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We present some new matrix spectral problems, based on the real special orthogonal Lie algebra so(4, R), and construct
corresponding soliton hierarchies by means of zero curvature equations associated with these spectral problems. With the
aid of symbolic computation by Maple, new soliton hierarchies of Kaup-Newell type, Ablowitz-Kaup-Newell-Segur type
and Wadati-Konno-Ichikawa type are obtained to illustrate the use of so(4, R). Copyright © 2016 John Wiley & Sons, Ltd.
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1. Introduction

It is well known that zero curvature equations on real Lie algebras such as sl(2,R) and so(3,R) lay the foundation for constructing
soliton hierarchies. Usually, one starts with matrix spectral problems (or Lax pairs) associated with these algebras. Some useful soliton
hierarchies containing the Ablowitz—Kaup-Newell-Segur (AKNS) hierarchy, the Kaup-Newell (KN) hierarchy, the Wadati-Konno-
Ichikawa (WKI) hierarchy, the Korteweg-de Vries hierarchy, the modified Korteweg-de Vries hierarchy, the Benjamin-Ono hierarchy,
the Tu hierarchy, the Dirac hierarchy, the coupled Harry-Dym hierarchy and the coupled Burgers hierarchy have been derived in
References [1-38]. The so-called trace identity [8,27,31], or the variational identity [26, 32], provides a basic tool for generating Hamil-
tonian structures of soliton hierarchies. Generally speaking, the corresponding Hamiltonian pairs can generate hereditary recursion
operators if there exist bi-Hamiltonian structures for a given soliton hierarchy [39].

We will use the matrix loop algebra 56(4, R) derived from the real Lie algebra so(4, R), to construct new KN type hierarchy. Two
soliton hierarchies associated with this algebra have been constructed in Reference [40]. The relations between the hierarchy of
su(2, C) ® su(2, C) and the hierarchy of so(4, R) also have been obtained. The Lie algebra so(4, R) consisting of 4 x 4 skew-symmetric
real matrices has a basis
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whose commutator relations are

=—es5, [e,es] =€y [er,e5] =e3, [e1,€] =0,
=—e;, [eye]=0, [ese5]=—e3

=—e;, [es 6] =¢e

Then, the matrix loop algebra $6(4, R) we adopt in what follows is defined as

$6(4,R) = ZMjA”_f M; € so(4,R),j>0,neZ},
j=0

that is, the space of all Laurent series in A with a finite number of non-zero terms of positive powers of A and coefficient matrices in
so(4,R).
Next, we give a brief account of the procedure for building soliton hierarchies associated with so(4, R), which is called the Tu scheme.

Step 1: Usually, one need to select a suitable U = U(u, 1) € 506(4, R) to fit the spatial spectral problem ¢, = U(u, 1)¢, where u denotes
a column dependent variable and 1 is the spectral parameter.

Step 2: We need to construct an appropriate Laurent series solution W = W(u, 1) suchas W = Y 2, Wi A =2k, Wy € so(4,R) to the
stationary zero curvature equation W, = [U, W].

Step3: By means of the solution obtained in the aforementioned step, we construct suitable temporal spectral problems ¢, =
vIrlp, n > 0to guarantee the zero curvature equations

Uy, — VI 4 [U, v[”]] =0, n=0 (1.1)

can generate a soliton hierarchy u;, = K,(u), n > 0.
Step4: Finally, we construct Hamiltonian structures of the obtained soliton hierarchy

SHn
su’

uy, = Ky(u) = J n=0,

by applying the trace identity [8,27,31],

5 U 9 U A d
— [ =w)dx=2""—A"tr( —W]), =—=—Intr (W?)]. 1.2
8u/r(8)k )X ax r(au ) 7= gl () (.2

Here, we must point out that the formula y = —% ﬁln |tr (W2)| is given by Guo and Zhang in References [27,31].

In this paper, we would like to introduce some new spectral problems associated with the Lie algebra so(4, R) and construct the
corresponding soliton hierarchies. New soliton hierarchies of KN type, AKNS type and WKI type will be worked out respectively in
Sections 2—4, which form our main results. In our analysis, we will use software Maple to deal with some complicated computations.
The last section is devoted to some conclusions and discussions.

2. New soliton hierarchy of Kaup-Newell type

In this section, we will construct new soliton hierarchy of KN type from the following spatial matrix spectral problem,

p1 ol
h=Up=Uug, u=|"]  g= ﬁj , 2.1
g2 4

with the matrix U being chosen as

U= 2%e; + Agie; + Aqgaes + Apres + Apaes
0 —Agi —Agx —A°
2g 0 0 —Ap, €50(4,R).
A2 ).p1 Apz 0

We can take it as the four-component generalized form of the soliton hierarchy obtained in Reference [38].
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Then, let W be of the following form
W = ae, + cie; + coe3 + brey + bres + deg

0 —¢ —¢; —a

_ Cq 0 —d —b1 ~ (23)
=l d 0 —b € s0(4,R),
a b] bz 0

we solve the stationary zero curvature equation W, = [U, W], and it becomes

ax = A(p1¢1 + p2c2 — q1by — G2by),
dy = AM@q1C2 + p1b2 — G2¢1 — paby),
bix = —A%ci + Ag1a + Apad,

bax = —A%c; + Agaa — Apd,

Cix = A%by — Ap1a + Aqad,

Cox = A2by — Ap2a — Aqqd.

(2.4)

According to the relations of the spectral parameter A in these equations (2.4), we take the following Laurent series expansions

oo o0
a=Y a®r7*  d=) dPr7%
k=0 k=0
~ - (2.5)
b; = Z bI‘(k)A—Zk—ll G = Zci(k)A_Zk_I’ i=1,2
k=0 k=0
namely,
0 W1 —Prr _g®
el (k)k_1 0 —d® —b(k))t_1
w=>3"wa?*  w=|9 1
k;) ‘ T P g® 0 —bPr
a®  pPr=1 pPy 0

Substituting (2.5) into (2.4), we arrive at

a = pic? + pycf — 161 — g2y,

d® = g1 + p16y” — g — p2b7?,
b® = p1a® _ g,d©,
by” = pra® + q,d?,
% = @1a® + p,d?,

(2.6)
&? = 0@ —p1d®,
b$k+1) _ C$I)<() +p1a(k+1) _ qzd(k'H),
b§k+1) _ Cg/;) +pza(k+1) + q1d(k+1),

C§k+1) — _bgi) + q]a(k-H) + pzd(k'H)l
cgk"'” = —bg‘() + goa® TV — pid*t+D, k> 0.

