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1 Introduction

Integrable couplings are coupled systems of integrablaté&ms, which contain given integrable equations
as their sub-systems [1-3]. The general definition on iatagrcouplings is as follows: for a given in-
tegrable system of evolution type = K(u), an integrable coupling is a new bigger triangular intetgrab

system

U = K(u),

{ 1)

%t = S(U,V),
where the vector-valued functidBshould satisfy the non-triviality conditiodS/d[u] # O, [u] denoting a
vector consisting of all derivatives afwith respect to the space variable. In the paper [4], a kin8>0f3
matrix Lie algebras was introduced and the associatedradtégycoupling of the TD hierarchy was obtained.
A general procedure for generating integrable couplings pvaposed in [3], based on semi-direct sums of
Lie algebras. The basic idea is as follows.
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Let G be a matrix Lie algebra. Assume that a continuous integdtem of evolution type

U = K(u) = K(u, Uy, Uxx, - - -) 2

is linked withG. That is, there exists a pair of Lax matridésandV in G so that the matrix spectral problem

®=Uo=U(,A)0 ©)
and the associated matrix spectral problem

o"ou

(R:Vq):V(uvuX?"'vW’ )

(4)
generate the integrable system (2) through the isospéatral 0) compatibility condition
Ui —Vx+[U,V] =0. (5)

To construct an integrable coupling of Eq.(2), we enlargeltle algebraG by using semi-direct sums of
Lie algebras as follows _
G=GeGg, (6)

where[G, G| = {|A,B]|A € G,B € G}, andG andG. satisfy that
[G,G¢| C Ge. @)
Therefore G is an ideal Lie sub-algebra &. Take a pair of new Lax matrices in the semi-direct @m
U=U-+UcV =V+V,Ug,V; € Gc. (8)

Then the compatibility condition of the Lax pajr andV, i.e., the enlarged zero curvature equation

U_t _\7X+ [U_> ] = O
is equivalent to

U — W%+ [U,V] =0, ©)
Uc,t _Vc,x + [U 7Vc] + [Uc,v] + [Uc7vc] =0.
The first equation (9) presents Eq. (2). The whole systemr@)iges an integrable coupling of Eq. (2). In

particular, we can choose the enlarged spectral mattcasdV as follows [3]:

U Uy ... Uy V Ve ... Vi
S D B2 R (10
DT Uy A
O ... 0 U o ... 0 V

Thus, the coupling system (9) becomes that

Ut—Vx—l-[U,V]:O,

11

Uat—Vat+ Y  [Ua,Val=0, (11)
I+k=Tk,|>0
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whereU,, = U, V;, = 0. Besides the form of Lax pairs in (10), another enlarged forth@spectral matrices

(5]
T (12)
~\o o

corresponds to the semi-direct sum of Lie algebras

ccaa-{(3 Oha-{(2 2)

More generally, the enlargement of Lax spectral matricgs [3
e o U Ual
U= ( 0 Uaz) (13)

can be taken from the following semi-direct sum of Lie algebr

ceaa-{(3 ) o-{(8 2))

whereA, B; andB; have the same sizes bsU,, andU,,, respectively. Even more general matrix forms
than (12) and (13) can be taken as follows [3]

/U Uy U,\ /U Uy U,
0 0 0 0 0 U,

All this presents a few simple categories of Lax pairs whiighdyintegrable couplings under the framework
of semi-direct sums of Lie algebras. Based on this idea, sategrable couplings of integrable systems
were obtained [6-9], from which we see that there are mutierimathematical structures behind integrable
couplings than scalar integrable equations.

Tu's trace identities have been broadly generalized to-skmct sums of Lie algebras recently [10,11].
The generalizations form a general identity called theatemnal identity, which provides a powerful tool for
generating Hamiltonian structures of integrable cougifigl]. More recently, the variational identity has
been extensively studied and extended to the case of supafdgbras, and the supertrace identity has been
established to deduce super-Hamiltonian structures oparsdKNS soliton hierarchy and a super-Dirac
soliton hierarchy [12].

Usually, integrable equations can have different intelgrabuplings. For example, a known equation
or system by Eg. (1) may have two integrable couplings [13]:

s~ (381 ()

_ - K(u — u
Uzt = Ko(lp) = <T(l(J \)/)> , Up = <W> - (16)
Putting (15) and (16) together forms a bigger system

B K(u) u
-0~ (50 ).o- 1) an
T(u,w) w
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If (17) is still integrable, then we call it a bi-integrableupling of Eq. (1) [13]. Two kinds of matrix Lie
algebras consisting of square matrices of block forms wenstcucted to obtain different bi-integrable cou-
plings of the standard nonlinear schrodinger equatioiowng this idea, two kinds of higher-dimensional
Lie algebras were presented in [14,15] to produce bi-iateglgr couplings of the KdV hierarchy and the
BPT hierarchy. However, the integrable couplings obtathéxiway are all linear with respect to the second
variablev in the systeny; = Su,v), that is, the whole system is linear with respect to the végialand its
derivatives with respect to the space variable. One of tagares may be the fact that the Lie algeGas
nilpotent.

Recently based on a kind of new special non-semisimple Igebas, two feasible schemes for con-
structing nonlinear continuous and discrete integrablgliogs were proposed in [16,17]. Variational iden-
tities [9,18] over the corresponding loop algebras were tiséurnish Hamiltonian structures for the result-
ing nonlinear integrable couplings.

In the paper, enlightened by the idea adopted in [16,17], wetwo establish three kinds of specific
Lie algebras and make use of them to generate nonlineamcawis integrable couplings of evolution type
for given integrable evolution equations. We take the AKN&drchy, the BK hierarchy and the KN hi-
erarchy as examples to illustrate the suggested approachlingar integrable couplings of the nonlinear
Schrodiner equation and the classical Boussinesq equati® presented as reductions of the computed
examples. Moreover, two linear functionals are introdusedhe corresponding loop algebras and Hamil-
tonian structures of the resulting nonlinear integrableptings are furnished by employing the associated
variational identity.

2 ThreelLieAlgebras. G, H and Q

Let us consider a vector space [14,15]:

Lz ={a=(as,a,a3)",a € R}.

