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Abstract We construct Darboux transformations for bi-integrable couplings of soli-
ton equations. Then we apply the resulting theory to a kind of bi-integrable couplings
of the AKNS systems. Particularly, we present exact one-soliton-like solutions for
the bi-integrable couplings of the nonlinear Schrodinger equations.
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1 Introduction

Integrable systems usually possess linear representations, e.g., Lax representations
associated with matrix loop algebras. Simple matrix loop algebras generate inte-
grable systems, and semisimple matrix loop algebras generate separated integrable
systems. Integrable couplings [1, 2] are a kind of integrable systems which are
associated with non-semisimple matrix loop algebras [3]. Particularly, by enlarging
semisimple matrix loop algebras to non-semisimple matrix loop algebras, we obtain
Lax pairs for integrable couplings. This is based on a fact that every non-semisimple
Lie algebra possesses a semi-direct sum decomposition of a semisimple Lie algebra
and a solvable Lie algebra [4], i.e., let g denote a non-semisimple Lie algebra.

g=g9g & g, g-semisimple, g. - solvable, (1)

where the subscript ¢ indicates a contribution to the construction of coupling systems.
The notion of semi-direct sum means that the two Lie subalgebras g and g, satisfy
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(9, 9.1 € g, 2)

where [g, g.] = {[A, B]| A € g, B € g.}, with [+, -] denoting the Lie bracket of g.
Obviously, g, is an ideal Lie sub-algebra of g.
An integrable coupling of a given integrable system

u = K (u) 3)

is a triangular integrable system of the following form [1, 5, 6]:

{ut = K@), @

Uy = T(u,uyp).

Let A} and A, be square matrices of the same order. Then the 2 x 2 block matrices

(&)

Mi(A, Ay) = [Al AZ]

0 A

define an enlarged Lie algebra g with the following semidirect sum decomposition:

g=g€g., g9={M(A,0}, gc={M(Q0, A}, (6)

which can be used to generate integrable couplings. Moreover, the variational identity
is applied to construct the Hamiltonian structures of integrable couplings [5, 7].

A bi-integrable coupling [8] of a given integrable system (3) is an enlarged trian-
gular integrable system of the following form:

u, = K(u),
ur; = Ti(u,uy), @)
ur; = To(u, uy, uy).

Similarly, let Aj, A, and A3 be square matrices of the same order. Then the 3 x 3
block matrices of the following type:

Ay Ay Aj
My(Ay, A2, A3)=| 0 A Ay |, (®)
0 0 A
define an enlarged Lie algebra g = g € g, with

g ={M:(A1,0,0)}, g ={M2(0, Az, A3)}, €))

which can be used to generate bi-integrable couplings.
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Furthermore, a tri-integrable coupling [6, 9] is of the form:

ut = K(“)v
uy,; = Ti(u, uy), (10)
ur; = To(u, uy, uz),
us; = To(u, uy, us, uz).
The 4 x 4 block matrices
A Ay As Ay
| 0 A Ay A
M3(Ay, Ay, A3, Ay) = 00 A A | (11)
00 0 A

defining an enlarged Lie algebra g = g € g. with
g= {M3(A170’ 07 O)}, gc = {M3(O, AZ’A37A4)},

produce Lax pair matrices for tri-integrable couplings.

There are many approaches for solving integrable systems, for example, the homo-
geneous balance method [10], the Hirota bilinear method [11], the bilinear neural
network method [ 12—15], the transformed rational function method [16], the Darboux
transformation [17-19] and the inverse scattering transformation [20]. The Darboux
transformation is a pretty systematic and direct approach, and it relies on Lax pairs
involving a spectral parameter.