To determine the sequence of {a“‘), d®,p®, W =1, 2}, we rewrite a* " and d¥ T as

D) = p (kD ) Gt g pleED) g kD)
= (—bﬁﬁ) + quatty ¢ pzd(k+”) +py (_bg) + gya®tD —p1d(k+”)

— g (Cﬁ? + pra*ty — Clzd(k+1)) —q2 (Cg? + ppath 4 Q1d(k+1))

k k k K
=P ng) —széx) - Q1C$X) - CI2C£X),

d)((k-H) — q1cgk+1) + p1b§k+1) _ q2C$k+1) _p2b$k+1)
k k
= qi (—bﬁx) +qoa*tV — p1d(k+”) +p1 (CSX) +poa* D 4 gid* D)

—q (_bgi) + gra%tD 4 pzd(k"H)) —p (cﬁ‘;) + pra*ty q2d<k+1))

k k k k
= QZng) - Q1ng) - P2C$X) + P1C;X)-

. ______________________________________________________________________________________________________|
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Thus, we can obtain the following recursion relations:

B = e i (bt = pabl) — el —aacl) = a0 (026 — @b~ +prcl?),

k k — k k k k — k k k k
bIHY = )+ pad™ (pibiY) —pabll) —iell) — @2k ) + @i (aabl) @16 —pact? + prcty).

k-1 K K K K K - K K K K
D = b + g1 (<pably) — pab) — qrcl — a2l ) + P20~ (208 — 1% — pact? + prc),
k1 K - K K K K - K K K K
Y = %) + g0~ (—p1b$X’ —pab®¥) — g1 — gac® ) —pd” (qzbﬁx) —q1b%) — pacl) + py ch)) ,
namely,
(k+1) (k)
b}k—{—]) L” L]Z L13 L14 b}k)
b; _ | Lov L2 Las Loa b;
kD L3y L32 L33 L34 <ol
cgk‘H) Lat Lap Laz Lag cgk)

Ly =—p107'p10—q207'20,  Lia = —p107'p20 + q207 'q19,
Liz3=0—p107'10 + 207 "p29, Lia = —p107'G20 — G207 ' p1d,
Loy = —p207"'p19 + 107 q20, Ly = —p20~'p20 — g9 ' g1,

Lz = —p07'g10 — q10~ 'p,d, Lag = 0 —p207'q20 + q197 "1,
L3y = —0—q107'p1d 4 p20~"q29, L3 = =197 'p2d — p20~ ' v,
L33 =—q107'q10 —p20~'p20,  Lsza =—q107'q20 + p20~ ' p19,

Ly = —q207'p10 —p107'G20,  Laa =—0—q20" 'p20 + p19~ ' q10,
Lz = —G207'10 + p107 ' 20, Las = —G207'G20 — p107 ' 0.

Furthermore, we take a® = 1,d© = 0 and impose the integration conditions
a(k)|u=0 = d(k)|u=0 = b,‘(k)|u=0 = c,‘(k)|u=0 =0, i=12 k >1,

which are used to guarantee the uniformity of a(k),d(k),bi(k),cfk), i= 1,2}. Therefore, by means of symbolic computation software
Maple, the first few sets can be computed as follows:

&

b$0) =P b§0) = P2, C$O) =qu, = ({2,

1
aV = (pi+p+ai+a),  dV=pa-ap,
1
oY =gy - 5P (P + P3 + a7 + a5) — 42(p192 — G1p2),
1
b = gy — =p2 (Pt +P3 + a1 + @3) + @1(p1g2 — q1p2),

2

1
C?) = —pix— ECH (P% +p3+4ai+ q%) + p2(P1G2 — q1p2),

1
& = —pa— 502 (P +P3 + 07 + 03) — Pr(P102 — G1p2),

3, 3 3 9
a® = =piGuc + Q1P1x — Padax + P2 + GPT + JPIP + ZPIGT + L PIA; — 3p2a1 0Py

9 3 3, .3 3, 3
+ P21+ P + gP F 0a; + 5di + S

4 - _ 3, 30 i, — B2 pd 32
= —P1P2x T P2P1x — G1G2x + G1xq2 2¢72P1 + 2Q1P1P2 2Q2P1 2P2Q2P1

3, 3 5 3, 3 3
- 5‘71‘72!31 + 5‘71.02 + quzpz + Epzf%

3 3 3 3
bgn = —pixx + 3p2(P1G2 — P2G1) — 59 (pT+ P2 +a7+a3) + gP? + ZP?P% + ZP?Q%
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15 9 3 9 9 3 9
+ Ip?qi - Epzqup% + gpm‘z‘ + meﬁq% + meﬁqﬁ + gmqé‘ + qu%q%

15 , 3 3 3 3 3 5
+ §P1Q2 - EQ2P2¢71 - EQz%Pz - 5‘71‘72!’2,

. ______________________________________________________________________________________________________|
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3 3 3 3
b? = —pr — 3p1(P1G2 — P21 — > (pT+p5+a;+a3) + gpzp? - 5q1qu? + prpi

9 9 9 3 3 3, 15
+ JPaPIGT + JPaPIa; — PGPt = S@@P — SO + SP3 + P

3 15 9 3
+ 2P+ Epzq? + 2P2d1d; + gpzq‘z‘,

) 3 2 2 2 2 3 4 3 3 3 2.3
a7 = —Gix + 39(P1g2 — P2G1) + 5P (P} +p3 + a7 +a3) + g 1P1 — 5P2a2P + 2P
9 9 3 9 3 15 15

+ qu%pﬁ + qufqﬁ - §P§Q2P1 - 5P2Q$Q2P1 - Epzqim + §q1p‘z‘ + ZP%Q?

3

8
3 15 3 9

¢? = —Gow — 39102 — P2q1) + P2 (P14 P3 + 07+ 63) + L @apl — Saipip: + Zawpip;

9 3 3
+ quﬁq% +>q) + Zq?qﬁ + §q1q§,

9 15 3 3 9 3 9

+ L @PIAT + PIa3 — 5P — SPidip2 — SPadiGipt + S@aPs + L aap3a;
3 3 3 3

+ Zpiqi + ngqﬁ‘ + Zq?qi + gqi,

We point out that the localness of the first two sets of {a(k),d(k),b,.(k),c,.(k), i= 1,2} is not an accident, and in fact, the functions

{a(k), d®,6®, W, j = 1,2} are all local. We prove this fact as follows, first from W, = [U, W], we have
d 2
ST (W) = 20wy = 26 WU, W) = o,
and so, due to tr(W?) = =2 (a? + d* + b? + b3 + ¢} + %), we can obtain
P+ ++G+G=(+d+ b+ +G+S) |, =T,

the last step of which follows from the initial data. Then, by using the Laurent expansions (2.5), a balance of coefficients of A* for each
k > 1 tells that

D 1 gt = LS (G004 g0a0) 4 3 (6060 + 6069 + P 4 ) | 27
i+j=k—+1 iHj=k

ij=1
Similarly, for the determinant |W| = (ad — ;b7 + ¢ b2)2, we can compute

d
&(ad — Gby + ¢1by) = axd + ady — kb1 — by + cixby + 10y,

= Ap1c1 + p2c2 — q1by — @2b2)d + aA(qic2 + p1ba — G2cq — p2by)
— (Azbz — /\pza — A(ﬁd)b] — Cz(—kzﬁ + AQ1G =+ Apzd)
+ ()Lzb1 — Ap1a + A(hd)bz + G (—AZCZ + /XQ2G — Ap1d)

=0.

Thus, we arrive at

FGALI QPPN S N SN 28)
iHj=k+1 i+i=k iHj=k

ij=1

Based on these two recursion relations and the last four recursion relations in (2.22), an application of the mathematical induc-
tion finally shows that all functions a(k),d("),b,.(k),ci(k), i=1,2! are differential polynomials in u, and so, they are all local. This
method to prove the localness is also applicable to the new hierarchies of AKNS type and WKI type which will be proposed in
Sections 3 and 4, respectively.

