions both hold.

(i) For every prime p |n, a ¢ F? = {u? : u € F'}.

(ii) If 4 | n, then a ¢ —4F*.






CHAPTER 4

Noncommutative Rings

4.1. The Jacobson Radical

DEFINITION 4.1. Let R be a ring. The Jacobson radical of R is

JR= () I
is a max.
left ideal of R

It will be shown that J(R) is a two-sided ideal (Corollary 4.3). R is called J-
semisimple if J(R) = 0.
Facr. J(R/J(R)) =0, i.e., R/J(R) is always J-semisimple.

PROOF. Let T be the set of all maximal left ideals of R. Then {I/J(R) : I € T}
is the set of all maximal left ideals of R/.J (R) So,

J(R/J(R) = () (I/J(R (ﬂ I)/J

Iez Iez
]

EXAMPLE. Let R = M, (D) be the ring of n x n matrices over a division ring
D. Foreach 1 < j <n, let

Jj = {[a1 T Q-1 Oaj+1 an] S Mn(D)}

Then J; is a left ideal of R. R/J; = D™. We claim that R/J; is a simple R-module.
Let 0 # aw € R/J;. Thena=1[0 ... a ... 0] + J;, where 0 # a € D™. For each
j

x € D", 3A € R such that Aa = 2. Then [0 ... z ... 0]+ J; = Aa € Ra. So

J
Ra =R/ J;.
Therefore, J; is a maximal left ideal of R. Thus J(R) C (\;_, J; = 0.

PROPOSITION 4.2. Let R be a ring and let x € R. Then the following statements
are equivalent.
(i) z € J(R).
(ii) Vr € R, 1 —rx has a left inverse in R.
(iii) For each simple module gM, xM = 0.

PROOF. (i) = (ii) Suppose to the contrary that 1 — ra does not have a left
inverse. Then R(1 — rx) is a proper left ideal of R. So R(1 — rx) is contained in a
maximal left ideal I of R. Then 1= (1 —rz)+re € I+ J(R) C I, ».

(ii) = (iii) Assume to the contrary that xM # 0. Choose m € M such that
xm # 0. Since M is simple, we have Rxm = M. So 3r € R such that rem = m,

e. (1 —rz)m =0. Then 1 — rx is not left invertible, —+«.
(iii) = (i) Let I be a maximal left ideal of R. Then R/I is a simple R-module.
So x(R/I)=0. Thus x € I. S0 Z € [\ is a max. loft ideal of & 1 = J(R)- O

127
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COROLLARY 4.3. We have
(4.1) J(R) = (| am(M).

rM is a simple
left R-module

In particular, J(R) is a two-sided ideal of R.
PROOF. Proposition 4.2 (i) < (iii). O

PROPOSITION 4.4. Let R be a ring and © € R. Then xz € J(R) & Vr € R,
1 —rx is a unit of R.

PROOF. (=) By Proposition 4.2 (ii), Ju € R such that (1l —rz) = 1. So,
w = 1+ wrz, which has a left inverse by Proposition 4.2 (ii). Thus u is a unit of R
and 1 —rz =u"!, (]

COROLLARY 4.5. In Definition 4.1, Proposition 4.2 and Corollary 4.3, “left”
can be replaced with “right”.

PRrROOF. In Proposition 4.2 (ii), “left” can be dropped (Proposition 4.4). Also
1 —rzis aunit & 1 — 2r is a unit. ]

NIL AND NILPOTENT IDEALS. A left ideal I of R is called nil if for each a € I,
In > 0 such that o™ = 0; I is called nilpotent if I"™ = 0 for some n > 0. (I"™ is the
left ideal generated by {ai---ay : a; € I'}.) I is nilpotent = I is nil.

PROPOSITION 4.6 (Levitsky). Let R be a left noetherian ring and I a left or
right ideal of R. Then I is nil < I is nilpotent.

PRroOOF. Exercise. O

NIL RADICAL. The nil radical of a ring R, denoted by N(R), is the sum of all
nil ideals of R. If R is commutative, N(R) is the set all nilpotent elements of R.

PROPOSITION 4.7.
(i) N(R) C J(R).
(ii) Assume R is left artinian. Then J(R) is nilpotent and J(R) = N(R).
Moreover, J(R) = N(R) is the unique mazximal nil left (right) ideal of R.