Darboux transformations for integrable couplings have been solved in [21]. In
this paper, we construct Darboux transformations for bi-integrable couplings. This
paper is organized as follows: In Sect. 2, we present a procedure for constructing Dar-
boux transformations for spectral problems associated with bi-integrable couplings,
thereby giving a formula of Darboux transformations of bi-integrable couplings. In
Sect.3, we apply this formula to a kind of bi-integrable couplings of the AKNS
hierarchy, and compute exact solutions for the bi-integrable coupling system of the
nonlinear Schrédinger equations. At the end, we will give a concluding remark.

2 Darboux Transformations of Bi-integrable Couplings

To define the spectral problems of bi-integrable couplings, we denote u =
(™, ul,ul)" as the potential functions, where u, u;,u, being N dimensional
column vectors. Set U and V!"! being elements in a non-semisimple matrix loop
algebra defined by
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U, ) Up(ug, A) Us(uz, N

U@ N=| 0 U@ U, |, (12)
0 0 Uu, )
i VI e, N) VI g, N VI, M)
VU@, z) = 0 Vi, )y VM u,n | (13)
0 0 VI, X

in which U, Uy, U, are N x N matrices depending on the spectral parameter . Set
¢ =T, T, ¢T)T as the enlarged eigenfunction, with y, 1, ¢ being N dimensional
column vectors. Then the spectral problems of bi-integrable couplings (7) are defined
as:

{qu = U(ii, M), 04

bn, = V(@ o,
where m is a positive integer, indicating the hierarchy. Furthermore, we assume
U=XJ+P, U=N;+P, i=12,

where J and J; being N x N diagonal matrices, P and P; being N x N matrices con-
sisting of dependent variables, which have zero diagonal elements, V", Vl['"], Vz[m]
being N x N polynomial matrices of A:

m

ylml — ivj}\m*j, V[m] ZV A J, i=1,2.

To construct a Darboux transformation for (14), we rewrite the spectral problems
(14) as follows:

ox=Uo=(N+P)o. (15)
¢, = lml¢=ZT=OVJ)\’"7/¢
where
) J I ) ) P PP B Vi Vij Vo
J=|losn|, P=loPp|, vi=|0 vV, v,|. a6
00 J 00 P 00 Vv

Assume that D = D(x, t, A) is a Darboux matrix, that is to say, (5’ = l_)¢? satisfies
the same form as the spectral problems (15), i.e.,

&, —0¢3

ZWERe. (17)
¢r,” = ¢ = Zj:() j)\m_](bv
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where P’ is the new potential matrix. Therefore ¢ — ¢, P — P’ form a Darboux
transformation of the spectral problems (14).

In particular, we consider a Darboux matrix of the form l_)()\) =M — S, where
I =dia g(1, 1, 1), with I being the N x N identity matrix. A similar calculation as
in [21] shows that A/ — § is a Darboux matrix of the enlarged spectral problems (14)
if and only if S satisfies

S, =[JS+P,3], (18)
S, =1)_V;5",3. (19)
j=0

P =P+1[J,8], (20)

where

P,

7

S1 8

i P P
SS|, P=|0oPP 1)
0 00

B S
S=10
0

%)

Introduce S = H AH ! as in the general Darboux transformation theory [17], where

] H H, H, Ta00
AH=|0HH/|, A=|04a0], (22)
00 H 004

with A, H, H 1 H, being all N x N matrices. Then substitute these choices into the
expression of S in (21), we obtain

S=HAH™!,
Sy =—HAH'H H '+ HAH!, (23)
S =HAH'HIH'HH'—HAH'"HHH ' —HAH 'H,H ' + HyAH™!,

ie.,
S=HAH™,
Sy =—-SHH '+ HAH™, 24)
S =—-SHH'—SH,H'+ HbAH™".
Now let us introduce N eigenvalues Ay, - -+, Ay, and set A = diag(A1, -+, An).
Denote the corresponding eigenfunctions by (¢V, - - - , ¢™), where ¢ = (T,

pOT ¢OTYT j =1 ... N.¢W satisfies the spectral problems (14), and thus
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X = 4 P)x? + O+ PO + (Ma + Py)p?,