Now, taking
vl — )L(A2”+1 Wy, = )Lz"+2W0 + )\,ZHW] T+t /XZW,,
0 S Y ElCa bl U SAII LGl SR S LGl )
Vg 2200 e 0 — Yo A2TOF2GR 3 a2 0
| TRt 3, a4 0 Y a2e—tip |
S22 bag T a0 a1 0
_______________________________________________________________________________________________________________________________________________|
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the zero curvature equations (1.1)

Uy, — VI 4 [u, v["]] =0, n=>0

engender a new four-component soliton hierarchy of KN type

» ©
P b}i) b}g) Pix

b b
P2l —k=| 02 =0 | 7 | =" | P> |, nxo 29
a Cix Cix Gix
a2 |, cg:) cg)() q2x

Here, ® can be determined by the aforementioned recursion relations,

q>1 1 q)l 2 q>1 3 CI)14
CI)ZI q)22 CI)23 q)24
<I>31 q>32 ¢33 (D34 '
<I>41 q>42 <I>43 (I)44

1 = —0p10~ ' p1 — 920" g2, D1y = —0p107'p2 + G20 ',
13 =0—0p107'q1 +0g20"'p2, P14 = —0p10”'q2 — 3g207 ' p1,
Oy = —p23~ "p1 + 0197 g2, Dy = —p23~ "y — 0197 gy,
®y3 = —0p207'q1 — 9g107'p2,  Pas = 9 — Op20~'q2 + 39197 'py,
B3 =—0—0g107'p1 + 0p20"'q2, P32 = —0G10" 'p2 — 207 g1,
P33 = —09107'q1 —Ip20 " 'p2,  P3a = —09107 gz + Op20” 'py,

D4 = —0920" "' p1 — 19" g2, Dy =—0— 039207 'p2 + 0p10~ ' qu,
Bu3 = 09207 "'q1 + 010~ 'p2, Pas = —0G20" g2 — dp10 ' p1.

b =

Next, we consider Hamiltonian structures by using the trace identity (1.2). The calculation of this part is very direct, without any
additional mathematical skills. In the following sections, we will omit these contents for simplification. It is direct to see

0 —q1 —q2 =24

— = , tr| W— ) =—-4ka—2 b by).
o @& 0 0 —p, r o a—=2(qic1 + G262 + p1b1 + pab2)
20 p1 p2 O

Similarly, we have
V)
tr (Wg—u) = —2Ab;, tr (Wa—) = —2A¢, i=1,2.

pi

Now, the corresponding trace identity becomes
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Ab,
8 _, 0 Ab;
— | (2Aa b b c )dx =177V —AY
5U/( +p1b1 + p2ba + gicr + gac2) dx Y A
ACZ
Balancing coefficients of each power of 1 in the aforementioned equality, we have
by"
§ D) ) ) " ) by
- (2a + P16 4 pabl” 4 it + gact )dx == | %y | nzo
1
&
Checking a particular case with n = 1 yields y = 0, and thus, we obtain
b
S Za(n—H) + p1bgn) + pzbgn) + Q1C$n) + Q2C£n) bgn)
— — dx = () ’ n>1
su 2n q
o

G329

Copyright © 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 680-698
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Consequently, we obtain the following Hamiltonian structure for the soliton hierarchy of KN type

18] [
P2 b by §H,n
=K, = =J =J , n>0, 2.10
a " I ¢ Su - (210
wl, L&) L&
with the Hamiltonian operator
0000
,_|0d00
“10000 |’
00090

and the Hamiltonian functionals
1
Ho =/5(p$+p§+q$+q§)dx,

(n+1) (n) (n) (n) (n)
Hn_/(_Za tpibi” +paby” + 016G + 06 )dx, nx1.

- 2n
It is now a direct computation that this new soliton hierarchy is bi-Hamiltonian,

U, = K, ZJSH,, _ MSH"_1,
Su Su

where the second Hamiltonian operator M is given by

n>1, (2.11)

M1 My Miz Mig
M1 My Mayz Moy
Mz Ms; Msz Msg |°
May May Maz Mag

My = —0p10~"p10 — 39207 G,0, Miy = —03p10~ ' p20 + 0920710,

Mz = 0> — 9p10~"'q10 + 0g20~ ' p,9, Mg = —0p107"q20 — 8920~ ' P19,
Mz = —0p20~"p19 + 3197 920, Mo = —0p20~"prd — 3910~ ' q10,

Moz = —0py07"g10 — 0107 'p20,  Mas = 9> — 3p20™ 20 + 9G10~'p10,
Mz = —9* — 8107 p19 + 9p20~"g20, Ms; = =310 "' p29 — 9p20~ ' 10,
Ms3 = —03g197"10 — 9p20~'p20, Msq = —0g197'q20 + 0p20~ ' 19,

Ma = —0G,07'p10 — 9p107 1,0, May = —02 — 3g207 " p20 + 9p10~ 110,
Myz = —03G207'q10 + 0p107'p20,  Mas = —0G20" G20 — dp10~ ' p10.

M=o =

Thus, the new soliton hierarchy of KN type (2.9) is Liouville integrable (see [41] for definition), that is, it possesses infinitely many
conserved functionals and symmetries which form Abelian algebras:

SHI\T §Hm

{Hl:Hm}J = / (W) JWdX = 0, l,m > 0,
SHI\  §Hm

{HI:Hm}M = / (E) dex =0, l,m >0,

and
(K1, Km] = K] () [Km] — K/, (W)[KI] = 0, I,m>0.

These commuting relations are also consequences of the Virasoro algebras of Lax operators.

Remark 1
If we let the spectral matrix U be

U= (A* +5)e; + Aqie; + Aqres + Apres + Apses + reg
0 —Agi —Agy —A%*—s
Aqr 0 —r  —Aps
AGy 1 0 —Ap2
A2 4+s Ap1 Apy 0
'
Copyright © 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 680-698
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and
r=p1(pt + P+ G + G3) + B2(p1d2 — P2a1),

s= B3 (p} +p3 +a} + G3) + Ba(p1G2 — P2a1),

following the procedure of constructing the aforementioned soliton hierarchy of KN type, we can obtain a generalized soliton hierarchy
of KN type.

Although, we can consider the following (N + 2) x (N + 2) matrix spectral problem,

0 —Ag —mA?
b=Up U=| 29" 0 —Ap |, u= [ P ] 2.12)
mi2 ApT 0 a

where p = (p1,p2,--+,Pn)T, G = (G1,92,-++ ,qn) and A is the spectral parameter. When N = m = 1, (2.12) is nothing but the one
considered by Ma in Reference [38], and when N = 2,m = 1, it corresponds to (2.2), but we can only solve this problem formally
because the localness can not be proved. Firstly, the stationary zero curvature equation W, = [U, W] becomes

ax = A(cp —qb),
by = —mA%c" + Aaq" — Adp,
T oma e A A 2.13)
& = mA°b’ — Aap’ + Aqd,
dy = A(—q"c—pb" +c"q+bp"),
if we assume that W is of the form
0 —c —a
W=|c d —b |, (2.14)
ab 0

where g is a scalar, ¢’ and b are N-dimensional column vectors, and generally speaking d is an N x N non-zero matrix. To consider
furthermore, we let

oo 0 —chp—1 _gk
W=> Wa*  We=| b1 gl _phy-1 | (2.15)
k=0 a®  p®T=T 0

Thus, the system (2.13) gives rise to
b =p,
@ =q,
a® = Pp — gb®,

d)f") — _qTC(k) _ pb(k)T + c(k)Tq + b(")pT,
bik) = —mc*tOT a(k—H)qT _ d(k+1)p’

0T — mp*+D) _ gltDp _ gltngT s g,

(2.16)

