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1. Introduction

It is significantly important in mathematical physics to search for exact solutions to nonlinear differential equations. Ex-
act solutions play a vital role in understanding various qualitative and quantitative features of nonlinear phenomena. There
are diverse classes of interesting exact solutions, such as traveling wave solutions and soliton solutions, but it often needs
specific mathematical techniques to construct exact solutions due to the nonlinearity present in dynamics [1,2]. Typical inte-
grable equations, such as the KdV equation, the Boussinesq equation and the KP equation, possess multi-soliton solutions,
generated from combinations of multiple exponential waves on the basis of their Hirota bilinear forms [3]. Various equations
of mathematical physics can be written as Hirota bilinear forms through dependent variable transformations [3,4]. Wrons-
kian solutions, including solitons, positons and complexitons [5–8], and quasi-periodic solutions [9–11] can be presented
systematically based on Hirota bilinear forms. Recently, Hirota bilinear operators are generalized and their applications
are presented in [12].

Besides soliton solutions, another class of interesting multiple exponential wave solutions is linear combinations of expo-
nential waves, which implies the existence of linear subspaces of solutions. Hirota bilinear equations which possess linear
subspaces of exponential traveling wave solutions are discussed and it is shown that a kind of nonlinear equations can pos-
sess such a linear superposition principle under some conditions [13,14].

In this paper, we would like to explore when Hirota bilinear equations possess linear subspaces of hyperbolic and trig-
onometric function solutions, aiming to construct a specific sub-class of N-soliton solutions formulated by linear combina-
tions of hyperbolic and trigonometric functions.

Based on the Hirota bilinear formulation, we will present sufficient and necessary conditions, with an algorithm, to guar-
antee the applicability of the linear superposition principles to hyperbolic and trigonometric function solutions. A few illus-
trative examples will be computed.
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2. Linear superposition principles

We begin with a Hirota bilinear equation
PðDx1 ;Dx2 ; . . . ;DxM Þf � f ¼ 0; ð2:1Þ
where P is a polynomial in the indicated variables, satisfying
Pð0;0; . . . ;0Þ ¼ 0; ð2:2Þ
and Dxi
; 1 6 i 6 M; are Hirota’s differential operators defined by
Dp
yf ðyÞgðyÞ ¼ @y � @y0

� �pf ðyÞgðy0Þjy0¼y ¼ @
p
y0 f ðyþ y0Þgðy� y0Þjy0¼0; p P 1:
Note that a term of odd degree in P produces zero in the resulting Hirota bilinear equation, and so we assume that P is an
even polynomial, i.e.,
Pð�x1;�x2; . . . ;�xMÞ ¼ Pðx1; x2; . . . ; xMÞ: ð2:3Þ
Let us now introduce N wave variables:
gi ¼ ki � x ¼ k1;ix1 þ k2;ix2 þ � � � kM;ixM; 1 6 i 6 N;
and N exponential wave functions
fi ¼ egi ¼ eki �x ¼ ek1;ix1þk2;ix2þ���kM;ixM ; 1 6 i 6 N;
where the kj,i’s are real constants to construct a wave related vector ki and x denotes the dependent variable vector,
namely
ki ¼ ðk1;i; k2;i; . . . ; kM;iÞ; x ¼ ðx1; x2; . . . ; xMÞ; 1 6 i 6 N; 1 6 j 6 M:
Now consider a linear combination:
f ¼ e1f1 þ e2f2 þ � � � eNfN ¼
XN

i¼1

eifi ¼
XN

i¼1

eiegi ;
where ei; 1 6 i 6 N; are arbitrary constants. It is known from [14] that any linear combination f of the N exponential wave
solves the Hirota bilinear equation (2.1) if and only if the following condition
Pðki � kjÞ ¼ Pðk1;i � k1;j; . . . ; kM;i � kM;jÞ ¼ 0; 1 6 i < j 6 N
is satisfied.
2.1. Linear superposition principle of hyperbolic function solutions

Now, suppose fi ¼ chgi ¼ 1
2 egi þ e�gið Þ; 1 6 i 6 N; be hyperbolic function solutions to (2.1). Based on [14], we expect to

have
Pð2kiÞ ¼ Pð2k1;i;2k2;i; . . . ;2kM;iÞ ¼ 0: ð2:4Þ
Set
f ¼ e1f1 þ e2f2 þ � � � eNfN ¼
XN

i¼1

eichgi ¼
XN

i¼1

ei
1
2

egi þ e�gið Þ; ð2:5Þ
being a general linear combination of hyperbolic function solutions. Naturally, we would like to ask if it will still present a
solution to the Hirota bilinear Eq. (2.1) as each fi does.