VP =+ Py + Wi+ P,

¢ =\ + P,

Xi, = 2o VINTIXD 4 Y Vi O 4+ 3T Vo A0,
@ Zm V =i @ Z "o Vi A i,

Iy

= 2o ViAo,

wherei =1,---, N. Now set

H = [(b(l)» ) ¢(N)]’ Hl = [w(l)s R w(N)L H2 = [X(l)’ R X(N)]v (25)

where H, H;, H, satisfy

H.,=JHA+ PH,

H,=JHA+PH +J HA+ P H, (26)
Hy=JH,A+ PH, + JiHA+ P H, + LHA + P,H;

H, =37 ViHA",

Hy, =Y 7 g ViHW A" + 3" VijH A, 27)
Hy,, =Yg ViHy A"+ 30 VigH AT 370 Vo H A

Sum up the above discussions, we obtain the following theorem:

Theorem 1 Let H and A be defined by (22). Then H lS invertible if and only if
H is invertible. When H is invertible, then S = HAH™" can be represented as in
(21) with S, Sy, S» defined in (23), then D = M — § is a Darboux matrix of the
enlarged spectral problems (14), which leads to the Biicklund transformation for the
bi-integrable coupling (7):

P = PO [, 5],
P = PO L1, 811+ [J1, S], (28)
P“] P[O] + [, $21 + [J1, Sil + [, S1,

where P, P][O] and PZ[O] are a giving seed solution.

Proof As we did in the Darboux transformation for the integrable coupling case in
Ref. [21], we need to prove that for this choice of H, the two conditions (18) and
(19) are satisfied.

First, let us prove the Eq. (18). It is equivalent to prove

Sy =[JS+ P, S],
Six =[S + 1S+ P, SI+ IS+ P, Sy, (29)
Sox =S +NI1S1+ DS+ P, SI+[JS1 + 1S+ P, S11+ IS+ P, S
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From Eq. (24), we obtain

Sy = HeAH ' —HAH 'H.H !,
Six=—SxHIH ' —SH H '+ SHHH 'HH~' + H|, AH™!
—H\AH VHH™ !, (30)
Soy = —SicHiH ' —S1H,H ' + SiHIH "H H™' — S, HyH™! — SHy, H~!
+SHyH 'H,H ' + Hyy AH ' — HyAH 'H H™!,

by using (26). Then a tedious calculation can show that the right hand sides of (30)
are equal to the right hand sides of (29), respectively. Thus we proved Eq. (18).
Second, let us prove Eq.(19). We compute that

[ Tm,
s"=10ST7T, |, 31
00 S
where
n—1 n n
M, =12+ L8 L= =310, 1@ =3"1P. (32)
k=1 k=1 k=1
Tn(kl) — Sn—kSl Sk_l, T;l(]f) _ Sn_kSQSk_l, (33)
which tell
1 2
V=5, 17 =5$. (34)

Equation (19) is equivalent to
S, =Y _[V;5"71. 3], (35)
j=0

and thus, we need to prove

St = 2oV S, 8],

Su, = 2oLV, S+ [Vi; 8", S]

+IV;Tu-j, SD, (36)
8o, = Z;":O([Vjsm_j, S+ [ViTuej, SI1+[V1; 8™, 8]
+H[V,M™ I ST+ [Vy;jTuej, ST+ [Va; 8™, SD).
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From Eq. (24), we obtain

S, = H, AH' — HAH 'H, H™!,

Sy, = =S, HiH ' — SHy,, H™' + SH{H'H, H™' + Hy,, AH!
—HAH'H, H™!, (37)

