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Abstract We construct Darboux transformations for bi-integrable couplings of soli-
ton equations. Then we apply the resulting theory to a kind of bi-integrable couplings 
of the AKNS systems. Particularly, we present exact one-soliton-like solutions for 
the bi-integrable couplings of the nonlinear Schrödinger equations. 
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1 Introduction 

Integrable systems usually possess linear representations, e.g., Lax representations 
associated with matrix loop algebras. Simple matrix loop algebras generate inte-
grable systems, and semisimple matrix loop algebras generate separated integrable 
systems. Integrable couplings [ 1, 2] are a kind of integrable systems which are 
associated with non-semisimple matrix loop algebras [ 3]. Particularly, by enlarging 
semisimple matrix loop algebras to non-semisimple matrix loop algebras, we obtain 
Lax pairs for integrable couplings. This is based on a fact that every non-semisimple 
Lie algebra possesses a semi-direct sum decomposition of a semisimple Lie algebra 
and a solvable Lie algebra [ 4], i.e., let . g denote a non-semisimple Lie algebra. 

.ḡ = g ∈ gc, g - semisimple, gc - solvable, (1) 

where the subscript. c indicates a contribution to the construction of coupling systems. 
The notion of semi-direct sum means that the two Lie subalgebras . g and .gc satisfy 
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.[g, gc] ⊆ gc, (2) 

where .[g, gc] = {[A, B] | A ∈ g, B ∈ gc}, with .[·, ·] denoting the Lie bracket of . ḡ. 
Obviously, .gc is an ideal Lie sub-algebra of . ḡ. 

An integrable coupling of a given integrable system 

.ut = K (u) (3) 

is a triangular integrable system of the following form [ 1, 5, 6]: 

.

{
ut = K (u),

u1,t = T (u, u1).
(4) 

Let .A1 and.A2 be square matrices of the same order. Then the .2 × 2 block matrices 

.M1(A1, A2) =
[
A1 A2

0 A1

]
, (5) 

define an enlarged Lie algebra . ḡ with the following semidirect sum decomposition: 

.ḡ = g ∈ gc, g = {M1(A1, 0)}, gc = {M1(0, A2)}, (6) 

which can be used to generate integrable couplings. Moreover, the variational identity 
is applied to construct the Hamiltonian structures of integrable couplings [ 5, 7]. 

A bi-integrable coupling [ 8] of a given integrable system (3) is an enlarged trian-
gular integrable system of the following form: 

.

⎧⎪⎨
⎪⎩
ut = K (u),

u1,t = T1(u, u1),

u2,t = T2(u, u1, u2).

(7) 

Similarly, let .A1, A2 and .A3 be square matrices of the same order. Then the . 3 × 3
block matrices of the following type: 

.M2(A1, A2, A3) =
⎡
⎣ A1 A2 A3

0 A1 A2

0 0 A1

⎤
⎦ , (8) 

define an enlarged Lie algebra .ḡ = g ∈ gc with 

.g = {M2(A1, 0, 0)}, gc = {M2(0, A2, A3)}, (9) 

which can be used to generate bi-integrable couplings.
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Furthermore, a tri-integrable coupling [ 6, 9] is of the  form:  

.

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
ut = K (u),

u1,t = T1(u, u1),

u2,t = T2(u, u1, u2),

u3,t = T2(u, u1, u2, u3).

(10) 

The .4 × 4 block matrices 

.M3(A1, A2, A3, A4) =

⎡
⎢⎢⎣
A1 A2 A3 A4

0 A1 A2 A3

0 0 A1 A2

0 0 0 A1

⎤
⎥⎥⎦ , (11) 

defining an enlarged Lie algebra .ḡ = g ∈ gc with 

. g = {M3(A1, 0, 0, 0)}, gc = {M3(0, A2, A3, A4)},

produce Lax pair matrices for tri-integrable couplings. 
There are many approaches for solving integrable systems, for example, the homo-

geneous balance method [ 10], the Hirota bilinear method [ 11], the bilinear neural 
network method [ 12– 15], the transformed rational function method [16], the Darboux 
transformation [ 17– 19] and the inverse scattering transformation [ 20]. The Darboux 
transformation is a pretty systematic and direct approach, and it relies on Lax pairs 
involving a spectral parameter. 

Darboux transformations for integrable couplings have been solved in [ 21]. In 
this paper, we construct Darboux transformations for bi-integrable couplings. This 
paper is organized as follows: In Sect. 2, we present a procedure for constructing Dar-
boux transformations for spectral problems associated with bi-integrable couplings, 
thereby giving a formula of Darboux transformations of bi-integrable couplings. In 
Sect. 3, we apply this formula to a kind of bi-integrable couplings of the AKNS 
hierarchy, and compute exact solutions for the bi-integrable coupling system of the 
nonlinear Schrödinger equations. At the end, we will give a concluding remark. 

2 Darboux Transformations of Bi-integrable Couplings 

To define the spectral problems of bi-integrable couplings, we denote . ū =
(uT , uT

1 , uT
2 )T as the potential functions, where .u, u1, u2 being .N dimensional 

column vectors. Set .Ū and .V̄ [m] being elements in a non-semisimple matrix loop 
algebra defined by
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. Ū (ū,λ) =
⎡
⎣U (u,λ) U1(u1,λ) U2(u2,λ)

0 U (u,λ) U1(u1,λ)

0 0 U (u,λ)

⎤
⎦ , (12) 

. V̄ [m](ū,λ) =
⎡
⎣V [m](u,λ) V [m]

1 (u, u1,λ) V [m]
2 (u, u1, u2,λ)

0 V [m](u,λ) V [m]
1 (u, u1,λ)

0 0 V [m](u,λ)

⎤
⎦ , (13) 

in which .U,U1,U2 are .N × N matrices depending on the spectral parameter . λ. Set 
.φ̄ = (χT ,ψT ,φT )T as the enlarged eigenfunction, with.χ,ψ,φ being.N dimensional 
column vectors. Then the spectral problems of bi-integrable couplings (7) are defined 
as: 

.