Denote by
Aq
K(Lg) = {A: Ar | AL, A2, Az E€ L3}. (18)
Ag
ForvVA = (A1,Az,A3)T,B= (B1,B2,B3)" € K(L3), define an operation
[Ag,B1]
[A,B] = [A1,B2] + [A2, B4] : (19)

[A]_, Bg] + [Ag, B]_] + [Ag, Bg]

It can be verified thaK(L3) is a Lie algebra equipped with (19). In the vector sphgetwo different
commutative operations are given by

abs —aghy
[a, b] = | 2a3by — 2aob, (20)
2azb; — 2a1b3

and

aghy, — aphs
[a,b] = [ aybs—agb; | . (21)
by, — asby
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It can be verified thalt s is a Lie algebra if equipped with (20) or (21), where
a=(a,ap,a3)",b=(by,bp,b3)" € Ls.
Now we extend the vector spateginto a higher-dimensional one as follows:
Lo={a=(a1,...,a) ,a €R}. (22)
Forva= (ay,...,a9)",b= (by,...,be)" € Lo, notea= (A1,A2,A3)",b = (By,B,,B3)", where

A1 = (a1,82,83)" ,Ax = (a4,85,86)" , A = (a7,88,0) ",
Bl = (b17 b27 b3)T7 BZ = (b47 b57 bG)T7 BS = (b77 b87 bg)T-

According to (20) and (21) combining with (19), we define thkowing two operations irg :

[A17 Bl]l
[a, b] = [A]_, Bg]l + [Ag, Bl]]_ , (23)
[A17 B3]1 + [A37 Bl]l + [A37 B3]1

where
aphs —aghy
[A1,B1]; = | 2a1by —2a5b; |,
2agb; — 2a1b3
aphg — aghy + asbs — agbs
[A1,Bo]; + [A2,B1]; = | 2a1bs — 2a5b; + 2a4b, — 2a0b, |,
2agby — 2a1bg -+ 2a3b, — 2a4b3
apbg — aghy + aghs — agbg + aghg — aghg
[A]_, Bg]l + [Ag, Bl]l + [Ag, Bg]l = | 2a;bg — 2agb; + 2a7b, — 2a,b; + 2a7bg — 2agbh; |,
2agby — 2a1bg + 2a3b7 — 2a7b3 + 2agb; — 2a7bg
[A17 Bl]2
[a,b] = [A1,B2], + [A2, Ba], : (24)
[A17 B3]2 + [A37 Bl]2 + [A37 B3]2

where

aghy — aphs
[A1,B1], = | atbz—agby |,

aihy —aphy

(%%%%+%M®%)
[Al, Bz]z + [Ag, Bl]z = albs — aGbl + a4b3 — a3b4 ,
a1bs — agby + agby — apby
(asbs — aghz + aghy — axbg + aghg — a8b9)
[A1,B3], + [A3,B1], + [A3, B3], = | aibe —aghy + aybs —asby + azbe —aghy | ,
arbg — aghy + azb, — agby + azbg — aghy
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1Li=],

Notinge = (&1,...,809)",8j = {0’ P4 in terms of (23), we have a commutative relation as follows:

[€1,62] = 26, (€1, 3] = —263, [, &3] = €1, [€1,€4] = O, [€1, 65] = 265, [€1, 86] = — 265,
[e1,€7] =0, [e1,€5] = 2€g, [€1,69] = — 26y, [€2,€4] = —265,[€2,65] = 0, [€2, 6] = €4,
€2,€7] = —2eg, [€2,65] = O, [€2, 0] = €7, [€3, €4] = 265, [€3,65] = —€4,€3,66] =0,
[€3,€7] = 2ey, [€3, 8] = —€7,[€3,69] = [€4,65] = [€4,66] = [€4,€7] = [€4, €8] = [€4,80] =
[€5,65] = [€5,€7] = [65, €8] = [€5,69] = O, €6, €7] = [€5,65] = [€5,€0] = O,

€7, €8] = 268, [€7,69] = —26, [, €] = €7.

Let us make a linear transformation

1 1 1
fi= €7 fo= 5(98‘1‘99)7 f3 = 5(98—99)7
then we have a new Lie algebra
G =sparfe;, &, €3, f1, 2, fa}, (25)

where the commutative operations are the following:

[elyeZ] = 2@2, [elaei’)] = _2637 [e27e3] =€y, [e17 fl] = 07 [e17 fZ] = 2f37 [e17 f3] = 2f27
[e27 fl] = - f2 - f37 [e27 f2] = fl> [e27 f3] = _f17 [637 fl] = f2 - f37 [e37 fZ] = [637 f3] = - f17
[f1, fo] = f3,[f1, f3] = o, [f2, f3] = —f1.

Denote
G1 = span{er, &, e3},G, = spar{ f1, f2, f3},
and then we have
G=G1€G,,[G1,G] C Gy,

which satisfy the sufficient condition for generating indgle couplings. We remark that heBg andG;
are all simple Lie algebras.
If we make another linear transformation

. Vi 3 V/6i 3
hy =V3ifi,hy= —~—fo+ —fg hg= ———f— —f3,
1 1,112 2 2 \/23 3 2 2 \/23

where
(1, fo] = f3,[f1, fa] = fo,[f2, fa] = —f1,i% = —1,
then we obtain that

[h1, hp] = —hy — 2h3, [y, hg] = 2hy + hg, [y, hs] = —3hy, [e1,hy] =0,

[e1:he] = (2 + 20a). [en. ] = —%(2h2+h3), eohy] 3\/26— V6i s 3\/22\@ .

V3i—1 1++/3i , i—3 1+/3i
hy] = hy, (e, hs] = ==X —hy, [es, hy] = =3, 4 ha, [es,ha] = hy,

1-/3i
V2

hy.

e3,hg] =
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Denoting by

H = spar{ey, &;,e3,hy, hp, hs}, (26)
thenH is also a Lie algebra equipped with the above commutator.il&igm according to (24), a basis of
the Lie algebraR®,

Li=j, ..
1<1,1<9

_ T o
Q—(al,..-7ag) 73] {O,l?éj, Ll x99

possesses the following commutative relations

e1, 6] = €3, (61,63 = &, [€2, €3] = —€y,[e1,€4] = 0, [€1,65] = [ ) = [ e7] =0,
€1, e8] = €, [€1,€0] = €3, [€2,€4] = —6€p, [€2,65] = 0, [€2,€5] = —€4,[€2,€7] =
[e2,68] = 0, €2, €0] = —€7,[€3,€4] = —65,[€3,65] = €4, [€3, ee] 0,[e3,&7] =
€3, e8] = €7, [€3,€0] = [€4,65] = [€4,65] = [€4,€7] = [€4, €8] = &4, €] = ﬁ] ﬁ%
€5, €8] = [€5,€0] = [€5,€7] = [€5,€8] = [€6,80] =0,
€7,€8] = €9, [€7,€0] = €8, [€8,80] = —€7.
If make a linear transformation
PL = 2€7, P2 = 2(63 + &), P3 = 2(€3 — &),

then we have
[P1, P2] = 2pP2, [P1, P3] = —2p3, [P2, P3| = 4pPa, [€1, p1] = O, [e1, p2] = P2, [€1, P3| = — s,
(&2, 1] = 3(Ps— P2). [€2, P2 = —P1, [€2, P3] = P1, [€3, P1] = — (P2 + P3), [€3, P2] = P,
€3, P3] = P1.

Setting

Q = spar{e, e, €3, P1, P2, P3}, (27)

thenQ forms a Lie algebra equipped with the above commutativeatjoers.

3 Nonlinear Integrable Couplings

In the section, we shall use the loop algebras of the Lie adéggh H andQ to construct nonlinear integrable
couplings for the AKNS hierarchy, the BK hierarchy and the Kigrarchy, respectively. Specially, we
shall obtain nonlinear integrable couplings of the staddaemlinear Schrodinger equation and the classical
Boussinesq equation.