PROOF. (i) Let I be a nil ideal of R. Vx € I and r € R, rz € I. So, (rz)" =0
for some n > 0. Then 1—rz has a left inverse since (1+rz+---+(rz)" ') (1-rz) =
1. So z € J(R). Thus I C J(R).

(ii) We first show that J(R) is a nilpotent ideal. Let J = J(R). Apply DCC
toJ D J?D---. We have J™ = J™ ! for some m > 0. Let I = J™. Then I? = I.
It suffices to show that I = 0. Assume to the contrary that I # 0. Let A be the
set of all left ideals A of R such that A # 0. Then A # 0 (I € A). Since R is
left artinian, A has a minimal element Ag. Choose a € Ag such that Ia # 0. Then
I(Ia) # 0, i.e., Ia € A. By the minimality of Ay, we have Ia = Ag. So Ir € I
such that ra = a. Then (1 —r)a = 0, so 1 — r is not left invertible. This is a
contradiction since r € I C J(R).

Since J(R) is nilpotent, J(R) C N(R). By (i), J(R) = N(R). Let I be a
maximal nil left (or right) ideal of R. Then for all € T and r € R, rz is nilpotent.
Thus 1 — rz is invertible, so € J(R). Hence I C J(R). Since J(R) is nilpotent,
we must have I = J(R). O
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EXAMPLE. Let R be a PID and a = p{*---pé € R, where pq,...,p, are
distinct primes in R and e; > 0, 1 <¢ < n. Then

N(R/(a)) = J(R/(a)) = (p1---pn)/(a).

PROOF. (p1---pn)/(a) is the set of all nilpotent elements of R/(a), so N(R/(a))
= (p1---pn)/(a). R/(a) has DCC, so J(R/(a)) = N(R/(a)). O

THEOREM 4.8 (Nakayama’s Lemma). Let g M be a finitely generated R-module
such that J(R)YM = M. Then M = 0.

PrROOF. Assume to the contrary that M # 0. Let mgy,...,m, be a minimal
set of generators of M. Since J(R)M = M, we have

mi=rimi+ -+ rpMy, r; € J(R).

The (1 —r1)my = ramo + - - + rymy,. Since 11 € J(R), 1 — 11 has a left inverse u.
Then my = urgma + -+ + urpMy. So M = (ma,...,my), —. O

4.2. Structure of Semisimple Rings

DEFINITION 4.9. A module g M is called semisimple if it is a direct sum of
simple modules. A ring R is called left semisimple if zpR is a semisimple modules,
i.e., pR is a direct sum of certain minimal left ideals of R.

PROPOSITION 4.10. Let M be a left R-module. The following statements are
equivalent.
(i) M is semisimple.
(ii) M is a sum of simple submodules.
(iii) Every submodule of M is a direct summand of M.

PRrROOF. (i) = (ii). Obvious.

(ii) = (iii) Assume M = ), ; M;, where each M; is a simple submodule of
M. Let N be a submodule of M. By Zorn’s lemma, 3 a maximal subset J C I
such that N + >, ; M; = N @ ), ; M;. It suffices to show that N ® >, ; M; =
M. Assume the contrary. Then 3k € I such that My ¢ N + ZEJ M;. Then
M0 (N @Y ;M) =1{0}. So N+ (Mg + > c; Mi) = N& (M @) ;c; M),
which contradicts the maximality of J.

(iii) = (i).

1° Every nonzero submodule A of M contains a simple submodule.

Let 0 # a € A. We may assume A = Ra (since it suffices to show that Ra
contains a simple submodule). Then A = R/L, where L = ann(a). L is contained
in a maximal left ideal K of R. Then K/L is a maximal submodules of R/L. So
A contains a maximal submodules B. Write M = B@® C. Then A = B & (C' N A).
Since B is a maximal submodule of A, C' N A must be a minimal submodules of A.

2° M is semisimple.

Let {M; : i € I'} be the set of all simple submodules of M. By Zorn’s lemma, 3
a maximal subset .J C I such that ), ; is a direct sum. We claim that ) ., M; =
M. Otherwise, M = A® .., M; for some nonzero submodule A of M. By 1°,
A D My, for some k € I. Then ZieJU{k} M; is a direct sum, which contradicts the
maximality of J. U

ProrosiTION 4.11.
(i) Submodules and quotient modules of a semisimple module are semisimple.
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(ii) If R is a left semisimple ring, then every left R-module is semisimple.