{
φ̄x = Ū (ū,λ)φ̄,

φ̄tm = V̄ [m](ū,λ)φ̄,
(14) 

where .m is a positive integer, indicating the hierarchy. Furthermore, we assume 

. U = λJ + P, Ui = λJi + Pi , i = 1, 2,

where. J and. Ji being.N × N diagonal matrices,. P and.Pi being.N × N matrices con-
sisting of dependent variables, which have zero diagonal elements, . V [m], V [m]

1 , V [m]
2

being .N × N polynomial matrices of . λ: 

. V [m] =
m∑
j=0

Vjλ
m− j , V [m]

i =
m∑
j=0

Vi, jλ
m− j , i = 1, 2.

To construct a Darboux transformation for (14), we rewrite the spectral problems 
(14) as follows:  

.

{
φ̄x = Ū φ̄ = (

λ J̄ + P̄
)
φ̄,

φ̄tm = V̄ [m]φ̄ = ∑m
j=0 V̄ jλ

m− j φ̄.
(15) 

where 

. J̄ =
⎡
⎣ J J1 J2
0 J J1
0 0 J

⎤
⎦ , P̄ =

⎡
⎣ P P1 P2

0 P P1
0 0 P

⎤
⎦ , V̄ j =

⎡
⎣Vj V1, j V2, j

0 Vj V1, j

0 0 Vj

⎤
⎦ . (16) 

Assume that .D̄ = D̄(x, t,λ) is a Darboux matrix, that is to say, .φ̄
' = D̄φ̄ satisfies 

the same form as the spectral problems (15), i.e., 

.

{
φ̄

'
x = Ū

'
φ̄

' = (
λ J̄ + P̄

')
φ̄

'
,

φ̄
'
tm = V̄ [m]' φ̄' = ∑m

j=0 V̄
'
jλ

m− j φ̄
'
,

(17)
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where .P̄
'
is the new potential matrix. Therefore .φ̄ → φ̄

'
, P̄ → P̄

'
form a Darboux 

transformation of the spectral problems (14). 
In particular, we consider a Darboux matrix of the form .D̄(λ) = λ Ī − S̄, where 

. Ī = diag(I, I, I ), with . I being the .N × N identity matrix. A similar calculation as 
in [ 21] shows that.λ Ī − S̄ is a Darboux matrix of the enlarged spectral problems (14) 
if and only if . S̄ satisfies 

. S̄x = [ J̄ S̄ + P̄, S̄], (18) 

. S̄tm = [
m∑
j=0

V̄ j S̄
m− j , S̄]. (19) 

Moreover, the potentials satisfy 

.P̄
' = P̄ + [ J̄ , S̄], (20) 

where 

.S̄ =
⎡
⎣ S S1 S2
0 S S1
0 0 S

⎤
⎦ , P̄

' =
⎡
⎣ P

'
P

'
1 P

'
2

0 P
'
P

'
1

0 0 P
'

⎤
⎦ . (21) 

Introduce.S̄ = H̄Λ̄H̄−1 as in the general Darboux transformation theory [ 17], where 

.H̄ =
⎡
⎣ H H1 H2

0 H H1

0 0 H

⎤
⎦ , Λ̄ =

⎡
⎣Λ 0 0

0 Λ 0
0 0 Λ

⎤
⎦ , (22) 

with.Λ, H, H1, H2 being all .N × N matrices. Then substitute these choices into the 
expression of . S̄ in (21), we obtain 

.

⎧⎪⎨
⎪⎩
S = HΛH−1,

S1 = −HΛH−1H1H−1 + H1ΛH−1,

S2 = HΛH−1H1H−1H1H−1 − H1ΛH−1H1H−1 − HΛH−1H2H−1 + H2ΛH−1,

(23) 

i.e., 

.

⎧⎪⎨
⎪⎩
S = HΛH−1,

S1 = −SH1H−1 + H1ΛH−1,

S2 = −S1H1H−1 − SH2H−1 + H2ΛH−1.

(24) 

Now let us introduce .N eigenvalues .λ1, · · · ,λN , and set .Λ = diag(λ1, · · · ,λN ). 
Denote the corresponding eigenfunctions by .(φ̄(1), · · · , φ̄(N )), where . φ̄(i) = (χ(i)T ,

.ψ(i)T ,φ(i)T )T , i = 1, · · · , N . .φ̄(i) satisfies the spectral problems (14), and thus
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. 

⎧⎪⎨
⎪⎩

χ(i)
x = (λJ + P)χ(i) + (λJ1 + P1)ψ(i) + (λJ2 + P2)φ(i),

ψ(i)
x = (λJ + P)ψ(i) + (λJ1 + P1)φ(i),

φ(i)
x = (λJ + P)φ(i),⎧⎪⎨

⎪⎩
χ(i)
tm = ∑m

j=0 Vjλ
m− jχ(i) + ∑m

j=0 V1, jλ
m− jψ(i) + ∑m

j=0 V2, jλ
m− jφ(i),

ψ(i)
tm = ∑m

j=0 Vjλ
m− jψ(i) + ∑m

j=0 V1, jλ
m− jφ(i),

φ(i)
tm = ∑m

j=0 Vjλ
m− jφ(i),

where .i = 1, · · · , N . Now  set  

.H = [φ(1), · · · ,φ(N )], H1 = [ψ(1), · · · ,ψ(N )], H2 = [χ(1), · · · ,χ(N )], (25) 

where .H, H1, H2 satisfy 

.