3.1 Two Nonlinear Integrable Couplings of the AKNSHierarchy

Introduce a loop algebra of the Lie algeltta

G = spar{ey(n),ex(n),es(n), f1(n), f2(n), f3(n)},

where
e(n)=gA", fi(n)=fiA" i=123 neZ
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The corresponding commutative operations read that
[&(m),ej(n)] = [e,e]A™™", [fi(m), fj(n)] = [fi, fjl)A™", 1<i,j <3, mneZ

By using the loop algebr&, we introduce a Lax pair of zero curvature equations

U= 61(1) + qez(O) + re3(0) + U fz(O) + U2 f3(0),
3 6 28
V=3 Y Vm&(-m+ 3 3 Vimfj_s(—m). (28)
m>0i=1 m>0j=4
A compatibility condition of the Lax pair (28) gives rise taecursion relation
Vimx = QVam — 'Vom,
V27mx = 2\/27m+1 - 2qV1m7
Vamx= —2V3mi1+ 2Vim, (29)

Vamx= (d—r+u2)Vsm— (g+Tr + ug)Vem+ (Ug + Uz)Vam + (U2 — Ug ) Vom,
Vs mx = 2V m+1 + (r — qQ)Vam — Uz2(2Vam + Vam),
V67mx = 2\/57m-i-1 - (q + |’)V4m — U1(2\/1m +V4m).

Note that
VO V) — T vy SRV gy
L =@ANV) = z Zlvlma(n—m)‘i’ Z ZVJme,g(n—m)_)\ -V
m=0i= m=0 =4

According to the Tu scheme [19,20], we need to compute tldéaid side of the following equation
VAV VAVAL VAV TAVAL))
A direct calculation gives that
VI U VY] = ~2Van11€2(0) + MVans1€5(0) — Do Fa(0) — i1 F2(0).
LetV(™ =V Then the zero curvature equation
U—W" + U v =0

admits a Lax integrable hierarchy

q Noni1 N
r —2M3ani1 —2V3
e F e ’ = L s 30
Uy ug 2V6,n+l 2Nen (30)
up N5 nt1 AV

whereL is a recurrence operator, i.e.,
4 -1 -1
50 qo—'q 0 0
ro~tr —g +rd—1q 0 0

1
(q—r+U2)0 Hug —up) —E(q—H—uz)d‘l(uﬁ—uz) FREPS

NI =

I3 l4 ls g
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1
li=—2(q—r+u)d Yq+r+u)l=

> +

N
NI =

(@—T+Uw)d H(q—r+up),
1 1
3= E(CH_ r— Ul)ail(UZ — Ul) — uld’lr, 4= U]_(?flCH- E(CH— r— Ul)dil(ul + Uz),

J 1 1
s = 5= §(q+r—u1)a*1(q+r+u1),l6: é(q+r —up)d Hg—r+up).

It is easy to check that

2\/27n—&-1 2\/Zn
~Nni1 | _ L —2Van

2\/67n—&-1 2\/6n

Nsni1 AV

When seu; = up = 0, the hierarchy (30) reduces to the well-known AKNS hierarchy
Settinng’o =a,Vog=V3g= V5’0 = VG,O = O, then from (29) we have

a
Vio=0Vo1=0aq,V31=arVs1 =au, V51 =aug,Vi1 =Vs1 =0,Vo, = 50

a a a a a a a
V3o = —ifx,Vl.z = —Eqr,Vz.s = 70— qur,V&g = 2T qu27V1,3 = Z(qfx —Oul),

_a _a _ 99 _de 2
V62 = 2U1x7V572— 2U2><,V472— Z(CI M 2(Q+V)U1 4(U1 uz),

a a a a
V53 = 5 Upoct Z(CH r+up)[(g—r)uz — (q+r)ug] — g(qu r+uy) (Uf — ug) — Zarus,

a a a a
Vo3 = 2ot Z(q— r+u)[(q—r)up— (q+r)ug] — g(q— r—+up) (U5 — u3) — PRI

Whenn = 2, the hierarchy (30) reduces to a nonlinear integrable cogpiif the standard Schrodinger
equation

a 2
q'[z = EqXX_ aq I',

a 2
Iy, = _Erxx‘i‘ aqres,

a a a . (31)
Uy, = 5 Upoct §(Q— r+uz)[(q—r)uz — (q+r)ug] — Z(Q— I+ Up)(uf — U3) — aqruy,

a a a
Upt, = Eulxx+ §(q+r +up)[(q—r)uz — (q+r)ug] — Z(q+r+u1)(u§ —u3) — agrus.

When takingu; = u, = 0, (30) reduces to the nonlinear Schrodinger equation. Wakingn= 2,3, ...,
the hierarchy (30) all reduces to nonlinear integrable togpequations. Hence, (30) presents a hierarchy
of nonlinear integrable coupling for the AKNS hierarchy.

In what follows, we employ the Lie algebkd to construct a second hierarchy of nonlinear integrable
couplings for the AKNS hierarchy. A loop algebra of the LigethraH is chosen as

H= Spar{el(”)? ez(n)v e3(n)> hl(n)> hg(n), h3(n)}v
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where

e(n)=eA" hi(n)=hnA" i=123 neZ
The corresponding commutative operations read
[&(m),ej(n)] = [&,e]]A™", [hi(m),hj(n)] = [h,j]A™", 1<i,j <3 mneZ.
By utilizing H, a Lax pair is introduced as follows

U = e(1) +qex(0) +res(0) + s1h2(0) + s2h3(0),

3 6 (32)
V=73 (3 Vim&(-m)+ 3 Vimhj_3(—m)).
m>0 i=1 =4
The stationary zero curvature equation
[U>V] = VX
is equivalent to the following
Vimx = qVam — 'Vom,
V2,mx = 2V2.m+l - 2qV1m>
Vamx = —2V3me1 + 2Vim,
14V3  1-V3 Va-1_ 1.
V, = -+ V- + _ 14+V3 \/-
4,mx ( NG S NG Sl) 2m < NG S 72 S1 | V3am
V3i—1_  1+/3i 1-v3  1+3i
+ + r+3s | Vsm+ r— — Vem,
( /2 q NG S2 | Vem NG 2 g—3s1 | Vem
. . ' . 33)
2i 4i 3V2-V3  i+/3 (
Vs mx = —=V: — —V + - r+s—-2% |V,
5,mx V3 5,m+1 /3 6,m+1 ( 6 q NG S1— £ | Vam
4 2iS;|_
+| —=%— — | Vim,
(ﬁsz ﬁ) i
4 2 3vV2— /6 i—/3
Vemx = —=V: — —V + + r+s — V,
6,mx V3 5,m+1 /3 6,m+1 ( 6 q NG Sl SQ) 4m
(Za )