PRrROOF. (i) Let g M be a semisimple module. Let A be a submodule of M. Let
B be a submodule of A. By Proposition 4.10, M = B® C for some submodule C' of
M. Then A= B& (ANC), so B is a direct summand of A. Hence A is semisimple.
Also, M = A @ D for some submodule D of M. Thus M/A = D is semisimple.

(ii) Every left R-module is isomorphic to a quotient of a free R-module; the
free R module is semisimple since g R is semisimple. (I

PROPOSITION 4.12. If a ring R is left semisimple, then rR has a composition
series.

PrROOF. We have R =
Write

L;, where each L; is a minimal left ideal of R.

iel
where e; € L; and only finitely many e; # 0. Vj € I, choose 0 # r € L;. We have

T‘ZTZGZ‘ :Zrei.

i€l i€l

el

Since P, Li is a direct sum, we have r = re;. So, e; # 0. Therefore |I| < 0o. So
R=L;®---&® L,, where each L; is a minimal left ideal of R. Thus

{O}CLl cliol,Cc---CLi®---®L,=R
is a composition series of rR. [l
NotTE. If M is a semisimple R-modules, M may not have a composition series.

A vector space over a division ring D is a semisimple D-module. However, if
dimp V = oo, then pV does not have ACC or DCC.

THEOREM 4.13. A ring R is left semisimple < R is left artinian and J(R) = 0.

PROOF. (=) By Proposition 4.12, R is left artinian. By Proposition 4.10,
R=J(R)®I, where I is a left ideal of R. So 1 = e+ f, where e € J(R) and f € I.
Then f =1 — e has a left inverse. So I = R. Thus J(R) = 0.

(<) Since R has DCC, R has a minimal left ideal I. Since I; ¢ {0} = J(R), 3
a maximal left ideal By such that I; ¢ By. Then R=1+B, =1 ®B;. If By #0,
B; contains a minimal left ideal I of R. By the same argument, 3 a maximal left
ideal M of R such that R = I ® M. Then it is easy to see that By = I, ®(B1NM).
Let B =B N M. Then R=1; ¢ I, & Bs. Continuing this way, we have

R:II@Blzll@IQEBB2:...’

where I;’s are minimal left ideals of R and R 2 By 2 By 2 --- unless B, = 0 for
some n. Since R has DCC, B, =0 for somen. So R=11®--- B I,. ([

SIMPLE RINGS. A ring R is called simple if it does not have any nontrivial
ideal. If D is a division ring, then M, (D) is a simple ring.

Fact. If R is a simple ring and is left artinian, then R is semisimple.
PRrROOF. J(R) is a proper ideal of R = J(R) = 0. O

LEMMA 4.14 (Schur’s lemma). If gM is a simple R-module, then Endr(M) is
a division ring.
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PROOF. Let 0 # f € Endgr(M). We want to show that f is an isomorphism of
M. Since 0 # f(M) C M and M is simple, we have f(M) = M. Since ker f C M,
we have ker f = 0. (]

n

—f
PROPOSITION 4.15. Let rL be an R-module and V =L & ---&® L. Then
PROOF. Let¢; : L — L&---BL, x — (0,...,0,@,0,...,0) andm; : Lp---HL —
L, (x1,...,2,) — x;. Define
¢: Endr(V) — M,(Endg(L))
f —  [mifulicij<n

Then it is easy to show that € is an abelian group isomorphism. It remains to show
that 6 preserves multiplication.

Vf,g € Endg(V), we have 0(fg)i; = mifgts, O(f)ix = mifir and 0(g)x; = mrgt;.
Therefore,

[6£)6(9)],; =D mifumrge
k
=mf (Z Lkﬂk)ng
k

=mifgL; (. Z ey = idy)
k
= e(fg)ij'
So 6(fg) = 6(/)6(9). H

THE OPPOSITE RING. Let (R,+,-) be a ring. The opposite ring R is R°P =
(R,+,*), where a *x b= ba Va,b € R.

PROPOSITION 4.16. Let R be a ring. Then Endr(rR) = R°P.

PROOF. Define
¢: Endr(gR) — R
f — f(1).
1° ¢ is a ring homomorphism. Let f,g € Endg(gR). Clearly, ¢(f + g) =
o(f) + &(g). Also,

P(fog)=(feg)l)=flg(1) = flg(W)1r) = g(1)f(1) = ¢(f) * p(g).