⎧⎪⎨
⎪⎩
Hx = J HΛ + PH,

H1x = J H1Λ + PH1 + J1HΛ + P1H,

H2x = J H2Λ + PH2 + J1H1Λ + P1H1 + J2HΛ + P2H ;
(26) 

.

⎧⎪⎨
⎪⎩
Htm = ∑m

j=0 Vj HΛm− j ,

H1tm = ∑m
j=0 Vj H1Λ

m− j + ∑m
j=0 V1 j HΛm− j ,

H2tm = ∑m
j=0 Vj H2Λ

m− j + ∑m
j=0 V1 j H1Λ

m− j + ∑m
j=0 V2 j HΛm− j .

(27) 

Sum up the above discussions, we obtain the following theorem: 

Theorem 1 Let .H̄ and .Λ̄ be defined by (22). Then .H̄ is invertible if and only if 
.H is invertible. When .H is invertible, then .S̄ = H̄Λ̄H̄−1 can be represented as in 
(21) with .S, S1, S2 defined in (23), then .D̄ = λ Ī − S̄ is a Darboux matrix of the 
enlarged spectral problems (14), which leads to the Bäcklund transformation for the 
bi-integrable coupling (7): 

.

⎧⎪⎨
⎪⎩
P [1] = P [0] + [J, S],
P [1]
1 = P [0]

1 + [J, S1] + [J1, S],
P [1]
2 = P [0]

2 + [J, S2] + [J1, S1] + [J2, S],
(28) 

where .P [0], P [0]
1 and .P [0]

2 are a giving seed solution. 

Proof As we did in the Darboux transformation for the integrable coupling case in 
Ref. [ 21], we need to prove that for this choice of . H̄ , the two conditions (18) and 
(19) are satisfied. 

First, let us prove the Eq. (18). It is equivalent to prove 

.

⎧⎪⎨
⎪⎩
Sx = [J S + P, S],
S1x = [J S1 + J1S + P1, S] + [J S + P, S1],
S2x = [J S2 + J1S1 + J2S + P2, S] + [J S1 + J1S + P1, S1] + [J S + P, S2].

(29)
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From Eq. (24), we obtain 

.

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Sx = HxΛH−1 − HΛH−1Hx H−1,

S1x = −Sx H1H
−1 − SH1x H

−1 + SH1H
−1Hx H−1 + H1xΛH−1

−H1ΛH−1Hx H−1,

S2x = −S1x H1H
−1 − S1H1x H

−1 + S1H1H
−1Hx H−1 − Sx H2H

−1 − SH2x H
−1

+SH2H
−1Hx H−1 + H2xΛH−1 − H2ΛH−1Hx H−1,

(30) 

by using (26). Then a tedious calculation can show that the right hand sides of (30) 
are equal to the right hand sides of (29), respectively. Thus we proved Eq. (18). 

Second, let us prove Eq. (19). We compute that 

.S̄n =
⎡
⎣ Sn Tn Mn

0 Sn Tn
0 0 Sn

⎤
⎦ , (31) 

where 

. Mn = T (2)
n +

n−1∑
k=1

Tk S1S
n−1−k , Tn = T (1)

n =
n∑

k=1

T (1)
nk , T (2)

n =
n∑

k=1

T (2)
nk , (32) 

. T (1)
nk = Sn−k S1S

k−1, T (2)
nk = Sn−k S2S

k−1, (33) 

which tell 

.T (1)
11 = S1, T (2)

11 = S2. (34) 

Equation (19) is equivalent to 

.S̄tm =
m∑
j=0

[V̄ j S̄
m− j , S̄], (35) 

and thus, we need to prove 

.

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Stm = ∑m
j=0[Vj Sm− j , S],

S1tm = ∑m
j=0([Vj Sm− j , S1] + [V1 j Sm− j , S]

+[VjTm− j , S]),
S2tm = ∑m

j=0([Vj Sm− j , S2] + [VjTm− j , S1] + [V1 j Sm− j , S1]
+[VjMm− j , S] + [V1 j Tm− j , S] + [V2 j Sm− j , S]).

(36)
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From Eq. (24), we obtain 

.

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Stm = HtmΛH−1 − HΛH−1Htm H
−1,

S1tm = −Stm H1H−1 − SH1tm H
−1 + SH1H−1Htm H

−1 + H1tmΛH−1

−H1ΛH−1Htm H
−1,

S2tm = −S1tm H1H−1 − S1H1tm H
−1 + S1H1H−1Htm H

−1 − Stm H2H−1

−SH2tm H
−1 + SH2H−1Htm H

−1 + H2tmΛH−1 − H2ΛH−1Htm H
−1,

(37) 

by using (27). Then a tedious calculation can show that the right hand sides of (37) 
are equal to the right hand sides of (36), respectively. Thus we proved Eq. (19). 

Finally, a simple computation 

. [ J̄ , S̄] =

⎡
⎢⎢⎣

[J, S] [J, S1] + [J1, S] [J, S2] + [J1, S1] + [J2, S]
0 [J, S] [J, S1] + [J1, S]
0 0 [J, S]

⎤
⎥⎥⎦ .