Settinng’o =a,Vog=V3g= V5’0 = VG,O = O, then we obtain from (33)
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a
V40=0V51=0a5,Ve1=0%,Va1=0Vo1 = aq,Vz1 =ar Vo, = EQx,V&z =—2rx

a a

Vio = ——qr, Vs Vo2 = —= (Sox — 2S1x),

12 50N Ve2 = > f( Sox — Six)s =3 NG (Sox — 2s1x)
V3i+1 1—/3i 1—4/3i +\f|

Va2 = agqs + aqs, + ——=0arsp+ ——— +

e="7% s NG asi N 2f %%sm
a ia [3V/2—v6i  3i—+/3 i+1 1—4/3i 1—/3i

V53 = —Sixx+ = V2 \/_CH- f Vs a9 + qul sz
4 3 123 6v/2 f 2V/2 2V/2 2V/2

1;\/\? )r—@(ﬁJr%—slsQ) —%qrsl,
a ai [ 3v/2—/6i 3|+\/_ V3i+1 1—+/3i
Vengm—;( NN fS&) (2\@ S+ NG &)q

—@(§+%—5152)

Tar
Zq&'

1—/3i 14+ +/3i
+< 27 S+ 22 Sl>r

Setting

n

3 6
v = WZO <i;\/ima(n— m) + JZ4ijhj—3(n_ m)) :

a direct calculation gives rise to

2i
YL U,VV] = — 25 0,16(0) + V3 01163(0) + —= (Ve ni1 — Vonr1)h2(0)

o V3
i
+— (Vi — 2V hz(0).
\/§( bnt1— 2Vsnr1)hs3(0)
The equation
Uy —W" + U,V =0
leads to
Moni1
q —2\/37n+1
b= | "] = A Venis— Vo) (34)
. s 75 Veni1 = enia) |-
2 tn 2

73 (V5041 —Vent1)

When settings; = s, = 0, (34) reduces to the AKNS hierarchy, and so it gives a hiesaaftnonlinear
integrable couplings for the AKNS hierarchy. Speciallywié taken = 2, the hierarchy (34) reduces to
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another nonlinear integrable coupling of the nonlinearr&dimger equation:

a 2
q'[z = qux_aq rv

Sip, = —%(ZSQXX—&XX)JF%(sz_Sl)qM% <\/éi6?/§\/§q+i;-\/\/§§r_51\_/§252>
[(fi/glsﬁlgffisl) +<1;\\ffi32+1;/\§i>f—§(§+§—8182)]7 )
Sp, = —%(SQXX—ZQXX)jL%(sQ—zsl)qr_ % (3\/2\—@\@% is_\/?“L 251\%52>

K\f;\i/;lswlggisl) + <12\/\252+1;§i51> r—g(ﬁJr%—slsQ)

3.2 ThreeNonlinear Integrable Couplingsof the BK Hierarchy

In this sub-section, we first make use of the Lie alggbta establish two different Lax pairs to generate the
corresponding different nonlinear integrable couplingge BK hierarchy. As reduced cases, various non-
linear integrable couplings of the classical Boussinesm#gn are obtained. Employing the Lie algebta
we introduce a Lax pair whose compatibility condition givise to the third nonlinear integrable couplings
of the BK hierarchy.

Applying the loop algebr& of the Lie algebraG introduces a Lax pair as follows:

U = —ei(1) + 5e1(0) + 2(0) —wes(0) + ug f2(0) + uz f3(0),
3 6 36
V=3 3 Vime(-mM+ 3 3 Vimfia(—m). (36)
m>0j=1 m>0k=4
EquationVy = [U,V] gives that

V1 mx = Vam +W\Von,

Vo mx = =2V me1+VWom — V1,

Vamx = 2Vam+1 — Wom — 2WVip, 37)

Vamx = (1+W+ U2)Vsm+ (—14+W—Ug)Vem+ (U1 — U1 )Vom + (U1 + Up)Vam,
Vs mx = —2Vemi1 + Wem~+ (—1+W— Up)Vam — 2UpVam,
Vemx= —2V5me1+Wem~+ (—14+W—ug)Vam — 201 Vim.

Noting

n 3 6
vV = (lambddV), = (Z Vimej (n—m) + 3 Vimfis(n— m)) = A v,
1 k=4

m=0 \ |=
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then Eqvk = [U,V] can be written as
VO v = v
A direct computation reads
—V{Y + U VY] = 2V2001€5(0) — Da i 163(0) + V6 11 F3(0) + Va1 F2(0).
Settingv (" = V+(n> + 41,01 = Vo n11€1(0), we have
VUV ) = Vo 16€1(0) + (—20Va i1 — Dani1)es(0)
+(—=2uVo i1+ 2V ni1) F2(0) + (—2u1 Vo ne 1 + 2V5n11) f3(0).
Thus, the compatibility of the Lax pait andV (" gives rise to

\Y Ny nt1x Mo nyax

U, = Wl | —2Wenp1—Vang1 | —2NV1ni1x (38)
U 2UVoni1 — NVent1 2UVoni1 — Nent1
W/ 2u1Vony1 — Vs i1 2u1Vony1 — Vs i1

Letting u; = ux = 0, (38) reduces to the BK hierarchy. Settigo = a,Vo0 =V30=Vs0=Vs0 =0, then
one infers from (37) that

a a a a
Vi1 =0Vo1 =—a,Vz1 =aw\V;, = EVV,Vz,z = _EVaV&l =aw,\Vi3= 7 Wt WY
a a a a a a a
Vao = — (Wy +WV), Vo3 = —Vy — —V2 — —W,Va3 = — (Wy + WV)x + —V(Wy +WV) + — W
32 2( w+WV), Vo3 2% 7 5> W, V33 4( x + )x+4 (W + )+2 )

Vo= 2 (up—uy+w +}u2—}u2+wu
472—2 2 1 u222 Sl h |,
a a a 1 1 a
Vo3 = —Z(uzxx— (Vi )x) + 7 V(Ux = V) - Z(l—l—W—i— U2) (U2 — Ug + WUy + Wl — Euf — Eug) - 5 W
a a a 1 1
Vs3 = _Z(ulxx_ (Vp)x) + ZV(ng — Vi) + Z(_1+W_ U) <u2 — U1 + W +Wp + éug — éu%)
o
—EUJ_W, e
Lettingn = 2, then (38) reduces to the following nonlinear integrableatipns
a
Vi, = EVxx_ AV — a'Wy,
a
W, = —wax— o (Wv)y,
a a a o a
Uiy, = — UaVx — —UpV2 — QUW+ — (Upxx — (VU )x) — =V(U1x — V) + = (1 + W+ Up)
2 2 2 2 2
(39)

1
Uz — Uy 4+ W(Ug + Up) — é(u% +U3) | + auw,

a a a o
Uzt, = Eule — Eulv2 — oUW — E(ulxx_ (Vup)x) — E(—l—i—W— Ug)[Uz — ug +w(ug + Up)

1
+5 (U — W)+ aww
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Settingu; =u; = 0,0 = —1,t, =1, (39) reduces to the BK system

1
Vit = — EVxx + VW + Wy,
(40)

1
W = <VW+ _WX> )
2 X

which was obtained in [21]. Two basic Darboux transformaiand some new solutions were obtained in
[22]. Li and Zhang [23] obtained the third Darboux transfation of the BK system (40) and produced
some multi-soliton solutions. (39) presents a nonlineagrable coupling for the BK system (40). The Lax
integrable hierarchy (38) gives a hierarchy of nonlineéegnable couplings for the BK hierarchy.