The answer is affirmative. We will show that a linear superposition principle of those hyperbolic function solutions will
apply to Hirota bilinear equations, under some additional conditions on the hyperbolic function solutions and possibly on
the polynomial P as well.

Observing that we have a bilinear identity [3]:
PðDx1 ;Dx2 ; . . . ;DxM Þegi � egj ¼ Pðki � kjÞegiþgj ¼ P k1;i � k1;j; . . . ; kM;i � kM;j
� �

egiþgj : ð2:6Þ
Following (2.6), we can compute that
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P Dx1 ;Dx2 ; . . . ;DxM

� �
f � f ¼ P Dx1 ;Dx2 ; . . . ;DxM

� �XN

i¼1

eichgi �
XN

j¼1

eichgj ¼
XN

i;j¼1

eiejPðDx1 ;Dx2 ; . . . ;DxM Þchgi � chgj

¼
XN

i;j¼1

eiejPðDx1 ;Dx2 ; . . . ;DxM Þ
1
2

egi þ e�gið Þ � 1
2

egj þ e�gjð Þ

¼ 1
4

XN

i;j¼1

eiejPðDx1 ;Dx2 ; � � � ;DxM Þðegi � egj þ egi � e�gj þ e�gi � egj þ e�gi � e�gj Þ

¼ 1
4

XN

16i<j6N

eiej Pðki � kjÞegiþgj þ Pðki þ kjÞegi�gj þ Pð�ki � kjÞe�giþgj þ Pð�ki þ kjÞe�gi�gj
� �

þ 1
4

XN

16i>j6N

eiej Pðki � kjÞegiþgj þ Pðki þ kjÞegi�gj þ Pð�ki � kjÞe�giþgj þ Pð�ki þ kjÞe�gi�gj
� �

þ 1
4

XN

16i¼j6N

eiej Pðki � kjÞegiþgj þ Pðki þ kjÞegi�gj þ Pð�ki � kjÞe�giþgj þ Pð�ki þ kjÞe�gi�gj
� �

:

From (2.2) and (2.3) we know that
PðDx1 ;Dx2 ; . . . ;DxM Þf � f ¼
1
4

XN

16i<j6N

eiej 2Pðki � kjÞegiþgj þ 2Pðki þ kjÞegi�gj þ 2Pðki þ kjÞe�giþgj þ 2Pðki � kjÞe�gi�gj
� �

þ 1
4

XN

16i6N

e2
i Pðki � kiÞegiþgi þ Pðki þ kiÞegi�gi þ Pð�ki � kiÞe�giþgi þ Pð�ki þ kiÞe�gi�gi½ �

¼ 1
2

XN

16i<j6N

eiej Pðki � kjÞðegiþgj þ e�gi�gj Þ þ Pðki þ kjÞðegi�gj þ e�giþgj Þ
� �

þ 1
2

XN

16i6N

e2
i Pð2kiÞ: ð2:7Þ
It now follows directly from (2.7) and (2.4) that a linear combination function f of the N hyperbolic function solutions
fi ¼ chgi ¼ 1

2 egi þ e�gið Þ; 1 6 i 6 N; solves the Hirota bilinear Eq. (2.1) if and only if the following conditions
Pðki � kjÞ ¼ Pðk1;i � k1;j; . . . ; kM;i � kM;jÞ ¼ 0; 1 6 i 6 j 6 N; ð2:8Þ

Pðki þ kjÞ ¼ Pðk1;i þ k1;j; . . . ; kM;i þ kM;jÞ ¼ 0; 1 6 i 6 j 6 N; ð2:9Þ
are satisfied.
We conclude the above analysis in the following theorem.

