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Abstract

A generalized local fractional Riccati differential equation (LFRDE) method, which is a combi-
nation of the local fractional Riccati differential equation method and the transformed rational
function approach, is presented to obtain the non-differentiable exact traveling wave solutions
for n-dimensional fractional partial differential equations. In order to verify the effectiveness
of the method, the seventh-order local fractional Sawada—Kotera—Ito equation, the local frac-
tional sine-Gordon equation and the local fractional Kadomtsev—Petviashvili equation in fractal
domain are first considered. The obtained results show that the presented method involving
fractal special functions, are powerful and effective for obtaining exact solutions of nonlinear
fractional partial differential equations in fractal domains.

Keywords: Traveling Wave Solution; Generalized LFRDE; Fractional Partial Differential Equa-

tion; Fractal.

1. INTRODUCTION

Fractional calculus has important applications to
fractal problems in engineering fields™® such
as the heat transport in fractal media? fractal
electrostatics 1 fractal hydrodynamic problems ™!
fractal Fokker-Planck equations™® and fractal
description of stress and strain in elasticity T3
Some effective methods have been proposed to
describe complex phenomena and fractal behav-
iors in natureT® The theory of local fractional
derivatives (LFDs) is a powerful mathematical
tool for modeling a family of complex problems
involving fractal engineering. For examples, the
fractal complexity in shallow water surfaces ™ frac-
tal LC-electric circuit™ PDEsI623 ODEs24 and
inequalities 2928 Recently, Yang et al2? introduced
a method by using a local fractional Riccati dif-
ferential equation to find traveling wave solutions
to local fractional two-dimensional Burgers-type
equations. However, the non-differentiable exact
traveling wave solutions for the seventh-order local
fractional Sawada—Kotera—Ito equation, the local
fractional sine-Gordon equation and the local frac-
tional Kadomtsev—Petviashvili equation in fractal
domain have not been considered.

In this paper, a systematic method for solving n-
dimensional fractional partial differential equations
is proposed, which is a combination of the local
fractional Riccati differential equation method and
the transformed rational function approach 28 then
more traveling wave solutions of fractional partial
differential equations in general dimensions can be
worked out.

This paper is organized as follows. First a basic
theory of local fractional calculus is presented in

Sec. 2l In Sec. B we introduce a generalized local
fractional Riccati differential equation method for
solving fractional partial differential equations in
general dimensions. In Sec. @, we present practi-
cal applications of the proposed algorithm to three
fractional partial differential equations. In Sec. Bl
some conclusions and discussions are given.

2. PRELIMINARIES

To make our presentations self-contained and easy
to understand, we simply recall some basic nota-
tions and important properties in the local frac-
tional calculus M HI527 Suppose C.(z,y) denotes
non-differentiable functions with a fractal dimen-
sion 0 < e < 1.

Definition 2.1. Let u(§) € C.(z,y). Then Yang
local fractional derivative (YLFD) of u({) of order
e at £ = & is defined as follows 41527,

DOu(ey) = u9er) = Ty,
A u()
ey o W

where A%(ul(€) —u()) = I(1+2)(u(§) — (&) and

0<e< 1.
Then, the following rules hold 41527,
DO (€) £ ua(§)] = Dur(€) + DOus (),
(2)
D [u1(§)uz(§)]
= [DOuy (§)Jua (&) +ur(§)[DDua ()], (3)
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It (€) /u2 ()]
= {[DO w1 ()]ua(€) — w1 (€)[DP uz(€)]}/u3

x (£), provided us(§) # 0. (4)
The special functions defined on fractal sets is
defined by

Suppose @ : kK — M be a function defined on a
fractal set k of fractal dimension 0 < & < 1. A real-
valued function ®(§) defined on the fractal set x:
O(&) = £°, where £&° € kK and 0 < € < 1. Now we
find that ®(&) = £° is a Lebesgue—Cantor function
and ;1_{11 O (&) = £ € R with real number set R. Then

the Mittag-Lefller function defined on the fractal set
k is presented ag 41527

5 > gks
)= ];) T(1+ ke)’

where £ € Rand 0 <e < 1.