In what follows, we deduce a nonlinear integrable couplioigtiie classical Boussinesq equation. By
making a linear transformation [22,23]:

v:—u,w:E+1+V—2X, (41)

the BK system (40) is transformed to the following classBalissinesq equation

Ut + Utk + &x = 0,
(42)

&+ ((A+&)u)x+ %Uxxx =0,

whereé is the elevation of the water wavejs the surface velocity of water alonedirection. Substituting
(41) into (39) yields a nonlinear integrable coupling of)42

U + Ul + & =0,

&+ (L+&)u)x+ %Uxxx =0,

1 1 wy 1 1
Uy = 5 Uplx — 5Upl? + Uy (1+E+ EX) 5 (U2t (Ulk)) — 5 (U + Ut)
1 V. 1 V. 43
—§(2+5+V—5+Uz) [Uz—uﬁ- <1+5+§X> (U +uz) — E(U%‘U%)} —U2(1+5+5X), (43)
1 1 Wy 1
Ut = EUlUx+§U1U2+U1 (1+E+ EX) +§(lex+(UU2)x)

+% (E+V—2X—ul) |:u2_ul+(U1+U2) (1+E+%) +%(u§—u§)] —u (1+5+%),

In the following, we deduce the second nonlinear couplinthefBK hierarchy. We still use the loop algebra
G to introduce a Lax pair:

U = —eu(1) + e1(0) +e2(0) - wes(0) +5112(0) + 52 3(0),

m>0

3 6 (44)
V=735 (igl\/ima(—m)+j§4ijfj_3(—m)>.
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Similar to the above discussion, a recurrence relationsraadollows

Vl,mx = V3m + WV2m>

V27mx = _2\/27m+1 + VV2m - 2Vlm;

Vamx = 2V3m+1 — Wam — 2WVip,

Vamx = (W—1)Vem+ (1 4+ W+ 5)Vsm + S (Vom + Vam),

Vs mx = —2Vems1+ (V+51)Vem — (1+ W+ $2)Vam — 259Vim + S1(Vom — Vam),
Vomx = —2Vsmi 1+ (V4 S1)Vem + (=1 +W)Vam + S (Vom + Vam).

(45)

Taking some initial values such ¥go = a,Vo0 = V39 = V50 = Vg0 = 0, then from (45) one infers that

o o
Vi1 =V40=0Vo1=—-a,Vz1=aw\V;, = EW,Vz,z = _EV’VS’l =aw,

a a a a a a
Vi3 = —Wyx+ =WV V32 = — (Wy - WV), Vo3 = —Vy — —V2 — —W.
13 = 7 Wt WV Va2 2( w+WV), Vo3 2% 2 > W

a a a

V33 = Z(WX+WV)X+ ZV(WX+WV) + §W2>V6,1 = —0a%,V50=0,V40=0,
a a

Vo2 = —E(SQVJr S192 + 81+ $1W), Vs 2 = 5(

<SQ+SQW+%§> :

Sox — S1+ SIW),

Vi =

N Q

a a a 1
Vo3 = —Z(SQXX—Slx‘F(SlW)x) - Z(V+SEL)(32V+3132+31+31W)_ Z(1+W+32) <52+32W+ 5%)

a a
— =W — —(SIV+ SIWy + SIWV),

2 2
a a a 1
Vo3 = 7 (SpV+ 518+ 81+ SW)x+ - (V+S1) (Sox — S+ 81W) + 7 (W— 1) <52+52W+ 5%)
a
— 2 BV sk—swy),....
Setting

n 3 6
V_l(_”): Z (Z\/ima(n—m)—l— Zijfjg(n—m)> R
m=0 \i= =4
we obtain that
VY UV = Vo1 1€2(0) — 2V31111€3(0) + Vs i1 F3(0) + 2Vona1 F2(0).

Noting
Nenr1— 2%Vont1

1+w+s

v = VJ(rn) + 082,80 =V n11€1(0) + f1(0),

then we have

() My _ B - <Z\/G,n+l—252V2,n+1>
TRV Y 0)— 2V 0 £1(0) + (2v
W+ ] > n+1x€1(0) 1n+1x€3(0) liwrs ) 1(0) + (2V5 41
w—1
+— (2\/6,n+1 —28%Von11)) £3(0).

1+w+s



16 Y.F. Zhang, W.-X. Ma / Journal of Applied Nonlinear Dynanii¢k) (2012) 1-28

The compatibility condition of the Lax palt andV (™ leads to

2\/27 n+1x

—2V1 nt1x
= < MNeni1—2%Voni1 > . (46)
Itwts  /,

tn 1-w
M1+ —————(DVonr1— 2%Vony1)

$ Y = <

Whens, = s, = 0, (46) reduces to the BK hierarchy. When takimg- 2,a = —1,t, =t, (46) reduces to a
nonlinear integrable coupling of the BK system (40):

1
Vv = — EVXX + Vi + Wy,

W = <VW—|— }wx> ,
2 X

= #}( —Six+ ( w))+}(v+ )(S2V+ 182+ 51+ S1W)
St =\ Trwrs |22 St (W) + 5 (Vs (S as+aits

1 1 1 ,
+§(1+W+52) Sg+52W+§§ +51v+31wx+slwv+§(52vx—32v) ,

X

2 2
1-w
21+ w+sp)

1 1 1 1
S = S (SVF 819+ S+ SW)e+ S(V451) (S~ S1+5W) + S (W—1) S+ W+ 55

1
— = (S1V—s1Wy — SpWV) +

5 |:32xx_51x+(sﬂ.w)x+(V+51)(52V+5152+31+51W)

1
+ (1+W+S) <52+82w+ §§> + 251V + 251 Wy + 25 WY+ SpV — Szvz)] :

(47)
Obviously, (47) is different from (39). They are all nonlarantegrable couplings of the BK system. When
making the linear transformation, it is easy to transform fierarchy (47) into a hierarchy of nonlinear
integrable couplings for the classical Boussinesq eqguatit®re we omit it due to complicatedness.
Next, we construct the third nonlinear integrable couplfghe BK hierarchy by using a loop algebra
H of the Lie algebreH.
Setting

U = —ey(1) + 3e1(0) +e2(0) — wes(0) +wihy(0) 4 wahs(0),

3 6 (48)
=2 (_Xl\ﬁma(—m)JFj;ijhj3(—m)>>

Eq. [U,V] =V leads to
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V1mx = Vam + WVom,
V27mx = _2\/27m+1 + VV2m - 2Vlm;
Vamx = 2V3me1 — VWam — WV,
V3i—1 1+4/3i 1+ /3
\V/ = — W+ 3Ws | Vsm —
4. mx ( \/é \/é 2 5m \/é
1—-+V3i 1—-+/3i :
+ \/\E[ W+ 3W1> Vem + ( \/\é/i Wy + 1JZ}2[3'W2> Vaom,
2i 4 i 2i 3vV2—V6i i+3
Vs, mx = _ﬁv57m+1 + EV&mﬂ + EVVSm - %VVem + < 6 + NG W+ W1 +2Wp | Vam
+ (iiw + i‘) v
\/§ 1 \/é lm7
4i 2i 2i i 3v2+ /6 |—\f
Ve mx = —ﬁVS.erl + %Ve.mﬂ + ﬁVVSm - ﬁVVGm + ( 5 NG W+ 2W1 +Wo | Vam
+ < 4 —W + W >V
(49)