Theorem 1 (Linear superposition principle of hyperbolic function solutions). Let P(x1,x2, . . . , xM) be an even polynomial satisfying
P(0,0, . . . , 0) = 0, and the N wave variables defined by gi ¼ ki � x ¼ k1;ix1 þ k2;ix2 þ � � � kM;ixM; 1 6 i 6 N; where kj,i’s are real
constants. Then any linear combination of the hyperbolic function solutions fi ¼ chgi ¼ 1

2 egi þ e�gið Þ; 1 6 i 6 N; solves the Hirota
bilinear Eq. (2.1) if and only if the system
Pðki � kjÞ ¼ 0; 1 6 i 6 j 6 N; ð2:10Þ
defined by conditions (2.8) and (2.9), is satisfied.
Theorem 1 shows a linear superposition principle of hyperbolic function solutions that applies to Hirota bilinear equa-

tions, and paves a way of constructing N-wave solutions from linear combinations of hyperbolic function solutions to Hirota
bilinear equations. The system (2.10) is a key condition we need to handle. Once we get a solution of the wave related num-
bers kj,i’s by solving the system, we can present an N-wave solution, formed by (2.5), to the considered bilinear equation.

2.2. Linear superposition principle of trigonometric function solutions

Now suppose fi ¼ cosgi ¼ 1
2 eIgi þ e�Igi
� �

; 1 6 i 6 N; where gi ¼ ki � x; 1 6 i 6 N; I ¼
ffiffiffiffiffiffiffi
�1
p

, be trigonometric function solu-
tion to (2.1). Based on [14], we expect to have
Pð2IkiÞ ¼ Pð2Ik1;i;2Ik2;i; . . . ;2IkM;iÞ ¼ 0: ð2:11Þ
Set
f ¼ e1f1 þ e2f2 þ � � � eNfN ¼
XN

i¼1

ei cos gi ¼
XN

i¼1

ei
1
2

eIgi þ e�Igi
� �

ð2:12Þ
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being a general linear combination of trigonometric function solutions. Similarly, we would like to ask if it will still present a
solution to the Hirota bilinear Eq. (2.1) as each fi does. The answer is still affirmative. Similarly, combining with (2.11) we
know that a linear combination function f of the N trigonometric function solutions fi ¼ cosgi ¼ 1

2 eIgi þ e�Igi
� �

; 1 6 i 6 N;
solves the Hirota bilinear Eq. (2.1) if and only if the following conditions
PðIki � IkjÞ ¼ PðIk1;i � Ik1;j; . . . ; IkM;i � IkM;jÞ ¼ 0; 1 6 i 6 j 6 N; ð2:13Þ

PðIki þ IkjÞ ¼ PðIk1;i þ Ik1;j; . . . ; IkM;i þ IkM;jÞ ¼ 0; 1 6 i 6 j 6 N ð2:14Þ
are satisfied. We conclude the results in the following theorem.

Theorem 2 (Linear superposition principle of trigonometric function solutions). Let P(x1,x2, . . . , xM) be an even polynomial
satisfying P(0,0,0,0) = 0, and the N wave variables defined by gi ¼ ki � x ¼ k1;ix1 þ k2;ix2 þ � � � kM;ixM; 1 6 i 6 N; where kj,i’s are
real constants. Then any linear combination of the trigonometric function solutions
fi ¼ cosgi ¼ 1

2 eIgi þ e�Igi
� �

; 1 6 i 6 N; I ¼
ffiffiffiffiffiffiffi
�1
p

; solves the Hirota bilinear Eq. (2.1) if and only if the system
PðIki � IkjÞ ¼ 0; 1 6 i 6 j 6 N; ð2:15Þ
defined by conditions (2.13) and (2.14), is satisfied.

Similarly, Theorem 2 shows a linear superposition principle of trigonometric function solutions that applies to Hirota
bilinear equations, and paves a way of constructing N-wave solutions from linear combinations of trigonometric function
solutions to Hirota bilinear equations. The system (2.15) is a key condition we need to handle. Once we get a solution of
the wave related numbers kj,i’s by solving the system, we can present an N-wave solution, formed by (2.12), to the considered
bilinear equation.

Below we show two concrete examples to shed light on the usage of the linear superposition principles, Theorems 1 and
2, in constructing N-wave solutions.

