BINARY CONSTRAINED FLOWS AND SEPARATION
OF VARIABLES FOR SOLITON EQUATIONS

WEN-XIU MA and YUNBO ZENG

(31 May 2000)

Dedicated to Martin Kruskal’s seventy-fifth birthday
Abstract

In contrast to mono-constrained flows with N degrees of freedom, binary constrained
flows of soliton equations, admitting 2 x 2 Lax matrices, have 2N degrees of freedom.
By means of the existing method, Lax matrices only yield the first N pairs of canonical
separated variables. An approach for constructing the second N pairs of canonical sepa-
rated variables with additional V separated equations is introduced. The Jacobi inversion
problems for binary constrained flows are then established. Finally, the separability of
binary constrained flows together with the factorization of soliton equations by the spatial
and temporal binary constrained flows leads to the Jacobi inversion problems for soliton
equations.

1. Introduction

The separation of variables is one of the most universal methods for
solving completely integrable models, both classical and quantum. If a
finite-dimensional integrable Hamiltonian system (FDIHS) with m degrees
of freedom has m functionally independent and involutive integrals of mo-
tion P;, 1 < i < m, the separation of variables [1, 2] means to construct m
pairs of canonical variables

{ur, w} = {vg, vt =0, {og, w} =0k, 1 <k, I <m, (1)
and m separated equations
fe(ug,vg, P1y...y Py) =0, 1 <k <m. (2)

Such pairs of variables are called canonical separated variables.
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For a FDIHS admitting a 2 x 2 Lax matrix, there exists a general method
to construct canonical separated variables based on the Lax matrix (for ex-
ample, see [1]-[7]). The corresponding separated equations enable us to
express the generating function of canonical transformation in a completely
separated form as an Abelian integral on the associated invariant spectral
curve. The resulting linearizing map is essentially the Abel map to the Ja-
cobi variety of the spectral curve, thereby providing a link with the algebro-
geometric linearization method [8]. An important feature of the separation
of variables for a FDIHS is that the number of pairs of canonical separated
variables must be equal to the number of degrees of freedom. However, in
some cases, it is found that the existing method may not yield enough pairs
of canonical separated variables. It has been a challenging problem [1] how
to construct additional canonical separated variables which are required for
separation of variables.

Binary constrained flows of soliton hierarchies, recently attracting much
attention (for example, see [10]-[13]), are such specific cases, which need
to be handled by a different approach. The degree of freedom of binary
constrained flows admitting 2 x 2 Lax matrices is 2N. By using the existing
method [1, 2], the Lax matrices allow to directly construct the first N pairs
of canonical separated variables uq,...,uy and vi,...,vy. In this report,
we would like to show an approach for determining the second N pairs
of canonical separated variables and N additional separated equations for
binary constrained flows. The crucial point is to construct a new set of
generating functions B(\) and A()) defining un,1,...,upy by the set of
zeros of B(A) and vyyr = A(unyg), 1 < k < N. To keep the canonical
conditions (1) and obtain the separated equations (2), it is found that certain
commutator relations need to be imposed on B()\) and A()), and A()) has
some link with the common generating function of integrals of motion of
binary constrained flows, which also provides a clue to construct the B (N
and ﬁ()\) Having analyzed the separation of variables, the Jacobi inversion
problems can be naturally presented for binary constrained flows.

The separation of variables for soliton equations consists of two steps of
separation of variables [7]. The first step is to factorize 1 4+ 1 dimensional
soliton equations into two commuting spatial and temporal FDIHSs resulted
from the spatial and temporal binary constrained flows. The second step
is to analyze the separation of variables for the spatial and temporal bi-
nary constrained flows to produce their Jacobi inversion problems. Finally,
combining the factorization of soliton equations with the Jacobi inversion
problems for the spatial and temporal binary constrained flows enables us
to establish the Jacobi inversion problems for soliton equations. We will
use the AKNS equations [9] to illustrate the whole process. Of course, the
approach adopted can be applied to the whole AKNS hierarchy and other
soliton hierarchies.



2. Separation of variables for binary constrained flows

Let us first describe binary constrained flows admitting 2 x 2 Lax ma-
trices, and then show an approach for constructing 2N pairs of canonical
separated variables.

