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Abstract We derive a counterpart hierarchy of the Dirac soliton hierarchy from zero curva-
ture equations associated with a matrix spectral problem from so(3, R). Inspired by a special
class of non-semisimple loop algebras, we construct a hierarchy of bi-integrable couplings
for the counterpart soliton hierarchy. By applying the variational identities which cope with
the enlarged Lax pairs, we generate the corresponding Hamiltonian structure for the hierar-
chy of the resulting bi-integrable couplings. To show Liouville integrability, infinitely many
commuting symmetries and conserved densities are presented for the counterpart soliton
hierarchy and its hierarchy of bi-integrable couplings.

Keywords Hamiltonian structure - Bi-integrable couplings - Symmetry - Conservation
law - Matrix loop algebra

1 Introduction

The theory of integrable couplings [1] presents various perspectives for future investigations
on integrable systems, providing fresh insights into existing areas of soliton theory and
building up many new soliton hierarchies based on enlarged Lax pairs or zero curvature
equations.

Integrable couplings generalize the symmetry problem [2] as well as provide clues
towards complete classification of integrable systems [3, 4]. The perturbation equations are
specific examples of integrable couplings generalizing the symmetry problem, exhibiting
diverse integrable structures that the multiplicity of integrable systems possess [1, 5]. The
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KdV case was extensively studied by perturbation in [6], indeed, which shows the exis-
tence of local bi-Hamiltonian structures in 2 4+ 1 dimensions. One of other realizations of
integrable couplings is the theory of related Virasoro symmetry algebras or r-symmetry
algebras of integrable systems in soliton theory [3, 4].

Recalling that an arbitrary Lie algebra has a semidirect sum structure of a solvable
Lie algebra and a semisimple Lie algebra [7], integrable coupling are associated with
semi-direct sums of loop algebras, and therefore, they represent general integrable sys-
tems, providing algebraic approaches for classifying multi-component integrable systems.
A series of research works have shown different connections between semi-direct sums of
Lie algebras and integrable couplings, both discrete and continuous [8—10]. Hamiltonian
structures of integrable couplings are normally furnished by the variational identity [4, 11].
The main idea is to search for non-degenerate, symmetric and ad-invariant bilinear forms
on the underlying non-semisimple loop algebras.

An integrable coupling of a given system u; = K () is a triangular integrable system of
the following form [1]:

{”’ = Kw), (1.1)

vy = S(u, v),

where v is a new column vector of dependent variables. An integrable coupling contains the
given system as a sub-system, and the v, part corresponds a solvable Lie algebra. Integrable
couplings are triangular systems, which are associated with non-semisimple Lie algebras
and keep various integrable properties [12] of the original systems. An integrable system of
the form

ur = K(u),
v = Si1(u, v1), (1.2)
v = S2(u, v1, v2),

is called a bi-integrable coupling of the given system [13].

We shall use the simisimple real Lie algebra of the special orthogonal group, so(3, R),
the Lie algebra of 3 x 3 trace-free, skew-symmetric real matrices. It has the basis

001 00 0 010
er=] 000|,ea=|00-1|,e35=|-100], (1.3)
~100 01 0 000

with which, the structure equations of so(3, R) read

[e1, e2] = e3, [e2, e3] = e1, [e3,e1] = en.

Based on so(3, R), we shall introduce a new matrix spectral problem and generate a
counterpart of the Dirac soliton hierarchy. Moreover, we shall use a class of non-semisimple
loop algebras, presented in [14], to generate bi-integrable couplings for the counterpart
soliton hierarchy.

This paper proceeds as follows. In Section 2, we would like to present an so(3, R)
counterpart of the Dirac soliton hierarchy. In Section 3, we shall construct Hamiltonian bi-
integrable couplings through semi-direct sums of Lie algebras. Hamiltonian structures of the
resulting bi-integrable couplings will be furnished by applying the variational identity. The
last section is devoted to a few concluding remarks, where we pose a few open questions as
well.
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2 Anso(3, R) Counterpart of the Dirac Soliton Hierarchy
2.1 The Dirac Soliton Hierarchy

The s1(2, R) matrix spectral problem of the Dirac soliton hierarchy reads
#1 P Atgq p
=U¢, = , U=U(,A) = , = , (21
Ox ¢, ¢ [ . (u, A) “htq —p u q 2.1

where A is the spectral parameter. Suppose that a solution to the stationary zero curvature
equation W, = [U, W] can be written as