SettingVio = a,Vo 0 =V30 = V509 = V60 = 0, then from (49) we have

ia ia a 5
Va0 =0,V51=—awy, Vg1 = —aWz, V41 = 0,Ve2 = —=Wix — —=Wxx + 3 <2VW —VWz> )

V3T 2v3 L2
V5o = 2I—:j§W1x l% Wox + — a <5VW1 2VW2> ;
Vao = v3-3i aw; + 3i+v3 Jr\[orwg— L+vai aww + Vi- 1orwvvg— @awf— ﬁW%Jr @awlwz
’ 2\/6 2\/6 2V/2 2V/2 2 2 2 ’
Vin(1 <1, j < 3) are the same with the previous those in (45).
Defining

(zl\/.ma (n—m) +ZV,mh, a(n— m)) = A v,

WO

we obtain that

2i
—V+(T<) +[U ,VJ(rn)] = 2Mont1€2(0) — V3 01163(0) + —= (Vs 1 + NV nr1)h2(0)

V3
2i
+—(—2Vi + Vi h3(0).
\/§( 5.n+1+ Ve nr1)h3(0)
If settingV (M :Vﬁn) +Van,1€1(0), we have
2i
SV TAVIL) = Vo 2x@1(0) — (20Voni1 + Nansa)ea(0) + = Vonsa + Nonia

2i

+(2wp — W1)V2,n+l] h2(0) + %

[—2V5n+1 + Ve nt1+ (W2 — 2Wq)Va np1]h3(0).
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Hence, we get a nonlinear integrable coupling of the BK hamafrom the zero curvature equation:

N nyix
Vv —2NV1nyax
w 2i
= 1w, | = —%[—V57n+1+2V6,n+1+(2W2—W1)V27n+1] : (50)
W/, 7
A Ve pin +Vened + (Wa— 2wV
\/§[ 5n+1+ Ve nrt+ (W 1)Va ]

When settingvy = w, = 0, (50) reduces to the BK hierarchy. When takimg- 2,0 = —1,t, =t, we get a
nonlinear integrable coupling of the BK system (40):

1
Vi = —EVxx‘F VVy + W,

1
W = (VW+—WX> s
2 X
W ——ii[ 1W +1W +—= <5vw 2vvv2> —iw +iw —ivvvz

+<i—l—>vw+#VW2x—}<2vw—§vw2>
12 V3) tT 23 3 )

V3i (3V2-V6i  i+V/3 1
+—- e T 78 W Wi+ 2w V4,2|a:71—§W((W1—2W2)] (51)
1 1, 1
+(2wp —wy) (—va+ AR 5W> ;
Wo = A _Lw - 1W +——(2vwy — v + ——=vw 3 +}v2w
1 V3i [(3V2+ \/_I i—/3 1
—ZV2W2 — 5 78 W+ 2W1+Wo | Vao|a——1+ EW(WZ —2wy)
1 1, 1
+(wWp — 2w1) <—ZVX—|—ZV + EW> .

3.3 A Nonlinear Integrable Coupling of the KN Hierarchy

In the section, we shall use a loop algebra of the Lie algé€bta introduce a Lax pair, from which a
nonlinear integrable coupling of the KN hierarchy is obtainSet

Q = spar{e1(n),e2(n), e3(n), p(n), p2(n), ps(n)},

where

e]_(n) _ el)\Zn’ez(n) — 62A2n+1763(n) — 93A2n+1,
p1(n) = p1A?", pa(n) = P2AZ™ L pg(n) = paA® i ne z.
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It is easy to verify that the following commutative relatsohold:

ex(m) &a(n)] = e5(m+-n), [ea(m), &5(n)] = ex(m 1), [eo(m), &5(n)] = —ea(m-+n+-1),
[P1(M), p2(N)] = 2p2(m-+n), [p1(m), P3(n)] = —2pa(m-+n), [p2(M), pa(n)] = 4p1 (M- n),
ex(m), py(1)] = O.[ex(m), pa(r)] = pa(m-+n),fea(m), ()] = — pa(m-+ 1),
a(m), pu(] = 5 (Ps(m+ 1) — pa(m-+ 1), ex(m). po(m)] = — py(m-+ n+ 1),

a(m), po(1] = pa(m-+ 1+, fes(m), pa(n)] = 3 (Po(m-+ 1) + pa(m-+ 1),
[es(m), p2(n)] = pr(M+n—+1), [e3(m), p3(nN)] = p1(M+n+1),mne Z.
By employing the loop algebr@, we consider a Lax pair

U = er(1) +gex(0) +res(0) + u1 p2(0) + uzp3(0),

3 6 (52)
=> Zl\/ima (=m)+ > Vimpj_3(-m) | .
m>0 \i= =4
The stationary zero curvature equation of the compatjbiidndition of (52) leads to the following
Vimx = —0Vam+1+Vome1 = —qQVo mx+ V3 my,
Vo mx = Vame1 — Vim,
V37mx = V27m+1 - qV1m7
Vamx = (04 +4u1)Vems1 + (=041 —4U2)Vsmy1 + (U — U2)Vome1 — (U + Up)Vame1
(53)

—(g+r1 +4u1)Vemx+ (—q+ 1 — 4U2)Vs mx+ (U1 — U2)Va myx— (U1 + U2)Va my,

1 1
Vs mx = Ve me1— <§q + ér + 2U1> Vim — U1V,

1
Vemx = —Veme1+ <§q —3r+ 2U2> Vim + U2Vim.
Setting
n 3 6 )
=5 (zl\/ime.(—m) + 3 Vimpj-a(—m)A* =A%V V7,
m=0 i= =4
then we obtain that

—VS() +[U ,V+(n)] = (—1Vonr1+0Vans1)€1(0) —Vani1€2(0) — Vo ni1€3(0) — Vs 1P2(0) + Ve ni-1p3(0)
+[(0d—r+4u2)V5 11— (04T +4up)Veni1 + (U2 — Up)Voni1 + (Ur + U2)Vany1] pa(0)
= —V1nx€1(0) —V3n11€2(0) — Vo n11€3(0) — V5 nt-1P2(0) 4 Ve nt-1P3(0) — Vanxp1(0).