Sy, = =Sy, HTH™' — S1H;, H' + SSHHH'H, H~' — S, HyH™!
—SHy, H '+ SHyH 'H, H™ ' + Hy,, AH™' — HhLAH™'H, H™!,

by using (27). Then a tedious calculation can show that the right hand sides of (37)
are equal to the right hand sides of (36), respectively. Thus we proved Eq. (19).
Finally, a simple computation
[J, ST, Sl + [J1, ST, Sol + [, Sl + [z, S]
[/,81=] © A [/, Sil+ 11, §]
0 0 [/, S]
Therefore, P’ and P + [J_ .S ] have the same matrix form, which tells the transforma-

tion (20),i.e., P’ = P + [J, S]. The proved transformation (20) generates Backlund
transformation presented in (28). This completes the proof. (I

Specially, for the AKNS systems, we have N = 2, so that all the sub-matrix in
(12)and (13),aswellas J, J;, J, and P are 2 x 2 matrices. We assume J; = J, = J,

and
_ |10 _|0g 0@ 0
J‘[o 1] P—[ro]’ Pl_[rlo] PZ‘[QO] (38)

x=Knx)" Y=L, o= (o1, ), (39)
u=(q.n"', u=(@q.r)", u=(q.nrn)". (40)

Take two arbitrary constants A; and ), and denote ¢ = ¢;(Ai), Yjx =
Y (M), Xjk = Xj (M), j, k= 1,2, and set

A1 0 11 912 Y11 Y12 X11 X12
A= H = H| = H, = . 41
[0 )\2]’ [¢21 ¢22]’ : |:1/121 1022]’ : |:X21 Xzz] @D
Then we obtain the associated Backlund transformation

g"'=P[1,2], M= PO 1],
g = P21, A =Pl2, 1, (42)
gt = P21, A= PR, 1
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concretely,
[ _ 0] P11012(A\1—A2) [11 _ .[0] $21020 (A1 —A\2)
7 =q"+2 Mon—ond T =T +2 Pr11dn—012¢21°

(1 0] , 20u0=X)(é11%012022—d112d12¢n+011% ¢t =11 6127 ¢21+11 0122021 — 127 621¢11)

Q=g Tt ($11602—¢12621)* ’
[ _ 0] , 20—=X) (1102192 +h11622° Y21 —d12¢21° dm2—d12021 ¥+ 621 > pmahin— 621622 11) 43)
ry=r + 2 P
(@11022—12¢21)
1y _ 0] 2Q1=2)G A 100 2Q1=2)¢
@ =D (P11602—¢12621)° rp=rnot (P11602—p12621)°

with

G = Xudndn eaudn — X112 21’ — X12611°622% + 126112012021 022 — X21611° 127622
FX21011012° P21 + X201 P12022 — X201120122021 — D117 P126227 + D117 D120 Y2
112 P1200? — 1170 12 + d11  dnintn + 2112 b1 2102 — 11l b1 da1vn
—o112 0122020101 + 2 011201220102 + 112 d12d21622U12 + D11 d12¢21 Y 12Yn
—2 117 b1200v12v21 — d112d2160vn” — pr1d12°da1” + G11612° a1
—p11012° 0012 + 1161222102011 — 2 P110122 2111902 + dr1 P12 P11
+2 d11012021602911Y12 — P12 P21 %11 + b2 oo — G122 da1 i ?,

G = X11611021022° — X1012621° 6227 — X126110217 0227 + X12012021 D22 — X21 0117 22>
+X21011612621 6227 + X201012621° 022 — X220127D21” — D117 0216227 — d112 b2
+2 0110120212027 + G110120217 0¥ — Pr16126021° Y20 + G11P12021 922721
+2 G11012021 62292192 — P11912022° Y217 — D110217 022 Y12 + 116212 P19
+o11021022° Y11 — 2dn1d2100 1o + d1192° V11 — G127 dar do — d12? a1 U
+o12621° D012 + Pr2d21° Y12tar — d126212 02 Y11 — 2 drado*dnni v
+h12021 622711021 — a1 P2 + 2 a12 o nia — a1 daa i’

i.e.,
g =g + 20206y, 6y, U =100 4 20020 6065
gl = g 4 2(>‘\1H|2>\2) €= Cra)y A= 0y 2(A|}ﬂzAz) (€3 — C1a) » -
@ =g} - 2("\},|/\2) (Ca1 + G2 + (3 + Q4)
= — 2(]\}”5\2) (G5 + Co6 + o7 + C28) »
with
én 0 0 0 ¢ 0 0 0
0 ¢ ¢u 0O 0 ¢ ¢ O