W=[ c a+b]=iW0i)~_i=i[ i “i+bi]k—i 22)
a—-b —c e —ai—bi —c '
where the initial values are taken as

ap=0, by=-1, co=0, 2.3)

and
ai+1 = qb;i + cix,
Ciy1 = pbi — aj x, i>0. (2.4)
bi+1 =2pait1 —2qcit1,
Introduce a sequence of Lax operators
m
vIm= "Wy =) Wo A" m =0, (2.5)
i=0
and then, the zero curvature equations (see also [15]):
U, — VM4, viM =o, 2.6)

leads to the isospectral (A5, = 0) Dirac soliton hierarchy:
_ | 2amgr ] e MM | 2q
y, ‘K’”‘[—zcm+1]‘q’ Ko=1"0". Ko=| ZL | m=0. @

where the Hamiltonian operator J, the hereditary recursion operator ® and the Hamiltonian
functionals H,, are defined by

0 —1 207 'p  —la4+2¢07 ¢ / 2bp 42
J = D= 2 = f|- dx. (2.8
[1 0] |:é3—2p3_]p —2pd~lq » Hm m1) 45D
The inverse scattering problem, the binary nonlinearization of Lax pairs and the 7-
symmetry algebra were studied for the Dirac soliton hierarchy (2.7) in [16—18], respectively.

2.2 A Counterpart Associated with so(3, R)

To drive a counterpart of the Dirac soliton hierarchy (2.1), we introduce a spatial spectral
problem associated with so(3, R):

1 »
ox=Usdp=U, V)¢, ¢=| ¢ |, MZ[ ] (2.9a)
3
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where the spectral matrix U is chosen as the same linear combination of basis vectors as in
the sI(2, R) case:

0 A—q —p
U=Uu,)) =pei+ A+q)ea+(—r+qles=|-r2+q 0 —-A—-qg|. (2.10)
p A+q 0

As normal, we can take a solution
i .
W=W(u,r = Z Wo.ir™", WoiesoB3,R), i>0, 2.11)
i=0

to the stationary zero curvature equation
W, =[U, W]. (2.12)
If we choose a special form of W as

0 —a+b —c
W=ce+(@+bey+ (a—bles=|a—0>b 0 —a—>b |, (2.13)
c a+b 0

direct calculations show that (2.12) is equivalent to

ay = pb — Xc,
by = —pa+qc, 2.14)
cx =2ha — 2gb.

Further letting

> . > . e .
a= Zai)f’, b= Zbi)f’, c= Zcﬁf’, (2.15)
i=0 i=0 i=0

we find that the system (2.14) leads equivalently to

aiv1 = yCix +qbi,
Ci+1 = —aix + pb;, i >0, (2.16)
bit1,x = qcit1 — pait1,

upon taking the initial values

ap = 0, bo = —1, co) = 0. (2.17)

Therefore, with the constants of integration being chosen as zero, a series of differential
polynomial functions in u# with respect to x can be uniquely computed as follows:

a=-q, c1=-p, b =0

az=]—§px, 2= bz=§q?+}tp2;] ] 1 1
as = %Qxx+2q3+4p2qv C3 = 5 Pxx +]4P3+2Pq2, by = 2 Pxq4 — o P9x;
as = 4 Pxxx T SPZPX + iqux» C4 = —H{xxx — ipqu - ngqx»

by=—ypxp+ §p2— 50— 30207 — Sqnq + 302 — 3q*

Similarly, consider a sequence of zero curvature equations:

m
—vi g, vt =0, v =Wy =) Wod™ T om0, (2.18)
i=0

Ui

m
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By virtue of (2.16), we see that all zero curvature equations in (2.18) engender a hierarchy
of evolution equations:

um=m=[ﬁﬁﬂ,mzo (2.19)
m
Through

Kn+1 = @K, m >0, (2.20)

the recursion relation (2.16) determines that the recursion operator ® (see, e.g., [19] for
details on recursion operators):

—qd~! -3 —2qd7!
o=, 9 P 04 2.21)
20+ ,pd7 ' p  pdTig

In what follows, we shall construct Hamiltonian structures for the counterpart solion
hierarchy (2.19) by the trace identity:

) oU 0 U Ad
/tr Wldx =177 At w), v=- In ‘tr <W2>‘ . (2.22)
Su aA oA ou 2dx
In this so(3, R) case, we can easily work out

oU oU oU
tr{ W =—4b, tr|\W =—2c, ttr|W = —4a.
oA ap aq

Balancing coefficients of all powers of X in the corresponding trace identity presents