The first example is the following even polynomial:
Pðx; y; tÞ ¼ x2 � 3yt þ t2;
in 2 + 1 dimensions with
gi ¼ ki � x ¼ kixþ liyþxit; 1 6 i 6 N:
The corresponding Hirota bilinear equation is
D2
x � 3DyDt þ D2

t

� �
f � f ¼ 0;
which is equivalent to
ðfxx � 3f yt þ fttÞf � f 2
x þ 3f yft � f 2

t ¼ 0: ð2:16Þ
By inspection, a solution to the corresponding system (2.10) or (2.15) is
li ¼ aki; xi ¼ bki; 1 6 i 6 N;
where 1 � 3ab + b2 = 0. Therefore by the linear superposition principles in Theorems 1 and 2, the Hirota bilinear Eq. (2.16)
corresponding to the polynomial P(x,y,z, t) = x2 � 3yt + t2 has the following N-wave solution
f ¼
XN

i¼1

eichgi ¼
XN

i¼1

eichðkixþ akiyþ bkitÞ
and
f ¼
XN

i¼1

eicosgi ¼
XN

i¼1

eicosðkixþ akiyþ bkitÞ;
where a, b satisfy 1 � 3ab + b2 = 0, and the ei’s and ki’s are arbitrary constants.
The second example is the following even polynomial:
Pðx; y; z; tÞ ¼ �x4 þ 2xzþ y4 þ yt;
in 3 + 1 dimensions with
gi ¼ ki � x ¼ kixþ liyþmizþxit; 1 6 i 6 N:
The corresponding Hirota bilinear equation is
�D4
x þ 2DxDz þ D4

y þ DyDt

� �
f � f ¼ 0;
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which is equivalent to
ð�fxxxx þ 2f xz þ fyt þ fyyyyÞf � 2f xfz þ 4f xxxfx � 3f 2
xx þ 3f 2

yy � fyft � 4f yyyfy ¼ 0: ð2:17Þ
By inspection, a solution to the corresponding system (2.10) or (2.15) is
li ¼ ki; mi ¼ ak3
i ; xi ¼ �2ak3

i ; 1 6 i 6 N;
where a is an arbitrary constant. Therefore by the linear superposition principles in Theorems 1 and 2, the Hirota bilinear Eq.
(2.17) corresponding to the polynomial P(x,y,z, t) = �x4 + 2xz + y4 + yt has the following N-wave solution
f ¼
XN

i¼1

eichgi ¼
XN

i¼1

eich kixþ kiyþ ak3
i z� 2ak3

i t
� �

;

or
f ¼
XN

i¼1

eicosgi ¼
XN

i¼1

eicos kixþ kiyþ ak3
i z� 2ak3

i t
� �

;

where a, and the ei’s and ki’s are arbitrary constants.

3. Applications

We would like to propose an opposite procedure for conversely constructing Hirota bilinear equations that possess N-
wave solutions formulated by linear combinations of hyperbolic or trigonometric functions. This is an opposite question
on applying the linear superposition principles in Theorems 1 and 2. The problem can be reduced to how to construct an
even multivariate polynomial P(x1,x2, . . . ,xM) satisfying the system (2.10) or (2.15). Based on the idea in [12–14], an algo-
rithm using the concept of weights can be given to find a proper polynomialP(x1,x2, . . . ,xM).

Step 1. Define the weights of independent variables:
ðwðx1Þ;wðx2Þ; . . . ;wðxMÞÞ ¼ ðn1;n2; . . . ; nMÞ;
where each weight wðxiÞ ¼ ni; 1 6 i 6 N; is an integer, and then form an even homogeneous polynomial P(x1,x2, . . . ,xM) in
some weight to check if it will satisfy the system (2.10) or (2.15). A nice idea to start our checking is to assume that the wave
variables gi’s involve arbitrary constants.
Step 2. Parameterize the vector ki = (k1,i,k2,i, . . . ,kM,i) by
kj;i ¼ bjk
ni
i ; 1 6 i 6 N; 1 6 j 6 M;
where ki are parameters and bj’s are constants to be determined to balance the system (2.10) or (2.15).
Step 3. Plug the parameterized results into the system (2.10) or (2.15) and collect terms by powers of the parameters ki’s.
Setting the coefficient of each power to zero to obtain algebraic equations on the constants bj’s and the coefficients of the
polynomial P(x1,x2, . . . ,xM).
Step 4. Solve the resulting algebraic equations to determine the polynomial P(x1,x2, . . . ,xM) and the parameterization.