In the following, we list YLFDs of special func-
tions on fractal sets! (Table ) and some special
functions on fractal sets! (Table B]) , which will be
applied later.

Table 1 YLFDs of Special

Functions ™

Special Functions LFDs
E:(£°) E:(§°)

sing (€°) cose (€°)

cosz (£°) ~sine (£°)

Table 2 Special Functions Defined on
Fractal Sets.T

Special Functions Formulas

o) ATy
e SRR
tanhe (£%) %
cothe (€9) Ee(£5)+ B (=€)

Ee(&%)—FEe(—¢7)

Definition 2.2. Yang local fractional partial
derivative (YLFPD) of wu.(0,9) of order ¢ with
respect to ¥ is defined as follows HALE2T.

Ofu. (6,0
( )(9 190) u81(95 ) |19:190
o A% (ue(0,9) = us(0,70))
= G

where A®(ug(0,9) —
Ue (97 190))

Similarly, YLEPD of u.(0,9) of order ¢ with
respect to 0 is defined as follows:

ue(6,9)) 2T (1+¢)(u(0,9) —

) 0,0 = T
T Aa(ue(eyﬁ) - u8(90719))
= GILHGIO (9 — 90)5 I (6)
where A®(uz(0,9) —uz(00,9)) = T(1+¢)(u(6,9)—
ua(ﬁo,ﬂ)).
If us(0,9) = us(€), then we have
OFuc(0,0)  Ou. (0E\°
00c oge (%) ’ 9
Fu(0,9)  Ou. % ©
ove  o¢F <819) ' (8)

3. A GENERALIZED LFRDE
METHOD

We investigate the following (n + 1)-dimensional
nonlinear fractional partial differential equation

3 3 2¢e
Ofue Ou. 0*Cu.

o0x§ T ote 893@25 ’

> ~0. 9)

Step 1. By making use of a traveling wave trans-
formation

P (ué‘(wlaw?a v 7xn7t)7

628 Ue .
ot ’

n
&€= I5af +mt, (10)
i=1
then Eq. (@) can be translated into

dfu. d**u.
(uajd—fe’ﬁ’> =0. (11)

Step 2. Assume that Eq. (@) has a non-
differentiable solution in this form

ue(§) =D aigh(§) + D _bid-'(€),  (12)
1=0 1=1

where N is a positive integer to be found by bal-
ancing the highest-order linear term with the non-
linear term in Eq. ([I]). This is a rational expression
of ¢:(€), and thus, it is regarded as a special case
of the transformed rational function method. The
function ¢. () satisfies the local fractional Riccati
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equation (LFRDE)

d°¢:(§)
dce

= ko + k16 (&) + k202 (£), (13)

where ki, ko, k3 are constants. Note that in the case
e = 1, the LFRDE (I3) is exactly the classical RDE,
whose general solution has been presented via ([@0)—

@2) in Ref. 291 Accordingly, the LFRDE (I3]) has
a general solution as follows:

Case 1. For the case Y. = k? — 4koks > 0, a non-
differentiable solution of the LFRDE is given by

bo(6) = AgCoE.(—Co&®) + BoDoE-(—Do&°)
) ko (Ao E-(—Co&?) + BoE-(—Do?))

where

ak
a+ﬂ(k1+1)—71

Ag == :
T2 i dkoks

ak
By =& _ Akt

2 B —dkoky
Oy = ki + \/k% — 4kgks
2 )

by 1= VEZ = dkoks

2 )
a=DEy(0), B =1(0),
DBy

Case 2. For the case . = k? — 4koks < 0, we have

ACLE(—Ci&°) + BiD1E.(—Di£)
ko(A1E.(—C1€%) + B1E-(—D1&%)) ’

¢a(§) =

where

ak
Oé+ﬂ(k1+1)_71

A =2 ,
T2 e fIkoks — K2

ak
Blzg_ﬁ(lirl)—Tl

C kq + 1€/ 4dkoks — k%
1 p—

2 ;

oo k= Akoks — I

1= )
2

with the fractional imaginary .