Therefore,.P̄ ' and.P̄ + [ J̄ , S̄] have the same matrix form, which tells the transforma-
tion (20), i.e.,.P̄ ' = P̄ + [ J̄ , S̄]. The proved transformation (20) generates Bäcklund 
transformation presented in (28). This completes the proof. □

Specially, for the AKNS systems, we have .N = 2, so that all the sub-matrix in 
(12) and (13), as well as.J, J1, J2 and. P are.2 × 2matrices. We assume.J1 = J2 = J , 
and 

. J =
[−1 0

0 1

]
, P =

[
0 q
r 0

]
, P1 =

[
0 q1
r1 0

]
, P2 =

[
0 q2
r2 0

]
, (38) 

. χ = (χ1,χ2)
T , ψ = (ψ1,ψ2)

T , φ = (φ1,φ2)
T , (39) 

. u = (q, r)T , u1 = (q1, r1)
T , u2 = (q2, r2)

T . (40) 

Take two arbitrary constants .λ1 and . λ2, and denote . φ jk = φ j (λk),ψ jk =
ψ j (λk),χ jk = χ j (λk), j, k = 1, 2, and set 

.Λ =
[

λ1 0
0 λ2

]
, H =

[
φ11 φ12

φ21 φ22

]
, H1 =

[
ψ11 ψ12

ψ21 ψ22

]
, H2 =

[
χ11 χ12

χ21 χ22

]
. (41) 

Then we obtain the associated Bäcklund transformation 

.

⎧⎪⎨
⎪⎩
q [1] = P [1][1, 2], r [1] = P [1][2, 1],
q [1]
1 = P [1]

1 [1, 2], r [1]
1 = P [1]

1 [2, 1],
q [1]
2 = P [1]

2 [1, 2], r [1]
2 = P [1]

2 [2, 1];
(42)
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concretely, 

.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q[1] = q[0] + 2 φ11φ12(λ1−λ2)
φ11φ22−φ12φ21

, r [1] = r [0] + 2 φ21φ22(λ1−λ2)
φ11φ22−φ12φ21

,

q[1]
1 = q[0]

1 + 2(λ1−λ2)
(
φ11

2φ12φ22−φ11
2φ12ψ22+φ11

2φ22ψ12−φ11φ12
2φ21+φ11φ12

2ψ21−φ12
2φ21ψ11

)
(φ11φ22−φ12φ21)

2 ,

r [1]
1 = r [0]

1 + 2(λ1−λ2)
(
φ11φ21φ22

2+φ11φ22
2ψ21−φ12φ21

2φ22−φ12φ21
2ψ22+φ21

2φ22ψ12−φ21φ22
2ψ11

)
(φ11φ22−φ12φ21)

2 ,

q[1]
2 = q[0]

2 + 2(λ1−λ2)ζ1
(φ11φ22−φ12φ21)

3 , r [1]
2 = r [0]

2 + 2(λ1−λ2)ζ2
(φ11φ22−φ12φ21)

3 ,

(43) 

with 

. ζ1 = χ11φ11φ12
2φ21φ22 − χ11φ12

3φ21
2 − χ12φ11

3φ22
2 + χ12φ11

2φ12φ21φ22 − χ21φ11
2φ12

2φ22

+χ21φ11φ12
3φ21 + χ22φ11

3φ12φ22 − χ22φ11
2φ12

2φ21 − φ11
3φ12φ22

2 + φ11
3φ12φ22ψ22

−φ11
3φ12ψ22

2 − φ11
3φ22

2ψ12 + φ11
3φ22ψ12ψ22 + 2φ11

2φ12
2φ21φ22 − φ11

2φ12
2φ21ψ22

−φ11
2φ12

2φ22ψ21 + 2φ11
2φ12

2ψ21ψ22 + φ11
2φ12φ21φ22ψ12 + φ11

2φ12φ21ψ12ψ22

−2φ11
2φ12φ22ψ12ψ21 − φ11

2φ21φ22ψ12
2 − φ11φ12

3φ21
2 + φ11φ12

3φ21ψ21

−φ11φ12
3ψ21

2 + φ11φ12
2φ21φ22ψ11 − 2φ11φ12

2φ21ψ11ψ22 + φ11φ12
2φ22ψ11ψ21

+2φ11φ12φ21φ22ψ11ψ12 − φ12
3φ21

2ψ11 + φ12
3φ21ψ11ψ21 − φ12

2φ21φ22ψ11
2,

ζ2 = χ11φ11φ21φ22
3 − χ11φ12φ21

2φ22
2 − χ12φ11φ21

2φ22
2 + χ12φ12φ21

3φ22 − χ21φ11
2φ22

3

+χ21φ11φ12φ21φ22
2 + χ22φ11φ12φ21

2φ22 − χ22φ12
2φ21

3 − φ11
2φ21φ22

3 − φ11
2φ22

3ψ21

+2φ11φ12φ21
2φ22

2 + φ11φ12φ21
2φ22ψ22 − φ11φ12φ21

2ψ22
2 + φ11φ12φ21φ22

2ψ21

+2φ11φ12φ21φ22ψ21ψ22 − φ11φ12φ22
2ψ21

2 − φ11φ21
2φ22

2ψ12 + φ11φ21
2φ22ψ12ψ22

+φ11φ21φ22
3ψ11 − 2φ11φ21φ22

2ψ12ψ21 + φ11φ22
3ψ11ψ21 − φ12

2φ21
3φ22 − φ12

2φ21
3ψ22

+φ12φ21
3φ22ψ12 + φ12φ21

3ψ12ψ22 − φ12φ21
2φ22

2ψ11 − 2φ12φ21
2φ22ψ11ψ22

+φ12φ21φ22
2ψ11ψ21 − φ21

3φ22ψ12
2 + 2φ21

2φ22
2ψ11ψ12 − φ21φ22

3ψ11
2.

i.e., 

.