So substituting
glktn — g1 (C(k+1)p _qb(k—H))l

dk+D — g (_qrc(k+1) — kDT 4 kT b(k'H)pT),

into the last two equations in the aforementioned system (2.16), we have
b0 _ m ptktD
ot | =& | cetor |
_ _aTa=1g AT9—1,T
=0 -m|, qﬂqqa_fr
m 0 pdo—'q —pd~'p

[ (@7'pO))p— (@ OR )P (079 O)p— (37" q)p ]

TLEpON) e = (0P a (377 (0)a — (07 () q)d”

Finally, taking

V[n] — A(A2n+1 W)J,_

= 22"T2Wo + A2 - AW,
. ______________________________________________________________________________________________________|
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the zero curvature Egs (1.1) generate a new multi-component soliton hierarchy of KN type formally

0) (1)
Px by bx
= = L
[ qr } [ C(o)r :| o |: C)((1)T }

b(z) ) b)((n)
=(Lo)*| G [ == (Lo)| Gyr @17)
 (Lo) p} :q,n[p] ,
(Lo) [qr . q ),
namely,
(n)
p bx n| Px
=K, = = , n>0, 2.18
[qun n |:C)((n)T:| |:q;j| (2.18)
_[a o |00 .
whereo—[ 0 8_1],43—4/ —[Oa]ﬁ .
Remark 2

In fact, we can take another form of matrix spectral problem (2.1) with spectral matrix,

U = A%re; + Aqie; + AGaes + Apres + Apaes
0 —Aqy —Agy —A%r

= Aq 0 0 —Ap € s0(4,R),
Ar Apr Apy, O
and
r=pB1(p} +p3+ G} +a3) + B2(p1G2 — P2G1), B2+ B2 £ 0. (2.20)

Then, let W be of the form (2.3), we solve the stationary zero curvature equation W, = [U, W], and it becomes

ax = A(p1¢1 + p262 — G1b1 — g2by),
dy = AMG1C2 + p1b2 — G2y — paby),
bix = —A%rc; + Agra + Ap,d

2 (2.21)
by = —A°rc; + Agya — Apsd
Cix = A%rby — Apia + Agad
Cox = A2rby — Apya — Agqd.
Further setting (2.5), the aforementioned system (2.21) gives rise to
a)((k) = p C(k) —i—pzc(k) a1 b(k) _ bgk),
d® = g1 + p16y” — gy — p2b7°,
1
bi® = P (P1G(O) - Q2d(°)),
1
bgo) = ; (pza(o) + Q1d(0)) '
1
(@ = (010 1 pd®),
1 2.22
O = - (qza p1d(°)), (2.22)
pletn _ 1 (C 9 | pgtth _ q2d<"+‘)),
r
1
BT =~ (cf +paa®t + qrd ),
1
kD ?( b® 4 ga+D _|_p2d(k+1))'
1
D ;( b + gakty — 1d(k+1)), k> 0.
Copyright © 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 680-698
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To construct recursion relations, we rewrite
a)((k-H) 1 C(k-H) +pa C(k+1) q1b$k+1) —q2b§k+1)
PL (=5 + g1a®t 4 pad®H) 4+ P2 (_b0) 4 graltF) — pyd+V)
() 1 it — gud D) — B () 1y g, g0
= % (=pi6f = pab% — aicly) —aac),
— q C(k+1) + p b(k+1) @ C(k+1) b(k+1)
- 7 (—bg’;) + goatD —p1d("+”) Il ( W 4 pak+D +q1d(k+1))
_ @( b(k) + gra%+D +p2d(k+1)) ( W 4 pgltD _q2d<k+n)

= (@b b — pac? + pict?).

d)((k-H)

Thus, we arrive at

1

bgk R (k) +p0”" 1b$§) —pzbgk) q1c§§) qzcz(k)) G20~ 1; (qzbﬂ? — q1b(k) —pchl;) + pmé’?),
1

bgk 1) (k) + p2 3_1 ?

k k k k k k
—pibf) —pbf — arcll) — o) + g1~ ® +picy?),

(-
r
1
r ( (thbgi) — @163y — pacyy) + prcy
1 -
D = b i (<ol = pabl) — el —ascl?) + a0 (026 — ) = pacd + el

1 1
fHY = b + gy T (_P1b(§) —pab¥) — qi ¥ — QZCg(()) —p1d 17 (qzbgﬁ) — @by —pac® + py C(k))

Combined with the aforementioned recursion relations and a set of appropriate initial values
a® =1, d© — o, b = ﬂ’ b = FQ’ (0 = ﬂ, 0 = ﬂ,
r r r
we can determine the sequence of {a(k), d®, bfk), c,.(k), i=1, 2} uniquely, where the integration conditions

a® ‘u= o =d® c®

u=0 u=0

also need be imposed. For readability, these tedious expressions are omitted, and one can obtain them by using symbolic computation
software Maple.
Now, we let VI"! be the following form:

Vi = At w4 + A,
0 —Ahy, —Ahy, —Af,
Ath 0 0 —/Xg‘]’n (2.23)
Ay, O 0 —Agan |’
Aan )Vgl,n Agz,n 0

=A2n+2Wo+Aan1 +"'+A2Wn+

where functions f,, g;n, hin, i = 1,2 need be determined. Thus, the zero curvature equations U, — V™ + [U, V] =0, n > 0 give

p1fn pin q1fn

gin = Tv 9gon = r ’ h1,n = Tz hZ,n = B ’

fnx =, + p1h1,n + p2h2n —q191,n — 92920 = Ity
p
p1tn = bgl;) + Jinx = b(n) ( ]r )

szn)

Pzt,, = bgl) + gZ,nx - b(n) +

q
q1tn = an) +h1,nx = C1x + ( Ln)
f,
thn = C2X —+ h2nx = sz (qun)

Copyright © 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 680-698
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So we can obtain
fnx =,

= 2B (p1p1¢, + PaPay, + Q1G1y, + 92Ga¢,) + B2 (P14,92 + P1G2q, — P2¢,G1 — P2G1s,)

f, f, f, f,
= o (57) Jom i () [ ro 0+ (57) [ ralar+ (%)
r X r X r X r X
f, f, f, f,
el (5 Jem [0 (50) |- i (5) el + (57) ]
r X r X r X r X

r
= —2p, (—P1b$) - szg) - Q1C$) - QZCEQ)) + B2 (qzbﬁﬁ) - q1b§? - chﬁg) + P1C(2Xn)) + 2fpx — 27an~

This equation can be changed to

f,
(TH) — 2ﬁ1a)((n+1) _ ﬂzd,((n-"_” = f, = <2ﬂ1a(n+1) —ﬁzd(n_H)) r. (2.24)
X
This means that another new soliton hierarchy of KN type
P by + 261(p1a® ), = Ba(prd V),
P2 | _ o | OS5 +2B1(p2a ™) — Balpad "), 225
TR = (n+1y _ dn+n '

@ Gy +2B1(qa x — B2 (a1 )x
%, ¢+ 2B1(920" V) — B2(92d "),

has been derived.