Case 3. For the case Y = k? — 4koky = 0, the
solution reads

6-(6) = o (—%55) " <ﬂ(k1 F1)- O‘%“)

£ k1
——F. | ——=¢& ). 16
“Terne72d (16)
Step 3. Substituting (I2) into ([I]) and setting the
coefficients of ¢'(£) to be zero, one gets an over-

determined algebraic system, and directly solving
the system leads to its solutions.

Step 4. Then substituting these constants and
the solutions of (I3)) into (I2), we obtain a non-
differentiable solution of Eq. ().

4. APPLICATIONS

In the following, we use three examples to verify the
efficiency of the presented algorithm.

Example 4.1. We investigate the seventh-order
local fractional Sawada—Kotera—Ito equation in 1-
fractal-dimensional space

I3 15 c 3
O | 9m032 U | g3 <8 “5>

ote ¢ Ox< Oxe
0u. 0%u, 5 03U,
e O + 126w + 63

€ 8135
0%, Fuge 0*u, O u,
8 Ox3e a2 0zt Ox4 - 21u 0xd5e
678’11,5 B
ox’e
Taking ¢ = 1 in ({0}, we have the traveling wave
transformation

2e
0% u,

+378u,. D2

(17)

& = 1iz] + m°t7, (18)
where

lin% & =ljz + mt. (19)

E—

Then from (7)) and (&), we have

Ofu, _ meﬁgue &%, _ jsajgua
ote Gl ’ 6.%58 toogiE ’
1,9 =1,2,...,n. (20)

Upon substituting 20) into ([I7), (IT) reduces to

d®u, 3d€u€ 3 d*ue ’
me Tz + 25205 u? Tz + 630° P
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dfu. d*u,
© dge dee
d?eus d3euE
d£2€ d£3€
d5eu€
€ d§55

5 dBaUE
€ d§3s
50 d e d*u,
1 des dete

+ 3781w + 12613 u

+42]

+6313°

- d?e Ug

+ 2107w g

+1

= 0. (21)

It is easy to find that N = 2 by balancing the
highest-order linear term with the nonlinear term
in Eq. (2I)), and then we have

2 2
ue(§) = agl() + D> bid'(6). (22)
=0 =1

We substitute ([22]) and (I3)) into (ZII), and then col-
lect the coefficients of ¢.(£) and equate them to be
0, to obtain the following solutions.

Family 1.
8 1
apg — ——k‘okgl%a — —k%l%e, a1 = ag = O,
3 3
by = —4koki 135, by = —4K31%,
e__4

m- = 3

Thus, from the above results and (I4)—(1d]), the
non-differentiable solution of Eq. (I7) becomes

17564k k3 — A8k2k3k3 + 12kokihy — KS).

8 1 Aok 126
e L
&€
4k213°
- ' 23
¢2(¢) (23)

(I) For Y. = k¥ — 4koky > 0,

AocoEE(—Co(lixi + mate))
+ B()D()EE(—D()(E%? =+ msts))
kg (AOE&*(_CO( [i:.’B[i: + m":t":))
+ BoE:(—Do(l{z] + m°t9)))

¢a(§) =

(24)
(II) For Y = kI — 4koky < 0,
AlClEe(—Cl( [i:.’E[i: + msts))
+ BlDlEE(—Dl (liﬂ?i + mata))
ka2 (A1 E.(—Ch(l525 + mft®))
+ BlEe(—Dl( [i:.’E[i: + msts)))

Qbs(f) - -

(25)

(III) For Z = k‘% - 4]{0]{32 = O,

6.(6) = o (- 5af + e

aky )\ {27 + mft°
1) — 4y T
+<ﬁ(k1+) 2) TEr1)
k1 €,.€ €46
Family 2.

ap =ay =0, by = —2kokil¥, by = —2k213°,

mE = —15(608k3 k31 + 216k3kTkI15°
+ 30kok kal$® + K819 + 1344a0k2K315E
+ 336a0kok? kali® + 21agk 1 + 1008a2kokol2®
+126a2k312° + 252a3).