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

q [1] = q [0] + 2(λ1−λ2)

|H | φ11φ12, r [1] = r [0] + 2(λ1−λ2)

|H | φ21φ22,

q [1]
1 = q [0]

1 + 2(λ1−λ2)

|H |2 (ζ11 − ζ12) , r [1]
1 = r [0]

1 + 2(λ1−λ2)

|H |2 (ζ13 − ζ14) ,

q [1]
2 = q [0]

2 − 2(λ1−λ2)

|H |3 (ζ21 + ζ22 + ζ23 + ζ24) ,

r [1]
2 = r [0]

2 − 2(λ1−λ2)

|H |3 (ζ25 + ζ26 + ζ27 + ζ28) ,

(44) 

with 

. ζ11 =

||||||||
φ11 0 0 0
0 φ11 φ11 0
0 −ψ12 φ12 φ12

0 0 ψ22 φ22

||||||||
, ζ12 =

||||||||
φ12 0 0 0
0 φ12 φ12 0
0 −ψ11 φ11 φ11

0 0 ψ21 φ21

||||||||
,
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ζ13 =

||||||||
φ22 0 0 0  
0 φ22 φ22 0 
0 −ψ21 φ21 φ21 

0 0 ψ11 φ11

||||||||
, ζ14 =

||||||||
φ21 0 0 0  
0 φ21 φ21 0 
0 −ψ22 φ22 φ22 

0 0 ψ12 φ12

||||||||
, 

ζ21 =

||||||||||||

φ11 0 0 0 0 0  
0 φ11 0 ψ21 φ21 φ21 

0 0 φ11 φ11 0 0  
0 0  −ψ12 φ12 φ12 0 
0 φ12 0 ψ22 φ22 φ22 

0 0 0 χ22 φ22 ψ22

||||||||||||
, ζ22 =

||||||||||||

φ11 0 0 0 0 0  
0 φ11 ψ11 0 0 0  
0 0  φ12 0 0 φ22 

0 0  χ12 ψ12 0 0  
0 0 0  φ11 φ21 2ψ21 

0 φ12 ψ12 φ12 φ22 2ψ22

||||||||||||
, 

ζ23 =

||||||||||||

φ12 0 0 0 0 0  
0 φ12 0 ψ22 φ22 φ22 

0 0 φ12 φ12 0 0  
0 0  −ψ11 φ11 φ11 0 
0 φ11 0 ψ21 φ21 φ21 

0 0 0 χ21 φ21 ψ21

||||||||||||
, ζ24 =

||||||||||||

φ12 0 0 0 0 0  
0 φ12 φ11 0 0 0  
0 0  φ11 0 0 φ21 

0 0  χ11 ψ11 0 0  
0 0 0  φ12 φ22 2ψ22 

0 ψ12 ψ11 φ11 φ21 2ψ21

||||||||||||
, 

ζ25 =

||||||||||||

φ22 0 0 0 0 0  
0 φ22 0 ψ12 φ12 φ12 

0 0 φ22 φ22 0 0  
0 0  −ψ21 φ21 φ21 0 
0 φ21 0 ψ11 φ11 φ11 

0 0 0 χ11 φ11 ψ11

||||||||||||
, ζ26 =

||||||||||||

φ22 0 0 0 0 0  
0 φ22 ψ22 0 0 0  
0 0  φ21 0 0 φ11 

0 0  χ21 ψ21 0 0  
0 0 0  φ22 φ12 2ψ12 

0 φ21 ψ21 φ21 φ11 2ψ11

||||||||||||
, 

ζ27 =

||||||||||||

φ21 0 0 0 0 0  
0 φ21 0 ψ11 φ11 φ11 

0 0 φ21 φ21 0 0  
0 0  −ψ22 φ22 φ22 0 
0 φ22 0 ψ12 φ12 φ12 

0 0 0 χ12 φ12 ψ12

||||||||||||
, ζ28 =

||||||||||||

φ21 0 0 0 0 0  
0 φ21 φ22 0 0 0  
0 0  φ22 0 0 φ12 

0 0  χ22 ψ22 0 0  
0 0 0  φ21 φ11 2ψ11 

0 ψ21 ψ22 φ22 φ12 2ψ12

||||||||||||
. 

To obtain the second Darboux transformation, we do this procedure again. Precisely, 
we derive new eigenfunctions from the first Darboux transformation: 

. φ̄[1] = φ̄
' = D̄φ̄ = (λ Ī − S̄)φ̄ =

⎡
⎣λI − S S1 S2

0 λI − S S1
0 0 λI − S

⎤
⎦

⎡
⎣ χ

ψ
φ

⎤
⎦

=
⎡
⎣ (λI − S)χ + S1ψ + S2φ

(λI − S)ψ + S1φ
(λI − S)φ

⎤
⎦ =

⎡
⎣ χ[1]

ψ[1]
φ[1]

⎤
⎦ , (45) 

which is the new eigenfunction we need to use in the second Darboux transformation. 
Similarly, .χ[1],ψ[1],φ[1] are two component vectors which we denoted by . χ[1] =
(χ[1]

1 ,χ[1]
2 )T ,ψ[1] = (ψ[1]

1 ,ψ[1]
2 )T ,φ[1] = (φ[1]

1 ,φ[1]
2 )T . Assume.λ3 and.λ4 are another 

two arbitrary constants which are different from.λ1 and . λ2, and denote
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. φ(λk) =
(

φ1k

φ2k

)
=

(
φ1(λk)

φ2(λk)

)
, ψ(λk) =

(
ψ1k

ψ2k

)
=

(
ψ1(λk)

ψ2(λk)

)
, (46) 

. χ(λk) =
(

χ1k

χ2k

)
=

(
χ1(λk)

χ2(λk)

)
, k = 3, 4. (47) 

Set 

.Λ̃ =
[

λ3 0
0 λ4

]
, (48) 

. 

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

H̃ =
(
φ[1](λ3), φ[1](λ4)

)
= ((λ3 I − S)φ(λ3), (λ4 I − S)φ(λ4)) ,

H̃1 =
(
ψ[1](λ3),ψ[1](λ4)

)
= ((λ3 I − S)ψ(λ3) + S1φ(λ3), (λ4 I − S)ψ(λ4) + S1φ(λ4)) ,

H̃2 =
(
χ[1](λ3),χ[1](λ4)

)
= ((λ3 I − S)χ(λ3) + S1ψ(λ3) + S2φ(λ3), (λ4 I − S)χ(λ4) + S1ψ(λ4) + S2φ(λ4)) .