3. New soliton hierarchy of Ablowitz-Kaup-Newell-Segur type

To construct new soliton hierarchy of AKNS type, let us introduce the matrix spectral problem (2.1) with the spectral matrix U being
chosen as

U= Ae; + gies + gae3 + pres + paes + reg
0 —g1 —q2 —A

G 0 —r —p ~
= € s0(4,R),
G r 0 —p 4.R)

A pr p2 O

(3.1)

and
r=p1(p} +p3 + a7 + a3) + B2(p1G2 — p2qn). (3.2)

This spectral problem is of the same type as the soliton hierarchies of AKNS type associated with sl(2,R) or so(3,R) [1,37,42], but its
underlying loop algebra is different.
Then, let W be of the form (2.3), we solve the stationary zero curvature equation Wy = [U, W], and it becomes

ax = P1C1 + P2y — G1by — G2by,
dx = qi1Cc2 + p1by — g2¢1 — paby,
bix = —Aci + q1a + pod —rb;

(3.3)
by = —Ac; + q,a—pid +rbs
Cix = Aby —p1a + qad —rc;
Cx = Aby — pra—qid + rcy.
Further setting
o0 (oo}
a=Y a®r7k  d=)"d¥r7K
k= k=
2 = (3.4)
b=y b2 o= 27 =12
k=0 k=0
namely,
0 —c0 b _g®
> (k) (k) (k)
_ —k 1l q 0 —d¥% —b,
W= Wi W= B gl o _p |
k=0 © 0 0 o
3
a® b b 0
Copyright © 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 680-698
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system (3.3) gives rise to

k k k k
a = pic? + pacf? — g6 — g2bf°,

d = 1§ + p16y” — gact” — b,
bO = b = = =,
b = ® 4 pa® _ g,d® 40, (3.5)
bgk+1) _ C;l;) + pza(k) + q]d(k) _ rc1(k),
KD — _p® 4 g g0 4 p,d® _ p®),
C§k+1) — _bg(() + qza(k) —p d(k) + ,bgk)’ k> 0.

We take a©@ = 1,d© = 0and impose the integration conditions
k K .
a®lymo =d® )y = 6P ymo = P lymo =0,  i=1,2, k=1

to determine the sequence of a(k),d(k),b,(k),ci(k), i= 1,2} uniquely. Therefore, by means of symbolic computation software Maple,
the first few sets can be computed as follows:

bW =p, btV =py "=q, ' =aq,

aV =0, d7=o,

b1 = aue + [B1 (7 + P35 + a1 + 03) + B2 (102 — p2a) | @2

by” = Gu — [B1 (P +P3 + @1 + 43) + B2 (P12 — p2a) | v,

¢? = —pi—[B1 (P2 + P} + @2+ G2) + B2 (P12 — P2G1)] P2

C;Z) = P+ [ﬂ1 (pf + p% + qf + q%) + B2 (p1G2 —PZQ1)]P1:

a® — _% P +pi+ai+a),  d? =pia—pa,

b = —pra — [2B1 (0191« + PaP2c + G1G1x + G202 + B2 (P12 + P1G2x — P2t — P211)] P2
—2[B1 (P} + P} + a7 +3) + B2 (102 — 2D Pox + [B1 (P} + P3 + 0} + 03) + B2 (P12 — p2a)] Py
_ %P1 (Pt + P53+ a7 +a5) — G2(P1G2 — P21,

b5 = —Paoc + [281 (P1P1x + Pabax + G1G1x + 2G2) + B2(P1xd2 + P1G2x — P2t — P2G10)] P
+2[B1 (p? + P2 + @ + B2) + Ba(p1G2 — p2g1) | pix + [B1 (P2 + P3 + @ + G2) + Ba(p1d2 — paq1)] P2

1
- Epz (P% +P§ + (ﬁ + q%) + q1(P1G2 — p2g1),

¥ = —Gu — [2B1 (P1P1x + P2Pax + @101k + G202 + B2(P1xG2 + P1G2x — P21 — P21 G2
2
—2[B1 (P} + P53+ @} + G3) + B2(p1G2 — P2G1) | Gax + [B1 (P + P53 + a7 + @3) + B2(P1G2 — p2a1)| " an
1
) (P} + P53+ G} + a3) g1 + P2(P1G2 — P2a1),
C§3) = —Qax + [2B1(P1P1x + P2P2x + G1G1x + G2G2¢) + B2(P1xG2 + P1G2x — P2xG1 — P2G1x)] G

2
+2[B1 (P2 + P2+ @ +G2) + B2(prd2 — P2g1)]| @ix + [B1 (P2 + P2 + @ + @2) + B2(pra2 — p291)] a2
1
=5 (P} + P+ + ) 02— pr(p102 — P20),

a® = —p1Gix + Pix@1 — GaP2 + P22 — 2(p1G2 — P2q1) [B1 (P} + P2 + GF + G3) + B2(p1G2 — P2q1) ]
d® = —P2xP1 + P2P1x — Gxq1 + GixG2 + (P% + P% + ‘ﬁ + q%) [,31 (P% +P§ + qf + q%) + B2(p1g2 —PZQ1)]-

Now, taking
VI = A"w) 4 + A,

o

=AW+ +

o o oo
osho o
;h
o o oo
w
)]

o o

Copyright © 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 680-698
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the zero curvature equations U, — vin 4 [U, V[”]] =0, n > 0give

fox =1, = 21 (P1P1r,, + P2p2t, + G1G1y, + CIzqzrn)
+ B2 (14,92 + P12, — P21, a1 — P2G1y,) s

pr,, = _C$n+1) —szm
P2, = 5"t + pif,
Gy, = b$n+1) _ qun:

92, = bgn—H) + q1fn-

Here, P denotes the polynomial part of P of A, and the modification terms A, aims at guarantee the zero curvature equations can
engender a soliton hierarchy. Thus, we can obtain

fox = 2B1 (P1P11, + P2P2e, + G1G1e, + G2G2:,) + B2 (P11,G2 + P12, — P2:,G1 — P21,
=28 [/m (—C$”+” — pzfn) +p2 (—C§“+” +pi fn) +q (b$”+” — qun) +q (b§”+” +a fn)]
+ B2 [qz (—C§”+” — pzfn) +pi (b§"+” +q fn) —q (—C§"+” +p1 fn) —p (bﬁ"“) — qun>]
= —2p (P1C§n+1) +pach ! — g™V — qzb§”+”) + B2 <Q1C§n+1) +pibyY — gtV —pzb§”+1))
= —21a"V + Bod Y,

SO we can set

f, = —2B1a"tV 4 Bod D, (3.7)
This means that a new soliton hierarchy of AKNS type
P _an—H) + 2ﬁ1pza(n+1) _ ﬁzpzd(n_H)
a1 b; + 2ﬂ1qza(”+‘) _ ﬂzqzd(n+1)
9 J, bgn—H) —2B1g1a" TV + Brgyd™ TtV

has been derived. In fact, we can rewrite the aforementioned soliton hierarchy to more useful form by a matrix operator ®. Next, we
will construct a matrix operator ® that satisfies

Dy Dyp Pi3 Py
Dy Dy D3 Py

Kn = P = @31 P3; P33 B3y Ko,
Dy Pgy Dy3 Dyy
namely,
y 1)

p1 _Ch) —q1
P2 _ _ n _Cz _ n —q2

=K, = O = P 3.8
a1 " bg” pn (3.8)
% |, b{" p2

Firstly, for (3.5), we have

G0 = D o p, 0D g 0ot g ot
= p (—bﬁ’x’) + ¢1a"™ + pd™ — rbg”’) +p2 (—bgﬁ) + g2a™ — prd™ + rbﬁ"’)

—q (q(ﬁ) + p1a™ — g,d™ + rcg”)) — > (C(ZX”) + p2a® + gid™ — rq("))