Assume that a soliton hierarchy

§H,,

ug, = Ky (u) = JW’ u = (uy, ...,uq)T, n >0, (3)
where J is a Hamiltonian operator, is determined by a spectral problem
po =U¢ =U(u,\)p, U = (Uij)axa, = (¢1,¢2)", (4)

and the associated spectral problems

b1, = VG = VO (g, s N, VI = (VV),05.

The compatability conditions of the adjoint spectral problem

bp = =U" (u, N, & = (1,92)" (5)
and the adjoint associated spectral problems
’llbtn = Tfl/} = - T(u Ug,y - 7>‘)'¢

still give rise to the same soliton hierarchy (3).
Upon introducing N distinct eigenvalues Aq, ..., Ay, we have the spatial
system

) = Uu, )¢V, i) = U (u, A9, (6)

where ¢\) = (¢17, ¢2;)", ¥V = (¢15,195)", 1 < j < N, and the temporal
system

o =V (0@, g = VT (u, 25)9), (7)
where 1 < 7 < N. Let us take the Bargmann symmetry constraint
Aj
JZEJ—_JZ¢ TaUu U Xy) o), (8)

where the £ are normalized constants, and suppose that (8) has an inverse
function

N 0U (u, A
= f(&1, &), &= Zw(y)T#

=1

oW, 1<i<q (9)

Replacing u with f in N replicas of (6) and (7), we obtained the so-called
spatial constrained flow

o9 = U, 2)8Y, ) = UT(f, 20, (10)



and the so-called temporal constrained flow

B = VS frri A)89, 97 = VO for s X0 (1)

where 1 < 7 < N. Now if ¢;; and 1;; solve two constrained flows, then
u= f(&,...,&) gives rise to a solution to the soliton equation u;, = K, (u).
The above manipulation is called binary nonlinearization [10, 14].

It is known that constrained flows (CFs) have natural Lax matrices gen-

erated from a solution
A(N)  B(A
Mm:< ™ ())
c(h) —4AQ)
to M, = [U, M] and M;, = [V M] (for example, see [15, 16]). To deter-
mine 2N pairs of canonical separated variables for binary CFs, based on Lax

matrices M (), we search for two sets of generating functions A(N), B()\) and
A(XN), B(A) such that

{B(),B(w)} = {B\), B(w)} = {AN), A(u)} = {A(N), A(n)} = 0,
{BO\), B(w)} = {B(\), A(n)} = {B(\), A(1)} = {A(N), A(u)} =0,
o B =BO 1 o Bl = B
{AN), B(p)} = o {AQN), B(w)} = ——— L
(12)
under the standard Poisson bracket
& 9F 96 OF 0G
(nay=2, Z(awij Odi; 0y 31/%]')' 13)

i=1j=1
Such two sets of generating functions can be constructed from Lax matrices
M(X) and a common generating function of integrals of motion for binary
CFs. We expect each pair of generating functions can yield N pairs of
canonical separated variables, through defining w1, ..., ux by the set of zeros
of B(A), un41,..., ugn by the set of zeros of B()), and

Vg = A(uk), UN+k = A(uN+k), 1 < k < N, (14)

which will also give us all 2N separated equations. Therefore, the separa-
tion of variables for binary CFs becomes the problem to find two sets of
generating functions satisfying the above commutator relations (12). The
whole process will be illustrated by the AKNS equations.

3. Binary constrained flows of the AKNS equations

Let us start from the AKNS spectral problem

A q 1 q
e =Ud=U(u,\¢, U= L b= LU= , (15
b = U = Ul g (M)qs(@) (T>(>



and take the associated spectral problems

i, = VW=V (4 N)p, VIV =3 ( ' > AV (16)
=0 G —a
with a;, b;, ¢; being defined by
ap = —1, b(]:C[]:O, a; =0, blzqa L =T, 02:%(]7", )
Ch+1 Ck
( ) =L ( ) ;g1 = 07N (qepy1 — rbyr), k> 1,
br41 b

where L is given by

L 1 < 0 —2rolq 2r0~lr )
2 —2¢07Yq —0+2¢07'r )
The compatibility conditions of (15) and (16) give the AKNS hierarchy