Then 

.

⎧⎪⎨
⎪⎩
S̃ = H̃Λ̃H̃−1,

S̃1 = −H̃Λ̃H̃−1 H̃1 H̃−1 + H̃1Λ̃H̃−1,

S̃2 = H̃Λ̃H̃−1 H̃1 H̃−1 H̃1 H̃−1 − H̃1Λ̃H̃−1 H̃1 H̃−1 − H̃Λ̃H̃−1 H̃2 H̃−1 + H̃2Λ̃H̃−1,

(49) 

Such that .λ Ī − ˜̄S is the second Darboux matrix, where 

.
˜̄S =

⎡
⎣ S̃ S̃1 S̃2
0 S̃ S̃1
0 0 S̃

⎤
⎦ . (50) 

Starting from the first DT solutions.P [1], P [1]
1 and.P [1]

2 , we obtain the second Darboux 
transformation solutions: 

. P [2] = P [1] + [J, S̃], P [2]
1 = P [1]

1 + [J, S̃1] + [J1, S̃], (51) 

. P [2]
2 = P [1]

2 + [J, S̃2] + [J1, S̃1] + [J2, S̃]. (52)
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3 Applications to Bi-integrable Couplings of the AKNS 
System 

In this section, we construct a hierarchy of AKNS bi-integrable couplings and then 
apply the resulting Darboux transformation theory to the construction of the one-
soliton-like solutions of the AKNS bi-integrable coupling system, particularly, we 
present the one-soliton-like solution of the bi-integrable couplings of the nonlinear 
Schrödinger equation. 

3.1 A Hierarchy of the Bi-integrable Couplings of the AKNS 
System 

First, we construct a hierarchy of AKNS bi-integrable couplings. We assume 
that .φ̄ = (χT ,ψT ,φT )T = (χ1,χ2,ψ1,ψ2,φ1,φ2)

T is the eigenfunction, and . ū =
(q, r, q1, r1, q2, r2)T is the potential. The spatial spectral problem is defined in the 
first equation of (14) and the Eq. (12), with .J2 = J1 = J , and 

.U (u,λ) =
[−λ q

r λ

]
, U1(u1,λ) =

[−λ q1
r1 λ

]
, U2(u2,λ) =

[−λ q2
r2 λ

]
, (53) 

where we denote .u = (q, r)T , u1 = (q1, r1)T , u2 = (q2, r2)T . In addition, we intro-
duce 

.W̄ (ū,λ) =
⎡
⎣W (u,λ) W1(u, u1,λ) W2(u, u1, u2,λ)

0 W (u,λ) W1(u, u1,λ)

0 0 W (u,λ)

⎤
⎦ , (54) 

.W (u,λ) =
[
a b
c −a

]
, W1(u, u1,λ) =

[
e f
g −e

]
, W2(ū,λ) =

[
e

'
f

'

g
' −e

'

]
.(55) 

Then the stationary zero curvature equation .W̄x = [Ū , W̄ ] results in 

. Wx = [U,W ], (56) 

. W1x = [U,W1] + [U1,W ], (57) 

. W2x = [U,W2] + [U1,W1] + [U2,W ]. (58) 

i.e.,
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.

⎧⎪⎨
⎪⎩
ax = qc − rb,

bx = −2λb − 2qa,

cx = 2λc + 2ra;
(59) 

.

⎧⎪⎨
⎪⎩
ex = qg − r f + q1c − r1b,

fx = −2λ f − 2qe − 2λb − 2q1a,

gx = 2λg + 2re + 2λc + 2r1a;
(60) 

.

⎧⎪⎨
⎪⎩
e

'
x = qg

' − r f
' + q1g − r1 f + q2c − r2b,

f
'
x = −2λ f

' − 2qe
' − 2λ f − 2q1e − 2λb − 2q2a,

g
'
x = 2λg

' + 2re
' + 2λg + 2r1e + 2λc + 2r2a.

(61) 

Assume that .m is a positive integer, and set 

. W =
∑
i≥0

Wiλ
−i =

∑
i≥0

[
ai bi
ci −ai

]
λ−i , (62) 

. W1 =
∑
i≥0

W1,iλ
−i =

∑
i≥0

[
ei fi
gi −ei

]
λ−i , (63) 

. W2 =
∑
i≥0

W2,iλ
−i =

∑
i≥0

[
e

'
i f

'
i

g
'
i −e

'
i

]
λ−i . (64) 

Substituting them into the Eqs. (56), (57) and (58), and comparing the coefficients 
of . λ, we obtain the recursion relations: 

.

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
a0 = α, b0 = 0, c0 = 0,

ai,x = qci − rbi ,

bi+1 = − 1
2bi,x − qai ,

ci+1 = 1
2ci,x − rai ,

i ≥ 0; (65) 

.

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
e0 = β, f0 = 0, g0 = 0,

ei,x = qgi − r fi + q1ci − r1bi ,

fi+1 = − 1
2 fi,x − qei − q1ai − bi+1,

gi+1 = 1
2gi,x − rei − r1ai − ci+1,

i ≥ 0; (66) 

.