= —p1b\” —p,bs? — g1c” = Ggoc” — pyrb” + porbl™ — gyrcd™ + gyrc™
= [g10 — gar — 2B1(P1392 — P20G1 — q13p2 + G20p1)0™ ' p1 — B2(p10G2 — P24

—q10p2 + q20p1)0 " 92 ] (_C1(n) + 2B1p2a™ — ﬂzpzd(n))

+ [G20 + qir — 2B1(p19G2 — P20g1 — G19p2 + G20p1)07 ' P2 + B2(P10G2 — P20g, 2
0102 + @20p1)0 7 @1 (—<” = 2B1p1a® + Boprd®)
+ [=P10 + par — 2B1(p1992 — p29G1 — q19p2 + G20p1)0 ™" g1 + B2(p1092 — p204;
~q1002 + G20p)3 '] (617 + 261020 — fag2d ™)
+ [=Pp20 — pir — 2B1(P19G2 — P20g1 — G10p2 + G20p1)9 ' G2 — B2(p13g2 — p20as
—q10p2 + q20p1)0” ' p1 ] (bﬁ") —2191a™ + Bagn d(n))
Copyright © 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 680-698
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and
4D = gD 4 p b 0D gD pn )

=q (‘bgg) + 0™ —pid™ + rbﬁ")) + p1 (ng) + pa® + gid™ — rcﬁ"))
—q; (—bﬁﬁ) +q1a™ 4 prd™ — rbg”)) -, (cgﬁ) +p1a™ —qd™ + rcg"))
= —qibS) + 1S + @67 — pact? + bl — prrc” + garbl” — parcy”
= [Pza + pir + 21(q19g1 + p19p1 + G20G2 + p20p2)d ™' p1 + B2(q19g1 + p19p
+G209, + p28p2)8_1q2] (—CY’) + 2ﬂ1pza(”) — ﬁzpzd(n))
+ [—p18 + por + 2B1(q10G1 + p190p1 + G20q; + P23P2)3_1P2 — B2(g19g1 + p10q,
+G200; + p20p2)9 " q1] (_an) —2B1p1a™ + 52P1d("))
+ [20 + q1r + 2B1(g10g1 + p19p1 + 92092 + P20p2)d~ ' g1 — B2(q19G1 + p19p
44209, + p29p2)d~ ' p2] (bﬁ") +2p1g20™ — /3261261("))
+ [~a10 + Gar + 2B1(919G1 + p19p1 + 2092 + P20p2)d ™" G2 + B2(91391 + p19p
+G20G2 + p23p2)d ™" p1 ] (bé”) —2p1g1a™ + ﬂzﬁhd(")) .

By means of (3.5) again, we have

(3.10)

—C1(n+1) +2B1p2a" Y — Boprd TV = @y, (—an) +2B1pra™” — ﬂzpzd(n))
+ @13 (—Cén) —2B1p1a™ + /32P1d(n))
+ @3 (bﬁ"’ +2B1g20™ — ﬂzde(n))
+ P1q (bé”) - 2p1g1a™ + ﬂzmd(")) /

with

D11 = 2B1p207"g10 — 21207 gar — 4Bp20" " (P10G2 — P29G1 — G10p2 + G20p1)9 ' Py
—2B1B2p20"" (P19G2 — P29G1 — q10p2 + G20p1)d ™' G2 — Bap20 ' P20 + Bap2d” ' par
—2B1B2p207 " (q13G1 + P10p1 + G20G2 + p20p2)d T p1 + (2B19G2 — 2B1rgy + 1) ' py
— B3p207 (@191 + pr19p1 + 42005 + P20p2)d" a2 + (B20G2 — Barar — p2)3T ' G2,

D1y = 2B1P207 G20 + 2B1p20 " qir — 4B3p207 " (p19G2 — P20g1 — G19p2 + G20p1)0 ' p;

+ 2B1B2p207 " (p10G2 — p20G1 — G102 + G20p1)3 ™" Gy + Bap20” ' P10 — Bap2d ' par
—2B1B2p207 " (913g1 + p10p1 + G20G2 + P20p2)d ' p2 + (2B19G2 — 2B1rgr + 1) ' p2
+ B3p207"(g10q1 + p10p1 + 92092 + P20p2)0~ ' g1 — (B20G2 — Bargr — p2)d” g1,

P13 = 0 — 28120713 + 2B1p20™ par — 4BTP207 (1942 — p20G1 — G19p2 + G20p1)0 ' an
+ 2B1B2p207" (P1092 — P29G1 — G10p2 + G20p1)d ' 1 — B2p20" G20 — Bop2d T qur
—2B1B2p207"(913g1 + p10p1 + G20G2 + p20p2)d~ g1 + (2B10G2 — 2B1rgr + 1) g
+ B3p207(q10q1 + p10p1 + 92002 + p20p2)0~ ' p2 — (B20G2 — Bargr — p2)d” ' pa,

D1g = r—2B1p207 ' P20 + 2B1p20" ' pir — 4B7P207 " (p19G2 — P20g1 — G19p2 + G20p1)0 ' 92
—21B2p207 " (p1992 — P23G1 — G10p2 + G29p1)d” ' P2 + B2p2d 7' q19 — Bap2d” ' Gar
+ 28182p207"(q10q1 + p13p1 + 420G + P29p2)d 9y + (2819G2 — 26111 + 91)9 ' Ga
— B3p2071(g10g1 + p19p1 + G20G2 + p29p2)d " p1 + (B20G2 — Bargr — p2)d ' pr.

Through a similar calculation, we can arrive at

D1 = —241p107 ' q10 — 2B1p10 7" Gar + 4870107 (01092 — P20G1 — G10p2 + G20p1)3 ' Py
+ 2B1B2p197 (P13G2 — P29G1 — G13pa2 + 420p1)d ™' G2 + Bopr19T ' p2d — Baprd” par
+ 281820107 (g10g1 + p19p1 + G209 + P20p2)d ' 1 — (2B19G1 + 2B1rg; — 42)97 ' py
+ B3p107 ' (q10q1 + p19p1 + 92002 + P20p2)0~ ' G2 — (B20G1 + Bargz — p1)d ' G2,

Dy = —2B1p107"'q20 — 21107 qir + 4B1p10~  (p19G2 — P20G1 — G19p2 + G20p1)0 ' P2
—2B1B2p10™ (P19G2 — P29G1 — q10p2 + G20p1)d ™' g1 — Bap1d T P10 + Baprd par
+ 281B2p107(q13q1 + p13p1 + 920G + P29p2) ' P2 — (2B19G1 + 2B11G2 — 92)9 ' ps

— B39 (@101 + 191 + 420G2 + P20p2)d 7 G + (B29G1 + Bardz —p1)IT ' qn,
_______________________________________________________________________________________________________________________________________________|
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Dy3 = —r + 2B1p107 ' P10 — 2B1p107 " par + 4B7p197" (P19G2 — P20G1 — G19p2 + G20p1)0 ' g
—2B1B2p107 " (p19G2 — P29G1 — q10p2 + G20p1)d ™ Py + Bapr10 T G20 + Baprd T qur
+ 2B1B2p1071(q10G1 + p19p1 + G20G2 + P29p2)d~ " g1 — (2B10g1 + 2B11G2 — G2)0 ' g
— B2p1971(10G1 + p10p1 + G20G2 + p20p2)d” ' P2 + (B20G1 + Bargs — p1)d ' pa,