Choosing a modified term MJ(F”) as thatv (™ :V+(”) —V1n€1(0) —Vanp1(0), a direct calculation yields that

1
4+ =rVgn + U1Vin

1
—Vx(n) +[U 7V(n)] = (_V37n+1 +1V1n)ex(0) + (_V27n+1 +QVin)e3(0) + < —Vsni1+ Eqv4n 5

1 1
+2U1V4n> P2(0) + <V67n+1 + <_§CH‘ ér - 2U2> Vin — u2V1n> p3(0)
= —V2 nx€2(0) — V3 nx€3(0) — Vi nxP2(0) — Ve nxP3(0).
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Therefore, the zero curvature equation
U~V + U v =0

admits a hierarchy of equations of evolution type

q V27nx

. . V3.nx
a U1 ; V5, nx
uz Ve.nx

A recurrence operator of (54) is

—q0 g0 d+qoro 0 0
d—rd g9 rora 00

A re AsAL|
B, B, B3 B4
which satisfies that
Voni1 Van
V3ni1 _L Van
Vsni1 Vsn |
V67n+1 V67n

where

Ay = —udtqd - %(q+ r+4u1)0~*(up + Up)a,
Ay =uwd trd+ %(CH— r+4u;)d 1 (u; — )0,
Az =20 — %(q+ r+4u))d 1(q+r—4u)a,

Ay = —%(q+r +4u1)0 Y (q+r1+4uy)0,

By = —Upd 1qd — %(q— r+4up)0 L (up + up)a,
By = upd lrd + %(q — 1 +4U)0 L (up — wp)a,

1
Bs=—5(q-r +4u)0 (g + 1 — 4up),

1
By=—0-3(q-r +4U)0 (g4 +4uy)a..

(54)
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LettingVi0 = a,Vo0 =V30 = V50 = Vg0 = 0, then we have from (53)

a
Va1=arVo1=0aq,Vi0=0,V51 = au;,Vg1 = aup,Vao =0,Vy 1 = E(rz ),
a
Va1 = a(—qup — qup +rug — rup — 4uglp), Vo o = ary + §Q(r2 —P),
a
V3o = agx+ Er(rz —P),

a 1
V52 = Ol + E(q+ r 4 4up ) (—Qup — quy -+ rug — ruz — 4ugUp) + Eul(r2 — ),

a a
V62 = —QUx+ E(q— I+ 4uy)(—qup — qug + rug — ruz — 4ugUp) + Euz(r2 — qz), .

When takingn = 2, the hierarchy (54) reduces to a nonlinear evolution eqnatio
o
G, = Aot 2 (A = 6)x,

1
M, = A0+ = (3 —rg?)y,

% . (55)
Ui, = QUi+ 5 [(q+r -+ 4up)(r(ug — Up) — q(ug + Up) — 4urlp)]x + 3 (Ur(r — g?))x,
o o
[ Uat, = — ot o (0= T+ 4up) (—Q(Un + Up) + 1 (Ug — Up) — Airlp) )+ 5 (Ua(r® — %))
Settingu; = u; = 0, (55) reduces to a nonlinear coupled KN equation
a 2 3
O, = OTxx+ E(qr = )x,
(56)

1
M, = QCxx + z(r3 —1g%)y.

Obviously, (55) is a nonlinear integrable coupling of (586hus, (54) is a hierarchy of nonlinear integrable
couplings of the KN hierarchy.

4 Vector representations of the Lie algebras G and Q aswell as some Hamiltonian structures of non-
linear integrable couplings

We find that it is difficult to express the Lie algebt@saandQ as square matric representations. There-
fore, we consider their vector representations so that weleduce Hamiltonian structures of the obtained
nonlinear integrable couplings by using the variationantities [11,18]. Foiwa,b € G, we can express

them as
3 6 3 6
a= )Y ae+ ) ajfj_z,b=>» be+ ) bjfi_3cG,
23972, 208t 2,
and we have
[a, b] = (a2b3 — a.3b2)91 + (2a1b2 — 2a2b1)62 + (2a3b1 — 2a1b3)63
+(aghs — ashy + asbz — azbs + aghy — axbe + aghs — azbe + asbs — asbg) f1

+(2a1bs — 2861 + asbe — agha + aghs — asbz +ayh, — aghy) f2
+(2a1bs — 2agh; + aybs — ashs + ayb, — by + a4z — azha) f3. (57)
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If notinga= (ay,...,as)",b=(by,...,be)", then we can write (57) as
AL B
b= <[ : ﬂl) , 58)
[av b]l

aghs — ashy + ashz — agbs + aghy — axbs + aghs — agbs + aghs — asbs
[a,b]; = 2aybs — 2aghy + aubs — aghs + aghy — asbs + ayby — azhy
2a;bs — 2asb + aybs — asby + azby — agby + aybs — agby

where

It can be verified that the vector spaeg= {a= (ay,...,as)" } is a Lie algebra if equipped with (58).
Hence, the Lie algebr& is isomorphic to the Lie algebrB®. In order to apply the variational identity
to deduce Hamiltonian structures of nonlinear integrableptings, we need to get a constant symmetric
matrix F which satisfies the matrix equation

R(b)F = —(R(b)F)T,FT =F, (59)

whereR(b) comes from rewriting (58) as the following form

[a,b] = a"Ry(b). (60)
It is easy to see that
0 2)2 —2b3 0 2b6 2b5
bs —2b; O bs — bg —by —by
-b, 0 2b, —bgs — bg b4 —by
Ri(b) =
0 0 0 0 bg—bs+by bs+by+bs
0 0 —bp+bs—bg 0 —2by — by
0 0 0 by 4+ bz + bs —2b1 — by 0
Solving (59) yields
2 0020 O\
0O 0101-1
0O 1001 1
FL= ) (61)
2 0010 O
0O 1101 O
0 -1100-1
Similarly, for
3 6 3 6
a=Y) ae+ ) ajpj-3s,b=>) bie+ ) bjpj-3€Q,
28972, 20872,
define that

ot = ([A1,81]2> _ aTRb) ©2)
[a’ b]2
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where
apbg — aghy + agbg — aghs + asb, — axbs + 4asbs — 4agbs + agbs — asbs

1 1 1 1
[a,b], = ajbs — asby + §a4b3 - Easb4 + §a4b2 - §a2b4 + 2a4bs — 2asb,

1 1 1 1
aghy — aybs + §a2b4 - §a4b2 + §a4b3 - §a3b4 + 2agbs — 2a4bs

Solving Eq.(59) fofF gives
0O 01 O O\

1 00 11
0-10-11
0 02 o0of
1-10 04
01 10 40

In what follows, we construct Hamiltonian structures of ttanlinear integrable couplings of (30) and
(54) by using the variational identity [11,18]. At first, weake use ofF; and F, to define two linear

functionals.
ForvVa= (ay,...,as)",b=(by,...,bs)" € R®, usingF; we define

(63)

O r O O Bk

{a,b} = 2a1b; + 2a4b; + 2a;bs + agh, + apbs + ash,
+apbs 4 aghbs +- agbs +- aghs +- aghe — azhe — aghy
+-a4by + aghs — aghe. (64)
UsingF,, we define that
{a,b} = aib; +ayb; + a;by + aphy + ash, + apbs + aghy + axbs
—aghs — asbs — asbs + aghs + agbg + 2a4bs + 4aghs + 4asbe. (65)
Rewrite the Lax pair (28) as follows
U=(A,qr0u;,u)",V=(V,....Ve)",
whereVy; = 5 VipA ™™, ... Using (64), we obtain

m>0
ou ou ou
V,— + =Va+V5—Vg,qV,— » =Vo+V5+ Ve, <V, — > =Vo+V3+ Vi
{ ’dq} 3+ Vs 67{ ’c?r} 2+ V5+ 6,{ ’dul} 2+ V3+ Vs,
ou ou
{V,d—uz}——Vri-Vg—Ve,{V,ﬂ}—2\/1+2\/4.
Substituting the above into the variational identity givisg to
V3 +Vs5—Vs
> [ 0 V2—|—V5—|—V6
— N+ 2N)dx=A"Y Y . 66
5/( ' Y oA V2 +V3+Vs (60)