3 Cm
su /2bm+1dx =(y —m) |:2am ] , m=>0. (2.23)

Checking the case with m = 1 yields y = 0, and thus, we obtain the Hamiltonian structures
for the counterpart soliton hierarchy (2.19):

SH
m=[q =m=[”“q=1 ", m=0, (2.24)
q tm —Cm+1 Su
with the Hamilton operator
0 1
J—[_l 0]’ (2.25)
and the Hamiltonian functionals
2b,
Hp = / (— ’”+2> dx, m>0. (2.26)
m+ 1

3 Hamiltonian Bi-Integrable Couplings
3.1 Bi-Integrable Couplings

We would here like to generate a class of bi-integrable couplings (see, e.g., [3, 10] for
details) for the counterpart hierarchy (2.19) of the Dirac soliton hierarchy. We shall use a
class of non-semisimple Lie algebras presented in [14], which can be written as semi-direct
sums of two Lie subalgebras:

g(A) =g € gc. 3.1
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That class of matrix Lie algebras, consisting of 3 x 3 block matrices, reads

A] Ay Az
M (A1, A2, A3) = | 0 Aj oAy |, (3.2)
0 0 A

where Ay, A2 and A3 are square matrices of the same size and « is a fixed real constant,
and it can be written as

g =g&ge, g={M(A1,0,0)}, gc={M(0, A2, A3)}. (3.3)
Let us particularly introduce a new spectral matrix from g(A):
U=U@@, ) =MU,U,U), i=(p,qrsv,w?, (3.4)
where U is defined by (2.10) and U; and U, are determined by

0 —s —r

Ui=U)=|s 0 —s | €s0(3,R), u1=|:;], 3.5)
r s 0
and
0 —w —v .
Uy=Uu)=|w 0 —w | €so3,R), u= |:wi| . 3.6)
v w 0
As usual, to solve the enlarged stationary zero curvature equation
W, =[U, W], (3.7
we try a solution of the following type
S - .
W= Wi, h) = MW, Wi, Wa) = Wir ™", (3.8)
i=0
where W is defined by (2.13) and W and W, are assumed to be
0 e—f —g
Wi =Wiu,u,\)=| —e+f 0 —e—f | €eso3R),
e+ 0
CarL 0, (3.9)
Wo =Wou,uy,uz, X)) = | —¢' + f/ 0 —e' — f' | €s0(3,R).

The enlarged stationary zero curvature equation (3.8) requires the original zero curvature
equation (2.12) and

Wix =[U, W11+ [Uy, W],

Wax = [U, W2l + [Uz2, W] + a[Uy, Wi]. (3.10)

The above equations generate

ex =pf —gh+rb,
fr = —pe+gq —ra+ sc, (3.11)
gx = 2Xe — 2qf — 2sb,
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and
e =pf —gr+vb+arf,
fi=—-pe+gq—va+wc—aer+asg, (3.12)
g. =2xe' —2qf" —2wb — 2asf.

Upon setting

e=> A, f= fir, g=> gr,
i=0 i=0 i=0
' ' ‘ (3.13)
e/zzel/_)\—z, f/:Zfi/)‘ilv g/=Zg,{F’,
i=0 i=0 i=0
we have the recursion relations to define W; and W»:
1
Cir1=, Gix +4qfi +sb;,
j > .14
gi+1=—¢eix+ pfi+rb;, 120, G3.14)
Jiv1x = —peit1 +q8i+1 —rai+1 + scit1,
and
/ 1 A ’
ei+1:28i,x +qfi' +wbi +asfi,
gi1=—¢ +pfi' +vbi+arf;, i >0, (3.15)
f;+1,x = —pe§+1 + qg;_H —Vdj4] + WCj] —arej+] +asgit1,
if we take the initial data as follows:
fo=—-1, e=g0=0; fy=—1, ¢ =g,=0. (3.16)

From the above recursion relations and taking the constants of integration as zero, one
therefore can compute

ep=—-q—s, g1=—-p-—r, f1=0; (3.17)

1 1 '
== (ctp), ©=qctse =, +24)+ (pr+259); (G.18)