Dos = 0+ 2B1P107 ' P20 4 281107 ' pir 4 4B7p10 7" (p10G2 — P20G1 — G10p2 + G20p1)3 7' G2
+ 2B1B2p107 (p19G2 — P23G1 — G19p2 + G20p1)d ™' p1 — Bap19 T G110 + Bap19T Gar
+ 2B1B2p1071(q10G1 + p19p1 + 2002 + P29p2)d " G2 — (28101 + 2B1rg2 — G2)07 ' g2
+ B3p197 (@101 + p10p1 + G20G2 + P20p2)d " pr — (B20a1 + Barga — p1)d” ' p1,

31 = —0 + 2616207 'G10 — 219207 gar — 4B3G207 " (P1092 — P29G1 — G10p2 + G20p1)9 ' py
—2B1B2G207" (p1092 — P20g1 — G102 + G20P1)0” G2 — B2G207 ' P20 + B2g20 ' par
—2B1B29207"(q10G1 + p19p1 + G20G2 + p23p2)d " p1 — (2B19p2 — 2B1rpr + p1)d ' pa
— 30207 (q19G1 + p13p1 + G202 + p20p2)d " G2 — (B20p2 — Barpr + 42)97 ' g2,

B33 = —1 + 2610207920 + 216207 11 — 479207 (01092 — P2091 — G10p2 + G20p1)d ' P2
+ 281826207 (p10G2 — P20G1 — G10p2 + G20p1) ™' g1 + B2G207 " P10 — 2G20™ " par
—2B1B29207"(q10G1 + p19p1 + G20G2 + p20p2)d " p2 — (2B19p2 — 2B1rpr + p1)d ' pa
+ B3G207"(q10qg1 + p10p1 + 92092 + p20p2)0~ "1 + (B20p2 — Barpr + G2)97 g1,

D33 = —2B1G207 P19 + 219207 par — 476207 (p10G2 — P29g1 — G13p2 + G20p1)I ' Gy
+ 281829207 (p1092 — P20G1 — G10p2 + G20p1)9 "2 — B29207" G20 — B2q2d ™ ur
— 21829207 (q19g1 + p10p1 + G20G2 + P20p2)d ™" g1 — (2B10p2 — 2B1rpr + 1) g
+ B2G2071(q10G1 + p10p1 + G20q2 + P20p2)d " Py + (B20p2 — Barpr + G2)3 ' pa,

D34 = —21G207 ' p20 — 21920~ ' pir — 4B7G207 " (p1992 — P23g1 — q19p2 + G20p1)0” ' G2
—2B1B2G207" (p1092 — P20g1 — G10p2 + G20P1)0 "1 + B2G207 10 — B2g20 ' Gor
= 21B29207"(q13g1 + P13p1 + G20G2 + p20p2)d T g2 — (2B10p2 — 2B1rpr + 1) G2
— B39207(q19G1 + p19p1 + G202 + p20p2)d ™' p1 — (B20p2 — Barpr + 42)97 ' p1,

g =r—261G107"q19 + 21107 ' qar + 4B7919 " (p1092 — p20g1 — G10p2 + G20p1)d " py
+2B1B2G107 1 (p19G2 — P23g1 — G19p2 + G20p1)0” ' G2 + P21 P20 — 219 prr
+ 2B1B291071(q1g1 + p19p1 + G20G2 + p23p2)d~ "' p1 + (2B19p1 + 2B1rp2 — p2)d ' Py
+ B3g107"(q10q1 + p19p1 + 42002 + P20p2)d~ ' G2 + (B20p1 + Barp2 + 41)07 ' g2,

Dgy = =0 —2B1G107 ' G20 — 2619107 qur + 487 G197 (p1992 — p29g1 — G10p2 + G20p1)d ' pa
— 2182197 (p19g2 — p20g1 — q19p2 + G20p1)0 g1 — B2g10 7 P19 + B2g19 ™ par
+ 281829107 1(q13q1 + p19p1 + G20G2 + p20p2)d~ ' py + (2B10p1 + 2B1rp2 — p2)d ' p2
— B2q107(q10g1 + p19p1 + G20q2 + p20p2)d g1 — (B20p1 + Barpa + 1) g,

D3 = 261107 P10 — 219107 par + 459107 (1992 — P20g1 — g19p2 + G20p1)9 a5
—2B1B2G107 " (p19G2 — P29G1 — q10p2 + G20p1)0 ™' P2 + B2G10 7 G20 + B2grd T ur
+2B1B21971(q19G1 + p13p1 + G20G2 + P20p2)d ™" g1 + (2B10p1 + 2B11p2 — p2)d ' g
— B2q107(q10g1 + p10p1 + G20q2 + P20p2)d P2 — (B20p1 + Barpa + q1)d ' pa,

Das = 28110720 + 261107 pir + 4B3g107 ' (p19G2 — P29g1 — G19p2 + G20p1)0 ' g2
+ 2B1B2g107 1 (p19G2 — P23g1 — G19p2 + G20p1)0” ' p1 — 2107 ' q10 + P21 Gor
+ 2B18291071(q19g1 + p10p1 + G20G2 + p20p2)d~ 'y + (2B10p1 + 2B1rp2 — P2)0 ' g2
+ B3G107"(g10g1 + p10p1 + G20G2 + p20p2)d” ' p1 + (B20p1 + Parpa + 1) ' pr.

Remark 3
If we let the spectral matrix U be

U= +5s)er +qgies + g2e3 + pres + paes + res
0 —g1 —q2 —A—s
G 0 —r —p
g r 0 —p
A+s pr p2 0

. ______________________________________________________________________________________________________|
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and

r=p1(pF+P3+aq + )+ B2(p192 — P2a1),
s= B3 (p7 + P35+ q} + a3) + Ba(prG2 — p2a1),

following the procedure of constructing the aforementioned soliton hierarchy of AKNS type, we can obtain a generalized soliton
hierarchy of AKNS type.

4. New soliton hierarchy of Wadati-Konno-Ichikawa type

In this section, we will construct new soliton hierarchy of WKI type from the matrix spectral problem (2.1) with the spectral matrix U
being chosen as

U= Ae; + Agiex + Agaes + Apres + Apes
0 —Agqi —Aq2 —A
Agp 0 0 —Apr |~ .1
Aq; 0 0 —Ap; '
A Apr Apy O

This spectral problem is of the same type as the WKI hierarchies associated with sl(2, R) [3], but its underlying loop algebra is different.
Let W be of the form (2.3), we solve the stationary zero curvature equation W, = [U, W], and it becomes

ax = AMp1C1 + p2ca — G1by — G2b2),
dy = A(g1¢c2 + p1b2 — g2¢1 — paby),
bix = —Aci + Agia + Apod
by = —Acy + Aga — Apsd
Cixy = )kb1 — /\p1a + AQ2d
Cox = Aby — Apra — Agqd.
Further setting W be (3.4), the aforementioned system (4.2) gives rise to
a® = py D 4 okt g pltD g plhetn),
49 = gt 4yt — guc ) Y,

k k
b$ +1 _ ng) +p1a(k+” _ qzd(k"'”,

b§k+1) — Cgl;) +pza(k+1) + q1d(k+1),

C$k+1) _ _bgi;) + q1a(k+1) +p2d(k+1)’

YD = B g gt D) _p gkt D), k>0,

and
p1c§°) + pzcgo) - q1b§°) - qzbgo) =0,
0167 + p16y — g>¢i” — p,b{” =0,
bO — p,a® _ g,d®,
by” = poa® +q,d?,
€© — g:a® 4 p,d®,
O — ,0© _ p,d©®.