_ Cn+1 . 5lt~ln+1 . 0 -2 oo 2ap41
utn—J< )—J Su ,J—<2 0 >,Hn—/n+1dx,n21,

bn+1
(17)
which contains the AKNS equations
1 2 1 2
gty = _qucx +q°r, T, = 57'1313 —Trq. (18)
Introducing N distinct eigenvalues A;, 1 < j < N, we have
Oy = —ADy + qD2, Doy =7D1 + ADy, (19)
Ui = AUy —r¥y, Ugy = —q¥y — AUy,

and the Bargmann symmetry constraint reads as

SH1 L 6) (r)_((\h,(1>2>>:0 %0
bu 5u q (Ty, 1) ’ (20)

where (-,-) denotes the standard inner product of R and

;= (¢i13 ) ¢iN)T7 v, = (wila "'awiN)Ta 1=1,2, A= dia‘g()‘la ey >‘N)
Therefore, the spatial constrained flow (10) is the following z-FDIHS [10]

8F1 8F1 8F1 8F1

Tl By, = W= — et Wy = — 21
8\111’ 2z 8\1127 lx 2 ( )

D —
Lo 0D, 0Dy’

with the Hamiltonian

F, = (A\Ilg,q)2> — <A\I/1, @1) + <\112,q)1><\111,q)2>.



Under the symmetry constraint (20) and the z-FDIHS (21), the binary to-
constrained flow (11) can be transformed into the following t5-FDIHS

(9F2 (9F2 6F2 8F2
—, Py, = —, Uy, = ———, Vo, = ——— 22
8\1/1 ) 2to 8\1/2 ) 1t2 2to ( )

0®,’ 0Dy
with the Hamiltonian
= (A2Wy, @y) — (A2Wy, @1) + (Vo 1) (AU, Do)+
(Ao, @1)(T1, Do) — 2((Ta, Do) — (T, ©1))(Wa, @1)(Ty, ).

¢1t2 =

A(A) - B(A)

The Lax matrix M = < () —AQ)

) for the FDIHSs (21) and (22) is

given by [17]

14 Z 1/’1;¢1; ¢2]<252J7 B(\) = i T/’2j¢1g: CO\) = i Vb2

Aj) jzl)\—)\]’ jzl)\—)\j
(23)
A straightforward calculation yields
: Py
P(\) == A*(\)+ B ! 24
() = 4200 + BOY g Rl Feasws MNCD)

where the P; and Pyy; are 2N involutive integrals of motion for (21) and
(22)

1

Py=3 > —— 5 [(Tﬁu(ﬁu Pajb2;) (V1k D1k — Yok dok)
k#j
+ipojpaj — Yijbrj + diidoivoardik], 1 <j <N, (25)
1 .
Prj = 5(W1jd1j +d2jé2)), 1<j < N. (26)
It is easy to verify that
N N P
Fr=Y (NP+Pyy) - O+ 7 (27)
j=1 j=1
N o , N op X N p
Fy =3 (P + 20 Py) = (30 5) (NP + Phy) + 2 57 (28)
7=1 7=1 7j=1 7j=1

With respect to the standard Poisson bracket (13), it is found [17] that

(A, A} = [BOY, B2} = {0, O} =0,
(AQ), B} = x5 B(s) — B
(AD), O} = £ [C0) - O, 29)
(BOV,C0) = x5 1A() — AV



Then {A%2(\) + B(A)C (M), A%(u) + B(1)C (1)} = 0 implies that the integrals
of motion Pj and Py,j, 1 < j < N, are in involution in pairs. The AKNS
equations (18) are factorized by the z-FDIHS (21) and the to-FDIHS (22).
Namely, if &1, @9, ¥; and U5 solve the z-FDIHS (21) and the ¢,-FDIHS (22)
simultaneously, then (g,r) given by (20) solves the AKNS equations (18).

4. Separation of variables for the AKNS equations

The commutator relations (29) and a common generating function of
integrals of motion

Z d)lj'l,bl] + ¢2]¢2j _ év: PN+j
=1 A= >‘j

enable us to construct two sets of generating functions which lead to 2N
pairs of canonical separated variables. The required two sets of generating
functions for the AKNS equations (18) are the following

AN =B\ - AN - AN =1+ ivj ‘”ZJA 1’”;7 P (30)
o () = 915) (915 + B2))

B(\) =B\ —240) —C(\) =2+ (V2 -y
j=1

i ¢1j¢3{j—;\/}-2j¢2j’ =00y %g: (915 + ¢25)° <l52y . (32)
: J :

Let us now introduce ug, uny+k, 1 <k < N, by

B = % B\ = % (33)

where R()), R(\) and K ()) read as

N N N

=TT =), B = [T = uwaad KO = [T =20 @0

k=1 k=1

A direct computation can show the following result.