G = 0 —Y12 ¢12 P12’ G2 = 0 =11 d11 Pl
0 0 Y odn 0 0 o1 o
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¢ 0 0 O ¢ 0 0 O
s = 0 ¢ ¢n 0 Cra = 0 ¢ ¢21 O
0 —o1 ¢21 P21 |’ 0 —vp ¢ ¢’
0 0 9 én 0 0 %n2on
1 0 0 0 0 O 1 0 0 0 0 O
0 o111 0 21 @21 P2 0 o1y 0 0 O
oy = 0 0 ¢ o 0 O o = 0 0 ¢ 0 0O ¢
0 0 —%Y1dnn¢n 0 0 0 x2%12 0 0 |’
0 ¢12 0 22 @22 P2 0 0 0 ¢11 ¢ 290
0 0 0 x2 ¢ 92 0 o2 Y12 ¢12 P20 2922
¢ 0 0 0 0 O ¢6p 0 0 0 0 O
0 ¢ 0 2 @22 P2 0 ¢2¢11 0 0 O
(o3 = 0 0 ¢ ¢2 0 O 10 0 ¢11 0 0 ¢
B0 0~ g 0 G = 0 0 xuyn 0 0 |7
0 ¢11 0 o1 ¢21 92 0 0 0 ¢ ¢ 2¢n
0 0 0 x2 ¢21 Yo 0 12 Y11 d11 P 242
¢ 0 0 0 0 O ¢ 0 0 0 0 O
0 ¢ 0 Y2 o2 0 ¢t 0 0 O
Cos = 0 0 ¢ ¢ 0 O Co = 0 0 ¢ 0 O on
0 0 —vo1 ¢21 21 O |7 0 0 x21%21 O 0 |’
0 ¢ 0 1 o1 o 0 0 0 ¢n én2vyn
0 0 0 xuénvn 0 @21 Y21 921 b1 2911

¢ 0 0 0 0 0
0 ¢1 0 1 o1 o
(o7 = 0 0 ¢ ¢21 0 O

0 0 —vY» ¢ ¢n 0
0 ¢ 0 212 d12
0 0 0 xnénvn

1 0O 0 0 0 O
¢ ¢ 0 0 O
0 ¢ 0 0 ¢n2
0 xX2vn 0 0
0 0 ¢ ¢1 2¢n
Ya1 Yo ¢ P12 2912

G =

OOOOO;%

To obtain the second Darboux transformation, we do this procedure again. Precisely,
we derive new eigenfunctions from the first Darboux transformation:

M-S Sl Sz X
M=¢ =Dp=0—-8¢= 0 M-S & 0
0 0 M-S||o
A = 8)x + 1Y+ $¢ XM
= A =8P+ Si19 = | |, 45)
(A = 8)¢ ot!

which is the new eigenfunction we need to use in the second Darboux transformation.
Slmllarly XM, ! ¢l are two component vectors which we denoted by y!!! =

ATl = @ 7T ol = (i1 g7 Assume A3 and A, are another
two arbitrary constants which are different from A; and \,, and denote
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(P o1 (W) Y 1 ()
$e) = <¢2k> N (¢2()\k)> » YO0 = <1/J2k> (wz()\k)) , (49

o xw ) xaCw) .
X()\k)—(XZk)—(XZO\k)), k=3,4. 47

Set
- X0

A = (6109), 61 0w) = (al = HP0a), Mal = o)),
Ay = (0w, viloy)
= (31 = $)P(A3) + $10(A3), Al = ) Y(A\4) + S1¢6(\g)) »
i = (XM 0w) A ow) )
= ((A31 = S)x(A3) + $19(A3) + $20(A3), (AT — $)x (A1) + S19(\4) + $20(A\4)) -