Clearly, ¢(idgr) = 1Rop.

2° ¢ is onto. Vr € R°P, let f: gRR — rR, x — xr. Then f € Endg(grR) and
f=r

3° ker¢p = {0}. Let f € ker¢. Then f(1) = 0. Vr € R, we have f(r) =
frig)=7rf(1)=0. So f =0. O

PROPOSITION 4.17. Let R be a ring. Then M, (R)°? = M, (R°P).
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PROOF. Let * denote the multiplication in ( )°P and let ¢ denote the multipli-
cation in M, (R°P). Define
[ Mup(R)® — My (RP)
A — AT,

Clearly, f is an abelian group isomorphism. It remains to show that f(A x B) =
f(A) Of(B) VA,B S MTL(R)OP. Let A= [aij], B= [b”] Then

f(AxB)y; = f(BA);; = [(BA)"] = (BA)j; = Z bjraki,
e

[F(A)o f(B)],; = [AT o B ]y = > ari# by = > bjra.
k k
So the proof is complete. ([

PROPOSITION 4.18. Let R be a ring. The column module R™ is a left M, (R)-
module. We have Endyy, (g)(R") = R°P.

PROOF. Define
6: R°P — End]wn (R) (Rn)

a — 0(a),
where

It is easy to see that # is 1-1 ring homomorphism. It remains to show that 6 is
onto. Let f € Endyy, (r)(R"). We have

f<[? °.. H?]>=l . ]f(M)
for some a € R. Then

)bz - T - T - 1)
ie., f=0(a). O

THEOREM 4.19 (Wedderburn-Artin, structure of semisimple rings). Every left
semisimple ring R is isomorphic to

Mnl(‘Dl) X Mnk(‘Dk)7

where n; > 1 and D; is a division ring. Moreover, (ny,D1),..., (ng, Di) are

uniquely determined by R.

) = f(

I
| — |
o---o0
| I

PROOF. Existence of the isomorphism.
Since R is left semisimple, R = J; & - - - & J,, where each J; is a minimal left
ideal of R. Group Ji,...,J, into isomorphism classes. We can write

k n;
E=@D DL

i=1 j=1
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where {LZ] 01 < 1 < k?, 1 S] < ni} = {J17~-~7Jn} and Lij = Li’j’ iff : =4/, Put
Ai = @?1:1 Lij- Then R = @le Al

1° We claim that all simple submodules of A; are isomorphic to L;;. A; has
a composition series 0 C L;j; C Ljy @ Ljp C -+ C Liy & --- & L;y,, = A; whose
factors are all = L;;. Let B be a simple submodule of A;. Then 0 C B C A; can
be refined to a composition series of A;; B is a factor of this composition series. By
the Jordan-Holder theorem, B =2 L;;.

2° We claim that

EndR(R) = EndR(A1 D---D Ak) = EndR(Al) X oo X EndR(Ak).

Let f € Endr(R). We first show that f(A;) C A;. Assume to the contrary that
f(A1) ¢ Ay. Let m; : Ay @ ---® A, — A; be the projection. Then 3i > 1 such that
mif(A1) # 0. So 3j such that m; f(Ly;) # 0. Since Ly; is simple, m;f|r,; : L1j —
mif(L1;) is an isomorphism. Since m; f(L1;) C A;, by 1°, m; f(L1;) = Lin % L,
—

Now define
¢ EndR(A1 D---D Ak) — EndR(Al) X e X EndR(Ak)
f I (f|A17"~7f|Ak)~

Clearly, f is an isomorphism.

3° Since A; 2 L1 ® - -+ @ L;1, we have
Endgr(A4;) 2 Endr(Lit ® -+ ® Li1) 2 My, (Endg(L;1)) = My, (A),
where A; = Endg(L;1) is a division ring (Schur’s lemma). Therefore,
R°? 2 Endg(R) 2 Endg(A;) X -+ x Endg(Ag)
= My, (A1) X -+ X My, (Ag).

i

So
R Moy (A1) X -+ 5 Moy (AP 2 Moy, (AP) 5 -+ x My, (AP),
where AP is also a division ring.
Uniqueness of (n1, D1), ..., (ng, D).
Assume that