1
3=, (@t + (07 +20)@ + 9+ ) (pr +59)q,

83 =

o = N =

1

4

1 1

(Prx + Fex) + 4<p2+2q2)<p+r) +, (pr+59)p, (3.19)
1

f3 = _2(pCIx + pSx — Pxq — PxS — QT +CIxr);

and

ef=—q—w-—as, gi=—-p—v—ar, f[=0; (3.20)

1 1
6/2 = _Z(UX + px) — Zarx,
8 = qx + wy + asy, (3.21)

A 2 o 9 2 1
f2=4(p +2q )+4(r +2S)+2(0tr+v)p+(aS+W)q;
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1 1
eg :z(q,vx + asyy + wyx) + 4(61 +w +01S)(P2 +q2)
| P 1 1
+ 4a(r +5%)q + 2(qw + pv)g + 2a(pr +4gs)(q +5),
1 1
g5 =2(pxx + QU +yx) + 4(p +v+ar)(p*+ 4% (3.22)
1 1 1
+ 40t(r2 +s2)p + @+ pvp+ jalpr+4s)(p+1),

1
fi =, (g +as +w)ps = (p+ar +v)gx

(g +5)rx —a(p +r)sy +quy — pwyl.
Now the enlarged zero curvature equations

m
Uy, — VI + [0, VM =0, V" =@"w)y =) Wia", m=0, (3.23)
i=0
generate a hierarchy of bi-integrable couplings for the counterpart soliton hierarchy (2.19):

2am+1

—Cm+1

= Kp(u) = E‘fgmi‘l . m>0. (3.24)
m

2e/m-k—]

/
—8 m+1

Ug, =

1
€ ¢ v N Q=
1

tm
3.2 Hamiltonian Structures

In order to generate Hamiltonian structures for the bi-integrable couplings (3.24), we apply
the variational identity (see [3, 11] for details):

) 0 A d
W, Uydx =177 _ AV (W,U,), =
8u/< ddx =37 DT WU), y =0

where (-, -) is a non-degenerate, symmetric and ad-invariant bilinear form on the underlying
loop algebra g(A). For the brevity, we define a mapping as follows:

In|(W, W),  (3.25)

o: 30 >R, A a=(a,a, -, a9, (3.26)
where
0 azi—1 —asi—2 —asz;
A=M(A1,Ar, A3), A; = | azi—2 —a3i—] 0 —azi—> —azi—1 |, (3.27)
as; aszi—p +azi— 0

where 1 < i < 3. As usual (see, e.g., [4, 14]), we compute the corresponding Lie bracket
[-, -]onR°.
From the defining equation
la.b]" = a” R(b), (3.28)
we can get
0 bzi  —2b3i_
R(b)=M(Ry, Ry, R3), Ri=| —b3; O 2bzio |, 1<i=<3. (329
bsi—1 —b3i—2 0
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A bilinear form defined by

(a,b)y =a” Fb (3.30)
which requires in (3.25), needs to satisfy
F(R(b)T = —R(b)F, (3.31)
together with
FT = F, det(F)#0. (3.32)
We can therefore obtain
non2on3 200
F=|mnman 0 |® 020 ], (3.33)
n 0 0 001

where n;, 1 <i < 3, are arbitrary constants. The non-degenerate condition requires
det (F) = —64n3a® # 0. (3.34)
So, the bilinear form on the semi-direct sum g(}) is given by
(A,B) = (ar,--- ,a9) F(b1,--- ,bo)"
= (2a1b1 + 2a2by + azbz) 11 + (2asby + 2asby + agbs + 2a1bs + 2arbs + azbe) Mo
+ ab1+2agbr+ agbz+2a1b7+ 2arbg+ azbo+2aasba+2aasbs+ aagbe) n3.  (3.35)
Presently, as mentioned above, we can compute
(W, U,) =2bm +2fm+2fn3, (3.36)
and

cni +gm +g'ns
2an; + 2eny +2¢'n3
AN agnz +cn2
(w. Ua) = 2acens + 2an;
cn3
2an3

(3.37)

Moreover, we can easily see that y = 0, and so, the corresponding variational identity reads

Cmn1 + gmm2 + &' mn3
2amn1 + 2emn2 + 2 mn3

) 2b 2 2f
/ _ 2bprim + 2 fmeim2 + 2 w13 dye agmnz + cmn2 m>1. (338)
Su m 2ae,n3 + 2a, 2
CmMN3
2amn3

Consequently, we have the following Hamiltonian structures for the hierarchy (3.24) of
bi-integrable couplings:

_5H
iy =J° " m =0, (3.39)
Su
with the Hamiltonian functions
- / (_ 2bimyon1 + 2 fmy2m2 + 2f’m+2fl3) dx

Hpy = mt 1 (3.40)
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with the Hamiltonian operator

-1
n N2 n3
n2 anz 0 ®J, (3.41)

7]300

~i
I

where J is defined by (2.25).
3.3 Symmetries and Conserved Functionals

Let us now check the recursion relation

Kpi1 = ®K,, m>0. (3.42)
This determines the recursion operator ®:

O = (M(®, @y, d2))7, (3.43)
where @ is given by (2.21) and

o= [ Ao R A, G4
—gd v—wd lp—sdlr 207w —wd g — 2as9 s
®2 = [ ;pa_‘v + ;va_lp + %ara_]r pd w4+ 03 g +ardls ] - 345
It is direct to check that

' (i) [Ty | To — @' () [T1] T> (3.46)

is symmetric with respect to T; and T», which satisfies
' @) [Ty T — @' (1) [T1] T = &' W)[PT>IT) — D' (w)[T2]Th, (3.47)
and the two operators, J and M = ®J, constitute a Hamiltonian pair. i.e. any linear

combination N of J and M satisfies
/ KTN' w)[NSIT dx + / STN' W)[NTIK dx + / TTN' W)[NK]S dx =0, (3.48)

for all vector fields K, S and T'. The condition (3.48) is equivalent to
Lox® = PLk D, (3.49)
where K is an arbitrary vector field. The Lie derivative L g @ is defined by
(Lk®)S = D[K, S]— [K, PS],

where [-, -] is the Lie bracket of vector fields. Note that an autonomous operator ® =
®(u, uy, - --) is a recursion operator of a given evolution equation ity = K = K (u) if and
only if ® satisfies

Lxk® =0. (3.50)
The operator & satisfies
—2q
p

- —2g —2s

Lg,®=0, Ko = p+s (3.51)
—2g — 2w — 2as
p+r+ar
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and thus
Lg,®=Lgg, &=Lk, P=..=PLg,®=0,m=>1. (3.52)

Therefore, all bi-integrable couplings (3.24) of the counterpart hierarchy possess a bi-
Hamiltonian structure, and so, they are Liouville integrable.

The bi-Hamiltonian theory also tells the two commuting algebras of infinitely many
symmetries and conserved functionals:

[Kk, K11 = KL (w)[K;] — K] w)[Kk] = 0,k,1 >0, (3.53)
8 r s

{(Hi, Hi}s =/< %fk) a0 k>0 (3.54)
Su Su

and

F) r s

{Hk,Hl}M=/< H") Mg — 0. k150, (3.55)
Su Su

4 Concluding Remarks

By introducing a matrix spectral problem associated with so(3, R), we generates a coun-
terpart soliton hierarchy of the Dirac soliton hierarchy associated with sl(2, R). From a
special class of non-semisimple loop algebras, Hamiltonian bi-integrable couplings of the
counterpart soliton hierarchy were worked out. The Hamiltonian structures of the result-
ing bi-integrable couplings were established by applying the variational identity over the
underlying the non-semisimple loop algebra.

The hierarchy of bi-integrable couplings shows us the diversity of commuting flows
defined by evolution equations. It is helpful to see more soliton hierarchies of integrable
couplings while classifying multi-component integrable systems. It is normally difficult to
construct soliton hierarchies from higher order matrix spectral problems, and we hope that
more different examples of integrable couplings can be exploited to know the structures of
integrable systems.

We can also study different types of so(3, R) matrix spectral problems which generalize
our spectral problem (2.10). Two examples are the Kaup-Newell type and the WKI type of
so(3, R) matrix spectral problems:

0 M—ig —Ap
U=|-224+x 0 —22—xq |,
Ap A4 ag 0
and
0 A—Xig —Ap
U=|-*+xg 0 —i—Xg
AP At+ig O

Another generalization of the WKI type reads

0 A=A  —A%p
U=| -2+ 0 —22-i%
Mp o Ar+a%g 0
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Also there remain some open questions. Are there any integrable couplings of the
Dirac systems in (2.7) with five dependent variables? How can one construct Hamiltonian
integrable couplings for general cases? For example, is there any Hamiltonian structure for

ur =K (u),
v =K' [u] (v),
w; = K' [u] (w)?
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