Then

Ol (50)

Starting from the first DT solutions P!, P!V and P!!, we obtain the second Darboux
g 1 2

transformation solutions:

P2l = pM 41y, 8], PP =P (s, 811414, 5], (51)
PP = PV [, 81+ [0, Si] + [ s, S). (52)
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3 Applications to Bi-integrable Couplings of the AKNS
System

In this section, we construct a hierarchy of AKNS bi-integrable couplings and then
apply the resulting Darboux transformation theory to the construction of the one-
soliton-like solutions of the AKNS bi-integrable coupling system, particularly, we
present the one-soliton-like solution of the bi-integrable couplings of the nonlinear
Schrodinger equation.

3.1 A Hierarchy of the Bi-integrable Couplings of the AKNS
System

First, we construct a hierarchy of AKNS bi-integrable couplings. We assume
that o = (x7, 7, ¢™)T = (x1, X2, Y1, V2, b1, ¢2)T is the eigenfunction, and i =
(q,7,q1,71, g2, )7 is the potential. The spatial spectral problem is defined in the
first equation of (14) and the Eq. (12), with J, = J; = J, and

van =[] v =[] sy =[ %] o

where we denote u = (¢, r)", u; = (q1, )7, u» = (g2, r2)". In addition, we intro-
duce

B W, A) Wiu, ur, A) Walu, uy, uz, A)
W, ) = 0 W(u, \) Wi(u, uy, A) , (54)
0 0 W, \)

_|a b e f _ _ e f
W, ) = [C _a} Wi, N) = [g _e} L Wali N) = [g, _e} .(55)
Then the stationary zero curvature equation W, = [U, W] results in
W, =[U, W], (56)
Wi = [U, W]+ [Uy, W], (57)
Wor = [U, Wa] + [Uy, Wi] + [Uz, W] (58)

ie.,
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a, =qc —rb,

by, = =2\b — 2qa,

¢y =2Xc¢ +2ra;

ex =qg —rf +qic—nb,

fx = =2\f —2qe —2)\b — 2qa,

gx = 2Ag + 2re + 2Xc + 2ra;

e, =q9 —rf +q19—rf +qc—nb,

fi= —2\f —2ge —2\f —2g1e — 2\b — 2qpa,
g; =2\g +2re +2\g+2rie +2\c + 2ra.

Assume that m is a positive integer, and set

W=y war =3[4T

i=0 i=0

=Y mat =Y [0 5 ]
i>0 i>0

Wo=D Waid =3 [2 % ] A
i>0 i>0 f f

379

(59)

(60)

(61)

(62)

(63)

(64)

Substituting them into the Eqs. (56), (57) and (58), and comparing the coefficients

of )\, we obtain the recursion relations:

apg = «Q, b():O, C()ZO,
aix =qc; —rb;,

biy1 = —3bix —qa;,

Cit1 = %Ci,x —ra;,

eo=0, fo=0, go=0,
eix =49 —rfi +qici —rib;,

fiy1 = =5 fix —qei —qra; — bij,
Ji+1 = %gi,x —rei —ra; —Ciyi,

i>0;

=" fo=0, gy=0,
e, . =qg;, —rfi +q19i — rifi + qaci — b,
fir1= _% ix—qe —qiei — qai — fiy1 — biy,

: o
9it1 = 39ix —T€ — 1€ —1ai — gi+1 — Citl,

i>0.

(65)

(66)

(67)

where «, § and ~ are arbitrary constants, real or complex numbers. In addition,

choose the constants of integration to be zero:



380 Y.-J. Zhang and W.-X. Ma
Ailu=0 =0, €lwup=0=0, €luu,unp=0=0, i>1 (68)

This way we can define b;, ¢;, fi, gi, fi/, 91 and q;, ¢;, e; from (65), (66) and (67)
uniquely.