To determine the sequence of {a(k), d®,p®, W, =1, 2}, we rewrite ai® to the following form:

a® = py kD L p, kD _ g o HD g plktD
= p; (_bgﬁ) + gt 4 pzd(k'H)) 4y (—bgi) + gyt _p1d(k+1))

— (Cgi) 4 pratD _ qzd(k""”) —q (Cx) + ppa®tV 4 q1d(k+1))

k k k k
= —p1b —p,b% — g1 — gy

Copyright © 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 680-698

ceatdde ayy Aq peuseob ale sapie YO ‘98N J0 3| J0J Akeiq 1 UIIUQ AB]IA UO (SUONIPUOD-PUB-SWR)LIY" A3 1M AReiq|BuUO//StL) SUORIPUOD PUe SWid | 8y} 885 *[5202/60/52] Uo Ariqi auluo A8]im ‘epuold Yinos JO AseAIuN Ag TOOK eWW/Z00T OT/10p/wod A8 | Akeiq 1 putjuo//Sany woiy papeojumoq ‘€ ‘2T0Z ‘9LyT660T

G59



S.ZHU ETAL.
I ——

Thus, a)((”” becomes

k k k k
bt = _p plAD) _ popltD g kD o G

=-p [ﬁg + (P1a(k+1)) - (qzd(k+1)) ] —p [ng + (pza(k+1)> n (q1d(k+1)) ]
X X X R
—q [_b?;))( + <Q1G(k+1))x + (pzd(’””))x] A [_bg)k& n (qza(k+1)>x _ (p1d(k+1))x]’
namely,

(P2 +pP3+a + a3+ 1)af T + (pipix + pabac + G1a1c + G220 a* TV

= 2(p1G2 — P2G1)d¥TV + (P1x@2 + P1Gax — Pax@1 — P2qix) AT (4.5)
— picliy — pacir + @ibile, + q2b%.

Similarly, we can obtain

(P + % + @3 + @2 + 1)d4 T+ D11y + Pabox + 01 Gix + G2G2e) d4HD
= 2(p1G2 — P2G1)a* TV + (P1xG2 + P1Gax — P21 — P2qn) a* TV (4.6)
— P1bYy + dacii — a1l + pabi.
Equation (4.5) minus (4.6) yields
V1 — a2 + (b2 +91)° + 1 [\/(P1 —q2)° + (p2+q1)> +1 (G(H_” - d(k—H))]x

= (1 + ) (65— ci0) + @ —p2) (b + ).

so we have
| [+ a0 (6% =) + @ —po) (b8 + <52)

gkt — gt
V1 —a2)2 + (p2 +q1)? + 1 V1 —q2)? + (p2 +q1)* + 1

Substituting this equation into (4.6), we arrive at

dk+D ! 51 2/P192 — P24
V1 — 322 + (p2 + g1)2 +1 V1 —a2)? + (p2 +q1)2 + 1
k k k k
%9 /P1G2 — P2Ga 51 (p1 + d2) (ng’)( B C1(X))() +@—p) (b$X3( + C;X’)() 4.7)
V1 =322 + (p2 + g1)2 +1 V1 — a2+ (p2 +q1)2 + 1
—p1bYe + 4aCiia — q1Com + Pabi

V1 —a2)* + (p2 +q1)2 + 1

Thus, a**" has the following form:

gkt — ! P 2/P1G2 — PG
Vi =)+ (p2 +91)2 +1 V1 =a2)? + (p2 +q1)2 +1
K K K K
/p1q2 = P21 3_1 (p1 + qZ) (bgm)( - Cﬁ)o)() + (q1 _p2) (bs)o)( + Céx){) (4 8)
X .
V1 — a2+ (p2 +q1)2 + 1 V1 =g+ (p2 +q1)2 +1

k k k k
7p1C$X))< — pzch,)( + i b#)o)( + qzbéx}(

\/(P1—Q2)2+(P2+Q1)2+1

s0 one can obtain the sequence of {a“‘),d(k), b®, 0, =1, 2} by Eqgs (4.3), (4.7), (4.8) and a set of given initial values

a® — g _ ! ,
\/(P1 — @)+ (P2 +q1)? +1
p@ — O _ P1—q2
1 =60 = '
V1 —a2)? + (p2 + q1)> + 1
PO — O _ q +p2
=6 = .
V(p1 —32)? + (p2 + q1)> + 1
Copyright © 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 680-698
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1

d® = (P1xP2 — P1xG1 — P2G2x — G1G2x — P2xP1 + P2xG2 — GixP1 + G1xG2) ,
[(p1 —g2)2+ (P2 +q1)% + 1]3/2
a = g 4 ! ,
V1 —a)? + (p2 + q1)2 + 1
1
by = (P2« + @i + P} — 2p1G2 + P13 + P1P3 + 2P1PaG1 + P1a3 + P1),
[(p1 —g2)2+ (P2 + q1)*> + 1]3/2
1
b = (Pix — Gox — PP2 + 2P1P2G2 — P2G3 — P35 — 2P3d1 — P2’ — P2)
[(P1 — G2)2 + (p2 + q1)% + 112
1
(1) 2 2 2 2 3
G = (P1x — G2x — PI@1 + 2P1G192 — 9195 — P5G1 — 2P2G7 — G3 — G1)
[(p1 —g2)2+ (P2 +q1)*> + 1]3/2
1
gV = 5 (P2 + Gux — PGz + 2013 — 43 — P3G2 — 220102 — 4302 — @2) -

[(p1 —g2)? + (p2 + q1)* + 1]

To guarantee the uniqueness of {a("), d®, b,.(k), c,.(k), i= 1,2}, we also need to impose the integration conditions
a®lymo = d®)ymo = 6% )mg = Plumo =0,  i=1,2, k=2

Therefore, we can determine the sequence by means of Maple and prove the localness of the functions {a(k), d®, b,(k), cfk), i=1, 2}.
However, we omit these tedious expressions for the sake of simplification.
Now, taking

Vil = 2("W) 4 + A,

0 A6 A6 0
- 0 0 —ac?
b 0 0 —ad

0 A adm o

= 20" W)4 +

’

the zero curvature equations U;, — V,E"] + [U, V["]] = 0, n > 0 engender a new soliton hierarchy of WKI type

(n)

p1 C})o)(
n
c
Zj =k=| 2 | n=z0 4.9)
“Hxx
(n)
92 tn _b2;x

5. Conclusions and discussions

There are many soliton hierarchies obtained by means of matrix spectral problems based on the real Lie algebras such as sl(2, R) and
so(3,R) [1-19,23-26, 28,30, 32-38]. In this paper, we have introduced some new 4 x 4 matrix spectral problems based on so(4, R) and
new soliton hierarchies of KN type AKNS type and WKI type which have been derived. In addition, we use Maple to deal with some
complex symbolic computation.

Different from semisimple Lie algebras, there is a growing interest in soliton hierarchies generated from matrix spectral problems
associated with non-semisimple Lie algebras. Recently, various bi-integrable couplings and tri-integrable couplings from certain soliton
hierarchies bring us ideas to construct and classify integrable systems [20-22, 29, 32]. In a subsequent study, we will consider these
issues including the construction of n-coupled integrable coupling systems based on non-semisimple Lie algebras, the classification
problem of multi-component soliton hierarchies and the guarantee conditions of variational identity for non-semisimple Lie algebras.
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