THEOREM 4.1. Assume that \j, ¢ij,9:5, © = 1,2, 1 < j < N, are all
real, and u1,...,uy are single zeros of B()\). Then the variables u1, ..., usn
defined by (33) and (34), and the variables vy, ...,von defined by the cor-
responding formula (14) are canonically conjugated, i.e., they satisfy the
commugtator relations (1) with m = 2N.



It follows from (33) and (34) that

R()\)

(Waj =) (9 + 92)) = 23555 (41 + $2)* = 2K,(/\'j), L<jsn,
which leads to
= =\
(¢15 + ¢25) = ?EA])’ (th2j — ¢p15) = w, 1<j<N. (35)
J R(Aj)K'(A))

By substituting uy, into A(X) of (30), uyy into A(X) of (32) and noting
(A(N) = B(A)? = BWB() = A2(N) + B(\C(A) = P(N),
one gets the separated equations

vp = Blug) — Alug) — A(ug) = \/P(ug) — A(ug,)

N 2 N
SRIES Y h o, v -3 e y<k<n, (30
— uk—)\j (uk—)\j) jzluk—)\j

N

~ P .
Ntk = Aluni) = Z ﬁ, 1<k<N. (37)
7j=1 J

Replacing v; by the partial derivative 52> of the generating function S of
canonical transformation and 1nterpret1ng the P; and Py.y; as integration
constants, the above separated equations give rise to the Hamilton-Jacobi
equations which are completely separated and can be integrated to give the
completely separated solution for S

N ug,
S(ut, oo upy) = Z[/ (/PO - d>\+/ NEN
k=1
N up
= Adr— S Pyiiln 38
I Z valn | (39
The linearizing coordinates are then
as 1
90 - d\,1<j <N,
©i=5p 2;/ - a)/Py) =
oS N /uk Py Up — N\j
= = d\—In| ——2
@n+y OPN ,;[ (A= X)2V/P(N) | UN+k = Aj !
(39)

where 1 < j < N. These coordinates @ and Qn4j, 1 <5 < N, constitute
the action-angle variables together with the P; and Py,;, 1 < j < N. By

8



using (27) and (28), the linear flows induced by the z-FDIHS (21) and the
to-FDIHS (22) lead to the Jacobi inversion problem for the z-FDIHS (21)

N
2Q; = + (2X\; = Y_ Pz,
k=1

(40)
QN+j =VN+j + 2PNy,
and the Jacobi inversion problem for the to-FDIHS (22)
N 3 N
2Q5 =7j + [2XF = D _(MePe+ NPy + Pl yy) + Z(Z Py)?ts,
k=1 k=1 (41)
N
QN+j = IN+j + Prnij(4XNj = D Po)ta,
k=1

where 1 < j < N, the @; and Qn4; are defined by (39), and ; and
¥j» 1 < j < 2N, are arbitrary constants.

Since the AKNS equations (18) are factorized by the z-FDIHS (21) and
the t-FDIHS (22), combining the Jacobi inversion problems (40) and (41)
together gives rise to the following theorem.

THEOREM 4.2. The AKNS equations (18) have the Jacobi inversion prob-
lem determined by

O — 2y -3 R
A =7+ 2\ =Y Po)z
= (A= X)VP() ] b=
N 3 N
HQ}‘? = > (AP + NP+ PRir) + Z(Z Py)’lta,
k=1 k=1

N

Uk PN+]‘ Up — >‘j
d\ —In| ——
Icz::I[/ ()\ — )\j)Q\/P(A) | UN+Ek — )\j ”
N

= N+j + 2PNj + Pyij(4N; — Y Pi)to,
k=1

where 1 < j < N, and 7yj and ynyj, 1 <5 < N, are arbitrary constants.

We remark that the above Jacobi inversion problem for the AKNS equa-
tions (18) is different from that in [18], which was generated from another
class of canonical separated variables for the binary constrained flows (21)
and (22). The above manipulation may also be similarly made for the whole
AKNS hierarchy, and the approach depicted in Section 2 can be applied to
other soliton hierarchies such as the KdV hierarchy and the Kaup-Newell
hierarchy.
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