Now, take into account the temporal spectral problem defined in the second equa-
tion of (14) and the Eq. (13), with

[ qlml plml m
(m] _ = (\" — o\l >0
v clml _glml ( W)+ X(; Wi o M=
.~ 1=
[ elml f[m] m
[m] __ _ym _ \m—i
xq—gwdm—uwm—2m¢ . m=0,
L i=0
[ elm) f[ml’ m ‘
Vz[m] = , = (/\m W2)+ = Z Wz,,‘)\mil, m > 0.
g[m] —elml P

Then the enlarged zero curvature equations: U,, — V" +[U, V"] =0, i.e.,

U, — v [u,vim=o, (69)
U, — VI + U, V"™ + [U), V"] = 0, (70)
Uy, — VI (U, VI + Uy, V™ + [U,, V™ = 0, (71)

together with the recursion relations (65), (66) and (67), generate the enlarged hier-
archy of AKNS bi-integrable couplings:

q _2b1n+l
r 2emt1
— q1 > - _z(fm-H + bm+1)
=K, (t) = 72
w= @ 21 + i) 72
q2 _2(.2(;”4.1 + fm+1 + bm+1)
L) . 2(9m+1 + Gmt1 + Cmt1)
—2b 2aq
2c —2ar
_Gm =2(f1 +b1) _ Gm 2(Bq + aq1)
=" agtey |5 2@r+arny |0 7P
—2(fy + fi+bD) 2(vq + Bq1 + ag2)
2(g, + 91 +c1) =2(yr + fBr1 + ar)
where the enlarged hereditary recursion operator @ reads
. P 0 0
d=| - @ 0|, (714)

G — D D —D D
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with @, @ and @, being defined by
= —%6 +q07'r q07g
- —ro~'r %8 —ro7'q |’

o — | ©0'r+q0"'n @107'q+q0"'q
Y= =07 r + 107 ') —(r07 g +ro7q) |’

& — @O 'r+ 107 +q07 'y @07 g+ q107 g1 +q0 '
P00 107 ) =0T g 0T i+ 10 ) |

The first few equations are computed as follows:

—ag,
—ary
O YO B e N
—Y4x — ﬁ(‘hx —q) — algax — q1x)
—Vrx — ﬁ(rlx - rx) - Oé(l’zx - rlx)
B aky 7]
—akKj 1
_ BK2,1 + (K22 —2K21)
iy = Ko () = —pKy1 —« <122,2 - 2122,1) . (76)
VK21 4 B (K22 — 2K2,1) + (K23 — 2K22 + K2,1)
i —vK21 — (152,2 - 21%2,1) -« (152,3 —2Ky + 152,1) )

with
1 2 1 2
KZ,IZE‘]xx_q r, K2,2=5611xx—qu—24”11,

1
Ky3 = 3 q2x — q°ry = 2qrqs — qir — 2q1114;

Ky = T —qr’, Ky = 3T = riq) — 2qrr,

~ 1
K3 = 72 —r2qy —2qrry — riq — 2qinr;
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iy, = K3(@)
B aKj T
OZIZ3,1
BK31 + (K32 —3K3))
= BKs1+a (123,2 - 31%3.1) - an
YK31+ B (Ksp —3K31) + o (Ksz —3K3 +3K31)
K31+ <1€3,2 - 3123.1) +a (123,3 —3Ks,+ 3123.1)

1 3 1 3 3
K3,1 - ~xxx + ~9rqx, K3 2 = —~{qlxxx + ~qrqix + —(6]1" + qu)qm

4 2 ’ 4 2
K33 = Al‘_q2xxx + zq rgx + 5 (qzr +ar+qr)gc+ 5 (q1r +4qr)qix,
K3 = 1Vxxx+361rrx, I%32:_lrlxxx+§qrr1x+_(q1r+qu)rx,
’ 4 2 ’ 4 2
Ks3 = irzxxx + ;qrrzx + -(qr +qr2+qr)r: + = (611" +qrori.