R = M,, (D) X+ X My, (Dy) & M,,,(D}) X -+ x My,, (D)),

where m; > 0 and D] is a division ring. Let R; and R} denote the image of M,,, (D;)
and M,,,(D}) in R respectively. Then R; and R; are ideals of R and are simple
rings themselves. We claim that V1 < i < k, 31 < j <[ such that R; = R;-. (Then
it follows that k = [ and, after a permutation of the indices, R; = R}, 1 <1i < k.)
Write 1z, = a1 + --- + a;, where a; € R;-. J1 < 5 <1 such that a; # 0. Then
a; = lRilR; € RN R;-, so R; N R;- is a nonzero ideal of R; and of R;-. Thus
Ri=R,NR; =R

Therefore, we have k = [ and M,,,(D;) & M,,,(D}), 1 < i < k. It remains to
show that if M, (D) =& M,,(D’), where m,n > 0 and D, D’ are division rings, then
n=mand D= D’.

Let L; = {[0,...,0,a,0,...,0] € M,(D) :a € D"}, 1 <4i <n. Each L; is a
minimal left ideal of M,,(D) and M,,(D) = L1 ®---® L,. Using composition series,
it is clear that all minimal left ideals of M,,(D) are = L, & D". By Proposition 4.18,
D°P = End g, (py(L1). Under the isomorphism M, (D) = M,,(D'), L, is isomorphic
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to a minimal left ideal L’ of D’ and by Proposition 4.18, D" = End, (pry(L').
So
D°P =~ El’ldMn(D) (Ll) &~ El’lde(D/)(L/) >~ Dlop,
Hence D = D’. Finally,
n* = dimp M, (D) = dimps M,,(D") = m>.

Son =m. O

COROLLARY 4.20. A ring R is left semisimple < R is right semisimple.

4.3. Theorems of Wedderburn, Hopkins-Levitzki and Maschke

This section contains several classical theorems in ring theory.
e Wedderburn’s theorem asserts that finite division rings are fields.
e Hopkins-Levitzki’s theorem postulates that for a ring, DCC = ACC.
e Maschke’s theorem claims that the group ring k[G] of a finite group over
a filed k is semisimple < chark 1 |G].

THEOREM 4.21 (Wedderburn). Every finite division ring D is a field.

PROOF. Let Z be the center of D. Then Z = F,. Assume to the contrary that
D is not a field. Then dimz D =n > 1. Ya € D*\ Z*, centp(a) = {x € D : za =
ax} is a proper sub division ring of D. Let d(a) = dimy(centp(a)). Then d(a) | n
and d(a) < n. So

|cent px (a)| = |centp(a)] — 1 = ¢¥@ —1.

Let [a1],...[ax] be the conjugacy classes of D* not contained in Z(D*) = Z*. By
the class equation,

k k
no__ 1 _ X | _ X Tl — qn_l
42 1= D)= 20 D el =01+ Y

Let ¢ = e2™/™ and let ®,,(z) = [li<k<n, (k’n)zl(a:—Ck) € Z[z] be the nth cyclotomic

polynomial over Q. Since 2" — 1 =[], ®c(z), p z::} in Z[z] for all d | n,

d <n. Thus in Z, ®,(q) | Z:j for all d | n, d < n. By (4.2), we have ®,,(¢) | ¢ — 1.

However, since |q — ¢¥| > |¢ — 1| for 1 <k <n — 1, we have

@u(@)) = [ le=¢* 1> ] la-11=q-1,
1<k<n 1<k<n
(k,m)=1 (k,n)=1

which is a contradiction. O

Wedderburn’s theorem has several generalizations. (In Theorems 4.22 — 4.24,
the ring is not assumed to have identity.)

THEOREM 4.22 (Jacobson). Let R be a ring such that for each a € R, 3 integer
n(a) > 1 such that a™® = a. Then R is commutative.

THEOREM 4.23 (Herstein [9]). Let R be a ring such that Vx,y € R, 3 integer
n(z,y) > 1 such that (xy — yz)*®Y) = zy — yx. Then R is commutative.