The resulting parameterization tells that the obtained Hirota bilinear equation corresponding to the polynomial P(x1,x2, -
. . . ,xM) possesses the linear subspace of hyperbolic function solutions defined by
f ¼
XN

i¼1

eichgi ¼
XN

i¼1

ei chðb1kn1
i x1 þ b2kn2

i x2 þ � � � þ bMknM
i xMÞ; N P 1;
or the linear subspace of trigonometric function solutions defined by
f ¼
XN

i¼1

eicosgi ¼
XN

i¼1

eicos b1kn1
i x1 þ b2kn2

i x2 þ � � � þ bMknM
i xM

� �
; N P 1:
We show some examples which apply this algorithm using weights as follows.
First we show a few examples with even polynomial being homogeneous in weight 2.

Example 1. Weights (w(x),w(y),w(z),w(t)) = (1,2,2,1):
Let us introduce the weights of independent variables:
ðwðxÞ;wðyÞ;wðzÞ;wðtÞÞ ¼ ð1;2;2;1Þ:
Then a general even polynomial being homogeneous in weight 2 reads:
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Pðx; tÞ ¼ c1x2 þ c2xt þ c3t2:
Assume that the 1 + 1 dimensional wave variables are
gi ¼ kixþ b3kit; 1 6 i P N;
where ki; 1 6 i P N; are arbitrary constants, but b3 are constants to be determined.
This way, a direct computation tells that the corresponding Hirota bilinear equation P(Dx,Dt)f � f = 0 possesses the linear

subspace of N-wave solutions defined by
f ¼
XN

i¼1

eichgi ¼
XN

i¼1

eichðkixþ b3kitÞ;
or
f ¼
XN

i¼1

eicosgi ¼
XN

i¼1

eicosðkixþ b3kitÞ;
where the ei’s and ki’s are arbitrary, but b3 satisfy
c1 þ c2b3 þ c3b2
3 ¼ 0:
Example 2. Weights (w(x),w(y),w(z),w(t)) = (1,1,2,1):
Let us introduce the weights of independent variables:
ðwðxÞ;wðyÞ;wðzÞ;wðtÞÞ ¼ ð1;1;2;1Þ:
Then a general even polynomial being homogeneous in weight 2 reads:
Pðx; y; tÞ ¼ c1x2 þ c2xyþ c3xt þ c4y2 þ c5yt þ c6t2:
A special case of which is the polynomial shown in Section 2. Assume that the 2 + 1 dimensional wave variables are
gi ¼ kixþ b1kiyþ b3kit; 1 6 i P N;
where ki; 1 6 i P N; are arbitrary constants, but b1 and b3 are constants to be determined.
This way, a direct computation tells that the corresponding Hirota bilinear equation P(Dx,Dy,Dt)f � f = 0 possesses the lin-

ear subspace of N-wave solutions defined by
f ¼
XN

i¼1

eichgi ¼
XN

i¼1

eichðkixþ b1kiyþ b3kitÞ;
or
f ¼
XN

i¼1

eicosgi ¼
XN

i¼1

eicosðkixþ b1kiyþ b3kitÞ;
where the ei’s and ki’s are arbitrary, but b1 and b3 satisfy
c1 þ c2b1 þ c3b3 þ c4b2
1 þ c5b1b3 þ c6b2

3 ¼ 0:
Example 3. Weights (w(x),w(y),w(z),w(t)) = (1,1,1,1):
Let us introduce the weights of independent variables:
ðwðxÞ;wðyÞ;wðzÞ;wðtÞÞ ¼ ð1;1;1;1Þ:
Then a general even polynomial being homogeneous in weight 2 reads:
Pðx; y; z; tÞ ¼ c1x2 þ c2xyþ c3xzþ c4xt þ c5y2 þ c6yzþ c7yt þ c8z2 þ c9zt þ c10t2:
Assume that the 3 + 1 dimensional wave variables are
gi ¼ kixþ b1kiyþ b2kizþ b3kit; 1 6 i P N;
where ki; 1 6 i P N; are arbitrary constants, but b1, b2 and b3 are constants to be determined.
This way, a direct computation tells that the corresponding Hirota bilinear equation P(Dx,Dy,Dz,Dt)f � f = 0 possesses the