—Vo+V3—Ve
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Comparing the coefficients af~"~2 on both sides in (66) yields

Vani1+Vsni1—Veni1
Voni1+Vsni1+Veni1
Voni1+Vani1+Vsnia

~Vont1+Vani1—Veni1

0

X
a/ (XVini2+QVgni2)dx=(—n—1+Yy)

It is easy to verify thay = 0. Thus, we have

Vani1+Vsni1—Veni1
Vani1+Vsni1+Venit ) ( [ (Ving2 + 2v4,n+2)dx>  OHna
V2ni1+Vani1+Vsnit ou n+1 - ou

~Voni1+Vanir —Venit

where
X
/ (V1n42 + Vapi2)dx
n+1

Hn+1 = -

Therefore, (30) can be written as a Hamiltonian form

q 0 -2 2 -2 Vant1+Vsni1—Ventt
r 2 0 -2 -2 V. + Vi + Vi
U = _ 2n+1 T Venil +Venil [ J6Hn+1’ (67)
Uy -2 2 0 2 Voni1+Vani1+Vsni1 ou
U 2 2 -2 0 ~Vont1+Vani1 —Veni1

tn

wherelJ is obviously Hamiltonian. From (29), we can obt&fy andVs 4. Thus, we can obtain the Hamilto-
nian structure of the nonlinear integrable coupling (31thefnonlinear Schrodinger equation if substituting
V1’4,V4’4 into (67)

In the following, we deduce the Hamiltonian structure of)(3ewrite the Lax pair (52) as

U= (A2,0A,rA,0,u1A,uA)T,
{ (A%,9 1A,U2A ) (68)

V= (V1>V2)\ 7V3)‘ 7V47V5)\ 7V6)‘ )T7

whereVy = 5 VimA —2m . Using the linear functional (65) along with (68), we have

m>0
U U U
V, = b= (Vo4 Vs +Ve)A2 {V, ==} = (-Va = V5 +Ve)A2, {V, —— & = (Vo — Va+4Vp)A2,
aq or ouy
{v,d—u} = (Vo+Va+4V5)A2,
Jdup

ou
{V, a_)\} = [2V1+ (G Un - U)V2 + (=1 = Us + U)Va + Vg o+ (= + AU + Q)Vs + (q 4T + 4u1)Ve]A
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Substituting them into the variational identity gives

5 X
E/ {(V1+(q+ Up+Up)Vot(—T — Uy +Up)V3+2Vs
+(—T+4Up+0q)Vs+ (g+r +4u1 V) }A dx

(V2 +Vs+Vg)A 2
v 0y | Ve Vet Ve)A® (69)
oA (Vg —V3—|—4V5))\2
(Vo + V3 + 4V5)A2

Comparing the coefficients af~2"t1 on both sides of (69) yields
5 X
50 / (2V1n+ (G + U + U2)Von )dX = (=T — Uy + Up)Van + 2Van
Van +Vsn +Ven
_V3n - V5n + V6n
Von —Van + 4Ven
Von +Van + 4V,

+(—=r+4uz+Qq)Vsn+ (q+r +4up)Vendx= (—=2n+ 2+ )

Utilizing the initial values in (53), we havg= 2. Hence, (54) can be written as the Hamiltonian form

7] 7]
2 0O —— —=
J 2 2
q 0 V2n +V5n +V6n
0 -2 - -9
W = _ 2 2 —V3n — Vsn +Ven y OH, (70)
" Uz B é g 0 g Von — Van + 4Ven ou’
U t, 2 2 2 Von +Van + 4Vsn
9 9 9
2 2 2
where
1 X
Hn = 7—- / (2V1n + (Q+ UgUz)Von + (=T — Uz 4 U2)Van + 2Van -+ (0 — I +4U2)Van -+ (q+ 1 4 4ug )Ven)dx,

andJ is a Hamiltonian operator. As for Hamiltonian structurests other obtained nonlinear integrable
couplings, we can make a similar analysis but we omit here.

5 Discussions

We have constructed three Lie algebras of semi-direct sumie =G & Gc¢, whereG andG¢ are all simple
Lie sub-algebras and satisfy that

[G,G] C G, [G, G| C G, [G,G| C Ge. (71)
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We require that the commutator &f is different from that ofG. to generate non-trivial nonlinear inte-
grable couplings. Various nonlinear integrable coupliofjge AKNS hierarchy and the BK hierarchy were
obtained from different loop algebras. We also remark thatgroblem of how to apply the approach in
[13-15] to nonlinear bi-integrable couplings of the AKN&tdrchy and the BK hierarchy deserves future
investigation.

In order to generate more interesting nonlinear integrablglings, it should be good to study different
isospectral matrix spectral problems. Ablowitz et al. [Pddposed a simple expression of the self-dual
Yang-Mills equation by the following isospectral problem

{aa+safw= (Ac+ EAD) Y, (72)

(ar - Eaﬁ)q-’ = (Ar - EAﬁ)‘%
whereo, 6,1, T are all null coordinates, andl= A, du = A;do + Azdd + A.dT + AzdT. The compatibility
condition of (72) leads to
Aar - Ara + AoAr - ArAa = 07
Ari — Aso +Acs — Agr + [AnAf] + [AaaAﬁ] =0, (73)
Ast — Ais + [As,A:] = 0.
From this, some reduced cases can be presented as follows:

(1) Assume tha\y, X = 0,1, 0, T, are functions ok = G andt = T only. SetA; = 0,A; = P, A5 = Q,A; =
R. Then we have

+[PR =0,

R+[PR| (78)
Q —R«+[QR=0.

(2) Letx=0+0,y=T1,t =T,A5 =0,A; = P A; = R A; = Q. Then we obtain

Qx=0.
(3) If A is a function ofx andt only, x =1+ T,t = 6,A; = 0,P = A;,Q = A;,R= As, then we get [24]
PX == O,

R—Qx+[PR =0, (76)

(4) If Ax, X =0,1,0,T, are functions ok = o andt = 7 only, takingA; =U + Bd,,A; =V +Ca, ) =
Ge %Y, leads to [24]

oG = (U +Bgy)G,
G = ( y) 7
This gives rise to
[B,V]=[C,U].
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We can generate new nonlinear integrable couplings of leth)¢dimension and (2+1)-dimension, by using
our general construction procedure and combining the appeneralized zero curvature equations. It is also
interesting for us to see if the resulting integrable cowgsi possess the linear superposition principle for
exponential waves, or more generally, to see if there aealisubspaces of their solution spaces (see [25]
for details). These will be one of our future research tapics
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