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
e

'
0 = γ, f

'
0 = 0, g

'
0 = 0,

e
'
i,x = qg

'
i − r f

'
i + q1gi − r1 fi + q2ci − r2bi ,

f
'
i+1 = − 1

2 f
'
i,x − qe

'
i − q1ei − q2ai − fi+1 − bi+1,

g
'
i+1 = 1

2g
'
i,x − re

'
i − r1ei − r2ai − gi+1 − ci+1,

i ≥ 0. (67) 

where .α,β and . γ are arbitrary constants, real or complex numbers. In addition, 
choose the constants of integration to be zero:
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.ai |u=0 = 0, ei |(u,u1)=0 = 0, e
'
i |(u,u1,u2)=0 = 0, i ≥ 1. (68) 

This way we can define .bi , ci , fi , gi , f
'
i , g

'
i , and .ai , ei , e

'
i from (65), (66) and (67) 

uniquely. 
Now, take into account the temporal spectral problem defined in the second equa-

tion of (14) and the Eq. (13), with 

. V [m] =
[
a[m] b[m]

c[m] −a[m]

]
= (λmW )+ =

m∑
i=0

Wiλ
m−i , m ≥ 0,

V [m]
1 =

[
e[m] f [m]

g[m] −e[m]

]
= (λmW1)+ =

m∑
i=0

W1,iλ
m−i , m ≥ 0,

V [m]
2 =

[
e[m]' f [m]'

g[m]' −e[m]'

]
= (λmW2)+ =

m∑
i=0

W2,iλ
m−i , m ≥ 0.

Then the enlarged zero curvature equations: .Ūtm − V̄ [m]
x + [Ū , V̄ [m]] = 0, i.e., 

. Utm − V [m]
x + [U, V [m]] = 0, (69) 

. U1tm − V [m]
1x + [U, V [m]

1 ] + [U1, V
[m]] = 0, (70) 

. U2tm − V [m]
2x + [U, V [m]

2 ] + [U1, V
[m]
1 ] + [U2, V

[m]] = 0, (71) 

together with the recursion relations (65), (66) and (67), generate the enlarged hier-
archy of AKNS bi-integrable couplings: 

.ūtm =

⎡
⎢⎢⎢⎢⎢⎢⎣

q
r
q1
r1
q2
r2

⎤
⎥⎥⎥⎥⎥⎥⎦

tm

= K̄m(ū) =

⎡
⎢⎢⎢⎢⎢⎢⎣

−2bm+1

2cm+1

−2( fm+1 + bm+1)

2(gm+1 + cm+1)

−2( f
'
m+1 + fm+1 + bm+1)

2(g
'
m+1 + gm+1 + cm+1)

⎤
⎥⎥⎥⎥⎥⎥⎦

(72) 

. = Φ̄m

⎡
⎢⎢⎢⎢⎢⎢⎣

−2b1
2c1

−2( f1 + b1)
2(g1 + c1)

−2( f
'
1 + f1 + b1)

2(g
'
1 + g1 + c1)

⎤
⎥⎥⎥⎥⎥⎥⎦

= Φ̄m

⎡
⎢⎢⎢⎢⎢⎢⎣

2αq
−2αr

2(βq + αq1)
−2(βr + αr1)

2(γq + βq1 + αq2)
−2(γr + βr1 + αr2)

⎤
⎥⎥⎥⎥⎥⎥⎦

, (73) 

where the enlarged hereditary recursion operator .Φ̄ reads 

. Φ̄ =
⎡
⎣ Φ 0 0

Φ1 − Φ Φ 0
Φ2 − Φ1 Φ1 − Φ Φ

⎤
⎦ , (74)
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with .Φ,Φ1 and .Φ2 being defined by 

. Φ =
[− 1

2∂ + q∂−1r q∂−1q
−r∂−1r 1

2∂ − r∂−1q

]
,

Φ1 =
[

q1∂−1r + q∂−1r1 q1∂−1q + q∂−1q1
−(r1∂−1r + r∂−1r1) −(r1∂−1q + r∂−1q1)

]
,

Φ2 =
[

q2∂−1r + q1∂−1r1 + q∂−1r2 q2∂−1q + q1∂−1q1 + q∂−1q2
−(r2∂−1r + r1∂−1r1 + r∂−1r2) −(r2∂−1q + r1∂−1q1 + r∂−1q2)

]
.

The first few equations are computed as follows: 

.ūt1 = K̄1(ū) =

⎡
⎢⎢⎢⎢⎢⎢⎣

−αqx
−αrx

−βqx − α(q1x − qx )
−βrx − α(r1x − rx )

−γqx − β(q1x − qx ) − α(q2x − q1x )
−γrx − β(r1x − rx) − α(r2x − r1x )

⎤
⎥⎥⎥⎥⎥⎥⎦

, (75) 

.ūt2 = K̄2(ū) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

αK2,1

−αK̃2,1

βK2,1 + α
(
K2,2 − 2K2,1

)
−β K̃2,1 − α

(
K̃2,2 − 2K̃2,1

)
γK2,1 + β

(
K2,2 − 2K2,1

) + α
(
K2,3 − 2K2,2 + K2,1

)
−γ K̃2,1 − β

(
K̃2,2 − 2K̃2,1

)
− α

(
K̃2,3 − 2K̃2,2 + K̃2,1

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (76) 

with 

. K2,1 = 1

2
qxx − q2r, K2,2 = 1

2
q1xx − q2r1 − 2qrq1,

K2,3 = 1

2
q2xx − q2r2 − 2qrq2 − q2

1r − 2q1r1q;

K̃2,1 = 1

2
rxx − qr2, K̃2,2 = 1

2
r1xx − r2q1 − 2qrr1,

K̃2,3 = 1

2
r2xx − r2q2 − 2qrr2 − r21q − 2q1r1r;
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. ūt3 = K̄3(ū)