linear subspace of N-wave solutions defined by
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f ¼
XN

i¼1

eichgi ¼
XN

i¼1

eichðkixþ b1kiyþ b2kizþ b3kitÞ;
or
f ¼
XN

i¼1

eicosgi ¼
XN

i¼1

eicosðkixþ b1kiyþ b2kizþ b3kitÞ;
where the ei’s and ki’s are arbitrary, but b1, b2 and b3 satisfy
c1 þ c2b1 þ c3b2 þ c4b3 þ c5b2
1 þ c6b1b2 þ c7b1b3 þ c8b2

2 þ c9b2b3 þ c10b2
3 ¼ 0:
Then we show a few examples with even polynomial being homogeneous in weight 4.

Example 4. Weights (w(x),w(y),w(z),w(t)) = (1,1,3,3):
Let us introduce the weights of independent variables:
ðwðxÞ;wðyÞ;wðzÞ;wðtÞÞ ¼ ð1;1;3;3Þ:
Then a general even polynomial being homogeneous in weight 4 reads:
Pðx; y; z; tÞ ¼ c1x4 þ c2x3yþ c3x2y2 þ c4xy3 þ c5xzþ c6xt þ c7y4 þ c8yzþ c9yt:
A special case of which is the polynomial shown in Section 2. Assume that the 3 + 1 dimensional wave variables are
gi ¼ kixþ b1kiyþ b2k3
i zþ b3k3

i t; 1 6 i P N;
where ki; 1 6 i P N; are arbitrary constants, but b1, b2 and b3 are constants to be determined.
This way, a direct computation tells that the corresponding Hirota bilinear equation P(Dx,Dy,Dz,Dt)f � f = 0 possesses the

linear subspace of N-wave solutions defined by
f ¼
XN

i¼1

eichgi ¼
XN

i¼1

eich kixþ b1kiyþ b2k3
i zþ b3k3

i t
� �

;

or
f ¼
XN

i¼1

eicosgi ¼
XN

i¼1

eicos kixþ b1kiyþ b2k3
i zþ b3k3

i t
� �

;

where the ei’s and ki’s are arbitrary, but b1, b2 and b3 satisfy
c1 þ c2b1 þ c3b2
1 þ c4b3

1 þ c7b4
1 ¼ 0;

c5b2 þ c6b3 þ c8b1b2 þ c9b1b3 ¼ 0:

(

Example 5. Weights (w(x),w(y),w(z),w(t)) = (1,1,2,3):
Let us introduce the weights of independent variables:
ðwðxÞ;wðyÞ;wðzÞ;wðtÞÞ ¼ ð1;1;2;3Þ:
Then a general even polynomial being homogeneous in weight 4 reads:
Pðx; y; z; tÞ ¼ c1x4 þ c2x3yþ c3x2y2 þ c4xy3 þ c5xt þ c6y4 þ c7yt þ c8z2:
Assume that the 3 + 1 dimensional wave variables are
gi ¼ kixþ b1kiyþ b2k2
i zþ b3k3

i t; 1 6 i P N;
where ki; 1 6 i P N; are arbitrary constants, but b1, b2 and b3 are constants to be determined.
This way, a direct computation tells that we must have c8 = 0 to keep the non-triviality b1b2b3 – 0, and b1, b2 and b3 need

to satisfy
c1 þ c2b1 þ c3b2
1 þ c4b3

1 þ c6b4
1 ¼ 0;

c5b3 þ c7b1b3 ¼ 0:

(
ð2:18Þ
It follows now that the corresponding 2 + 1 dimensional Hirota bilinear equation reads
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c1D4
x þ c2D3

x Dy þ c3D2
x D2

y þ c4DxD3
y þ c5DxDt þ c6D4

y þ c7DyDt

� �
f � f ¼ 0
and it possesses an N-wave solution in 3 + 1 dimensions defined by
f ¼
XN

i¼1

eichgi ¼
XN

i¼1

eich kixþ b1kiyþ b2k2
i zþ b3k3

i t
� �

;

or
f ¼
XN

i¼1

eicosgi ¼
XN

i¼1

eicos kixþ b1kiyþ b2k2
i zþ b3k3

i t
� �

;

where b2, the ei’s and ki’s are arbitrary, but b1 and b3 satisfy (2.18).