3.2 One-Soliton-Like Solutions to the Bi-integrable
Couplings of the Nonlinear Schrodinger Equation

Let us consider the K, system, i.e., we set m = 2 in the AKNS bi-integrable coupling
hierarchy (73). The corresponding integrable coupling system (73) of the nonlinear
Schrodingier (NLS) equations reads as follows:

qi =C¥(%%x —6]2’),
't = _Of(%rxx - r251>7
qir = 11(%611” - qzrl —2qrq1 — qxx +2‘[2r> +ﬁ<%‘hx - q2r>7
rie = _a<%r1xx _rqu —2qrr1 — I'xx +2qr2> _ﬁ<%rxx _qu)’ (78)
= o Lgax —q*rs —2qrqy — g?r —2 - 2¢%r1 4 4 g — 42
q2t = X\ 792xx — 412 qrq2 —4qir q1r1q — qixx +2q9°r1 +4qrq1 + 5qxx — q°r
+6(%q1“ —q°r1 —29rq1 — qux + 2q2r) +v(%qm - qzr).
roy = —aftro —riqy —2 —r?qg -2 — 2r? 4 Yree —qr?
' 372xx q> —2qrry —riq = 2qirr —rixx +2r°q1 +4qrr1 + 3rxc — qr
ﬁ( Flxx — 7T 111—261”1—Vxx+261r ) ’7(%’xx_qr2>-
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Starting from the zero seed solution, by solving the corresponding linear systems in
(14), we obtain the eigenfunctions:
X1 = % A (62)\3t2 —2B8Ntx + 2y Mt + Ax? — 2x) eh(@M=x)
X2 =1 A (BN = 2BN1x — 2y At + Ax? 4 2x) e MOV, 7
1= A BN =) O gy = X\ (BA - x) e NN,
by = NON=D g e=MaN—x),

Substituting (79) into the associated Béacklund transformation (43), we obtain the
one-soliton-like solution of the integrable coupling system defined by (78):

2 2
g = -\ — )\Z)ea(ku +X )t_(/\'+/\2)XSCCh§,

2,42
r=0 — )\2)6—00\1 +X2 )H—(Al-‘r)\z)xseché7

1
g1 =—5 1 = X)p sech’¢,

1
n=-50 -\ sech?¢,

1
= =7 = D)ps sech®¢,

1
=200 = X)ps sech’¢,
where

€= (A1 = M)A + At — x],
pr = (26Xt — 2ax + DM ONTI 4 2BA 21 — 2 jx + DR,
p2 = (26Nt — 2x — D)e MO L QBN — 20 x — D)e PRONTY),
p3 = (1 +61) & 4 (1 +62) T + (61 — py + & — pp + 4+ 8v) e,

ps = (1 — 01) e T 4 (1 — ) e G 4 (=6 — g — & — i + 4+ 8v)
e—(€|+€2),

with

Wi = Zﬁz)\i4l2 — 45)\,-3xt + 2)\,’2)62 +1, 6 = Zﬁ)\[zl + 2’Y>\izl —4)\x,
€ = Oz)\izl —Ax, i=1,2,
v = AN — BN daxt — A A xr 4+ A ox?
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4 Conclusion and Comments

‘We have successfully constructed a kind of Darboux transformation for bi-integrable
couplings. An application was made to the presented bi-integrable couplings of the
AKNS system of integrable models. In particular, exact solutions were generated
for the bi-integrable couplings of the nonlinear Schrodinger equations. The Darboux
transformation for tri-integrable couplings can be similarly constructed. It is expected
that physical applications could be presented to these integrable couplings of soliton
equations in the future.

The work was supported in part by National Natural Science Foundation of China
under Grant No. 61807025, and the Fundamental Research Funds for the Central
Universities ZYTS23049.
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