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

αK3,1

αK̃3,1

βK3,1 + α
(
K3,2 − 3K3,1

)
β K̃3,1 + α

(
K̃3,2 − 3K̃3,1

)
γK3,1 + β

(
K3,2 − 3K3,1

) + α
(
K3,3 − 3K3,2 + 3K3,1

)
γ K̃3,1 + β

(
K̃3,2 − 3K̃3,1

)
+ α

(
K̃3,3 − 3K̃3,2 + 3K̃3,1

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (77) 

with 

. K3,1 = −1

4
qxxx + 3

2
qrqx , K3,2 = −1

4
q1xxx + 3

2
qrq1x + 3

2
(q1r + qr1)qx ,

K3,3 = −1

4
q2xxx + 3

2
qrq2x + 3

2
(q2r + qr2 + q1r1)qx + 3

2
(q1r + qr1)q1x ,

K̃3,1 = −1

4
rxxx + 3

2
qrrx , K̃3,2 = −1

4
r1xxx + 3

2
qrr1x + 3

2
(q1r + qr1)rx ,

K̃3,3 = −1

4
r2xxx + 3

2
qrr2x + 3

2
(q2r + qr2 + q1r1)rx + 3

2
(q1r + qr1)r1x .

3.2 One-Soliton-Like Solutions to the Bi-integrable 
Couplings of the Nonlinear Schrödinger Equation 

Let us consider the.K̄2 system, i.e., we set.m = 2 in the AKNS bi-integrable coupling 
hierarchy (73). The corresponding integrable coupling system (73) of the nonlinear 
Schrödingier (NLS) equations reads as follows: 

.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

qt = α
(
1
2qxx − q2r

)
,

rt = −α
(
1
2 rxx − r2q

)
,

q1t = α
(
1
2q1xx − q2r1 − 2qrq1 − qxx + 2q2r

)
+ β

(
1
2qxx − q2r

)
,

r1t = −α
(
1
2 r1xx − r2q1 − 2qrr1 − rxx + 2qr2

)
− β

(
1
2 rxx − qr2

)
,

q2t = α
(
1
2q2xx − q2r2 − 2qrq2 − q21r − 2q1r1q − q1xx + 2q2r1 + 4qrq1 + 1

2qxx − q2r
)

+β
(
1
2q1xx − q2r1 − 2qrq1 − qxx + 2q2r

)
+ γ

(
1
2qxx − q2r

)
.

r2t = −α
(
1
2 r2xx − r2q2 − 2qrr2 − r21q − 2q1r1r − r1xx + 2r2q1 + 4qrr1 + 1

2 rxx − qr2
)

−β
(
1
2 r1xx − r2q1 − 2qrr1 − rxx + 2qr2

)
− γ

(
1
2 rxx − qr2

)
.

(78)
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Starting from the zero seed solution, by solving the corresponding linear systems in 
(14), we obtain the eigenfunctions: 

.

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

χ1 = 1
2 λ

(
β2λ3t2 − 2β λ2t x + 2γ λ t + λ x2 − 2 x

)
eλ (αλt−x),

χ2 = 1
2 λ

(
β2λ3t2 − 2βλ2t x − 2γ λ t + λ x2 + 2 x

)
e−λ (αλt−x),

ψ1 = λ (βλt − x) eλ(αλt−x), ψ2 = −λ (βλt − x) e−λ(αλt−x),

φ1 = eλ(αλt−x), φ2 = e−λ(αλt−x).

(79) 

Substituting (79) into the associated Bäcklund transformation (43), we obtain the 
one-soliton-like solution of the integrable coupling system defined by (78): 

. q = −(λ1 − λ2)e
α(λ1

2+λ2
2)t−(λ1+λ2)xsechξ,

r = (λ1 − λ2)e
−α(λ1

2+λ2
2)t+(λ1+λ2)xsechξ,

q1 = −1

2
(λ1 − λ2)ρ1 sech

2ξ,

r1 = −1

2
(λ1 − λ2)ρ2 sech

2ξ,

q2 = −1

4
(λ1 − λ2)ρ3 sech

3ξ,

r2 = 1

4
(λ1 − λ2)ρ4 sech

3ξ,

where 

. ξ = (λ1 − λ2)[α(λ1 + λ2)t − x],
ρ1 = (2βλ2

2t − 2λ2x + 1)e2λ1(αλ1t−x) + (2βλ1
2t − 2λ1x + 1)e2λ2(αλ2t−x),

ρ2 = (2βλ2
2t − 2λ2x − 1)e−2λ1(αλ1t−x) + (2βλ1

2t − 2λ1x − 1)e−2λ2(αλ2t−x),

ρ3 = (μ1 + δ1) e
3 ∈2−∈1 + (μ2 + δ2) e

3 ∈1−∈2 + (δ1 − μ1 + δ2 − μ2 + 4 + 8 ν) e∈1+∈2 ,

ρ4 = (μ1 − δ1) e
−3 ∈2+∈1 + (μ2 − δ2) e

−(3 ∈1−∈2) + (−δ1 − μ1 − δ2 − μ2 + 4 + 8 ν)

e−(∈1+∈2),

with 

. μi = 2 β2λi
4t2 − 4βλi

3xt + 2λi
2x2 + 1, δi = 2 βλi

2t + 2 γλi
2t − 4λi x,

∈i = αλi
2t − λi x, i = 1, 2,

ν = β2λ1
2λ2

2t2 − βλ1
2λ2xt − βλ1λ2

2xt + λ1λ2x
2.
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4 Conclusion and Comments 

We have successfully constructed a kind of Darboux transformation for bi-integrable 
couplings. An application was made to the presented bi-integrable couplings of the 
AKNS system of integrable models. In particular, exact solutions were generated 
for the bi-integrable couplings of the nonlinear Schrödinger equations. The Darboux 
transformation for tri-integrable couplings can be similarly constructed. It is expected 
that physical applications could be presented to these integrable couplings of soliton 
equations in the future. 

The work was supported in part by National Natural Science Foundation of China 
under Grant No. 61807025, and the Fundamental Research Funds for the Central 
Universities ZYTS23049. 
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