THEOREM 4.24 (Herstein [8]). Let R be a ring such that VYa € R, Ip(zx) € Z[x]
such that a — a®p(a) € Z(R). Then R is commutative.
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MODULES OVER A QUOTIENT RING. Let R be a ring and [ an ideal of R. If
M is a left R/I-module, M is automatically an R-modules. (ra := (r + I)a Vr €
R, a € M.) Submodules of g M are precisely submodules of p,;M. If M is a left
R-module such that I C ann(M), then M is also an R/I-modules. ((r + I)a :=
ra¥r € R,a€ M.)

THEOREM 4.25 (Hopkins-Levitzki). If a ring R is left artinian, it is left noe-
therian.

PROOF. We show that pR has a composition series. Let J = J(R). By Propo-
sition 4.7, J™ = 0 for some m > 0. Since

R=J>Jt'>...oJ" =0,

it suffices to show that for each 0 <7 <m — 1, JZ'/J“rl has a composition series.

Clearly, R/J is left artinian. Since J(R/J) =0, R/J is semisimple. J*/J"* ! is
an R/J-modules. By Proposition 4.11 (ii), J?/Ji™! is a semisimple R/J-modules.
Thus J¢/J**! is a direct sum of simple R/J-modules. Since J*/J**! has DCC as
an R-modules, J*/J**! has DCC as an R/J-module. Therefore, J¢/J*1 is a direct
sum of finitely many simple R/J-modules. Thus J¢/J*! as an R/J-module, has
a composition series
(4.3) JJT =My > - D M, =0.
(4.3) is also a composition series of J/J'™! as an R-module. O

THEOREM 4.26 (Maschke). Let G be a finite group and k a field. Then k[G] is
semisimple < chark 1 |G|.

PROOF. (<) Let I be a left ideal of k[G]. We want to show that I is a direct
summand of k[G]. Since [ is a k-subspace of k[G], 3 k-linear projection 7 : k[G] — I.
Define

1
|G|Zy7ry x) z € k[G].
yeG

It is easy to see that p : k[G] — I is also a k-linear projection. We claim that p is
a k[G]-map. It suffices to show that p(azx) = ap(z) Va € G, = € k[G]. We have

plax) |G|Zy Lax) |G|Za yr((a ™ y) " 'z) = ap(x).

yeq yeG
Therefore k[G] = I @ ker p and I is a direct summand of k[G].
(=) Define
€: kG — k

dea agg +—— EgEG ag-
€ is a k-linear map (called the augmentation map). kere is an ideal of k[G]. Since
k[G] is semisimple, we have k[G] = ker e® L for some left ideal L of k[G]. Note that
dimy, L = |G| — dim kere = 1. So L = k[G]v for some v =} ; a49 € k[G]. Since
v ¢ kere, e(v) # 0. Vh € G, I\ € k such that hv = Av. So €(v) = e(hv) = Xe(v),
which implies that A = 1. Since

Zahflgg:hZagg:hv:v:Zagg,
geG gei geiG

we have ap-1, = a4 Vg,h € G. So ag = a1 Vg € G. Then |Gla; = €(v) # 0. So
chark t |G|. O
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Exercises

4.1. Let R be a ring. Prove that all ideals of M, (R) are of the form M, (1),
where I is an ideal of R. (It follows that if R is a division ring, then M, (R)
is simple.)

4.2. Let R be a ring. Prove that J(M,(R)) = M, (J(R)).

4.3. Let F be a field, ny,...,nx €ZT, n=n1 + -+ + ny, and let

A A e Ay
0 Ay - A
rR={| . : Aij € Mo, (F), 1 <0< j <k My(F).
0 0 - Ay
Prove that
0 Az -+ Aip—1 A
0 0 - Ayp1 A
J(R):{ SR | Ay € My, (F), 1§z’<j§k:}.
0 0 - 0 Apis
o o - 0 0

4.4. Let p be a prime and n > 0 an integer. Let a, denote the number of
nonisomorphic semisimple rings of order p™. Prove that

o0 N oo 1
> _ana” =[] =
n=0 k=1

4.5. Let R be a ring. Then the following statements are equivalent.
(i) R is semisimple.
(ii) Every left R-module is projective.
(iii) Every left R-module is injective.

4.6. Prove Proposition 4.6

4.7. (i) Give an example of a ring R such that R 2 R°P. Prove your claim.
(ii) Prove that every ring R is isomorphic to a subring of a ring E such that
E = E°P,
4.8. Let R be a left artinian ring and let J = J(R). Let A be a left R-module.
Prove that A is semisimple if and only if JA = 0.