Example 6. Weights (w(x),w(y),w(z),w(t)) = (1,2,2,3):
Let us introduce the weights of independent variables:
ðwðxÞ;wðyÞ;wðzÞ;wðtÞÞ ¼ ð1;2;2;3Þ:
Then a general even polynomial being homogeneous in weight 4 reads:
Pðx; y; z; tÞ ¼ c1x4 þ c2xt þ c3y2 þ c4yzþ c5z2:
Assume that the 3 + 1 dimensional wave variables are
gi ¼ kixþ b1k2
i yþ b2k2

i zþ b3k3
i t; 1 6 i P N;
where ki; 1 6 i P N; are arbitrary constants, but b1, b2 and b3 are constants to be determined.
This way, a direct computation tells that we must have c1 = c2 = 0 to keep the non-triviality b1b2b3 – 0, and b1, b2 and b3

need to satisfy
c3b2
1 þ c4b1b2 þ c5b2

2 ¼ 0:
It follows now that the corresponding 1 + 1 dimensional Hirota bilinear equation reads
c3D2
y þ c4DyDz þ c5D2

z

� �
f � f ¼ 0
and it possesses an N-wave solution in 3 + 1 dimensions defined by
f ¼
XN

i¼1

eichgi ¼
XN

i¼1

eich kixþ b1k2
i yþ b2k2

i zþ b3k3
i t

� �
;

or
f ¼
XN

i¼1

eicosgi ¼
XN

i¼1

eicos kixþ b1k2
i yþ b2k2

i zþ b3k3
i t

� �
;

where b3, the ei’s and ki’s are arbitrary, but b1 and b2 satisfy c3b2
1 þ c4b1b2 þ c5b2

2 ¼ 0.

Example 7. Weights ðwðxÞ;wðyÞ;wðzÞ;wðtÞÞ ¼ ð1;2;3;3Þ :

Let us introduce the weights of independent variables:
ðwðxÞ;wðyÞ;wðzÞ;wðtÞÞ ¼ ð1;2;3;3Þ:
Then a general even polynomial being homogeneous in weight 4 reads:
Pðx; y; z; tÞ ¼ c1x4 þ c2xzþ c3xt þ c4y2:
Assume that the 3 + 1 dimensional wave variables are
gi ¼ kixþ b1k2
i yþ b2k3

i zþ b3k3
i t; 1 6 i P N;
where ki; 1 6 i P N; are arbitrary constants, but b1, b2 and b3 are constants to be determined.
This way, a direct computation tells that we must have c1 = c4 = 0 to keep the non-triviality b1b2b3 – 0, and b1, b2 and b3

need to satisfy
c2b2 þ c3b3 ¼ 0:
It follows now that the corresponding 2 + 1 dimensional Hirota bilinear equation reads
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ðc2DxDz þ c3DxDtÞf � f ¼ 0
and it possesses an N-wave solution in 3 + 1 dimensions defined by
f ¼
XN

i¼1

eichgi ¼
XN

i¼1

eich kixþ b1k2
i yþ b2k3

i zþ b3k3
i t

� �
;

or
f ¼
XN

i¼1

eicosgi ¼
XN

i¼1

eicos kixþ b1k2
i yþ b2k3

i zþ b3k3
i t

� �
;

where b1, the ei’s and ki’s are arbitrary, but b2 and b3 satisfy c2b2 + c3b3 = 0.

4. Conclusions

In this paper, we analyzed when Hirota bilinear equations possess the linear superposition principle of hyperbolic or trig-
onometric function solutions and discussed how to construct multivariable polynomials which generate such Hirota bilinear
equations. An algorithm using weights and a few illustrative examples are given.

Future research questions [12–14] include how to achieve other parameterizations of wave numbers and frequencies by
using several parameters and how to create multivariate polynomials whose Hirota bilinear equations possess the linear
subspaces of other specific solutions, for example, mixed type function solutions like complexiton solutions [5].
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