Then, we have

iokil2  2K21E
Ue 2(T1,t) = ag — — . 27
R s S R T R
(I) For Y. = k? — dkoks > 0,
Ao CoE:(—Co(ljz] + met7))
6o(6) = + BoDoE-(—Do(l525 + mt®))
S k2(ApE-(—Cy(l5x] + m=t®))
+ BoEE(—Do(li:l’i + meta)))
(28)

(II) For Y = k¥ — 4koks < 0,

A1CLE(—Cq (525 + mfte))
+ B1 D1 E.(—D; (525 + m©t%))
kQ(AlEE(—Cl (l‘iixi + mate))
+ B1E:(=D1(If25 + m©t)))

Qbs(f) - -

(29)

(I1I) For Z = k‘% - 4]{0]{32 == O,
k1 €€ €46
6.(6) = o (- 5af + o)
- Ct_kl [§x§ + mt®
+(5(k1+1) 2 > Le+1) °

ky €. €46

X (—7(l1x1 + mct )) (30)
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Family 3.
ay = —2k1kol3°,  ap = —2k31%, by =by =0,
m® = —I5(608kak315° + 216k3k7k31%° + 30kokikol®®
+ KS1%8 + 1344a0k2 k315 + 336a0kok kol
+ 21apk 1 + 1008ad kokal?® 4 126ak21%¢
+252a3).
Then, we get

ue3(21,t) = ag — 2k1kalF e (€) — 2k31F G2(€).
(31)
(I) For Y = k¥ — 4kokq > 0,
A()C()EE(—C()(Z?SC? + mate))
+ B()D()EE(—D()(EZ'? + mEtE))
ka(AoE:(—Co(I525 + mete))
+ B()EE(—DQ(Z?[E? + mate)))

¢a(§) =

(32)
(II) For Y = k? — 4koky < 0,
A CLE-(—Cq(lf2] + m°t9))
+ B1D 1 E.(—D; (525 + m*t?))

¢e(8) = - ko (AL E-(—Cy (525 + m&t9))
+ B1E:(—=D1(ljz] + mt%)))
(33)
(III) For Y = k? — 4koko = 0,
k
6.(6) = ab. (3 s + e
ok Kas + met
+<6(k1+1) 2 > Le+1) °
k1 €. € €€
X <—7( 1] +m°t )) (34)

Family 4.
8 1
ap = —gkow%‘ — gkfl’{’a, ay = —4k1kyl?%,

4
by =by=0, m°= —ngf

x (64kgks — 48K2EIKS + 12kokiko — kD).

ay = —4k315°,

Thus, we have

8 1
Ue 4(1,1) = —gkokglfg — gk%sz — 4k kol?2 . (€)
—Ak212 02 (€). 35
291 €

(1) For 3 = k2 — dkoksy > 0,

A()C()EE(—C()(Z%IE% + msta))
+ BoDoEa(—Do(li:fEi: + msts))
k2 (Ao Ee(—=Co(lfz] + mt?))
+ BoEE(—Do(li.’L’i + meta)))

¢6(5) -

(36)
(II) For Y = k§ — 4kokq < 0,

A1CLE(—Cq (525 + mte))
+ BlDlEE(—Dl (lixi + mete))
ko (AlEE(—Cl (l‘iixi + mete))
+ BlEa(—Dl( ixi + msts)))
(37)

Qbs(f) - -

(III) For Z = k‘% - 4]{0]{32 = O,

¢e(€) = ak. (—%(ﬁwi + m5t5)>

akl) 525 + mete

+<ﬁ(k1+1)_7 Fe+1) °

« (_%(zixi 4 m5t5)>. (38)

Family 5.

8
3

az = —2k315°,

1
3
by = —2kok1 135, by = —2K31%,

ap = —=—kokol?* — — k213, ay = —2k1kol%,

4
me = —ngf(mkgkg — 48K2KZ K3 + 12koki ks — KS).
Thus, we get

8 1
ue5(71,t) = —gkow%‘ - gkfl’{’a — 2k kol 4. (€)

2k31E
¢=(£)

ok 12

P2(8)
(39)

— 2k317° 02 ()

(I) For Y = ki — 4koke > 0,

ApCo E:(—Co(ljz] + met7))
+ B()D()EE(—D()(Z%[E? + mate))
k2 (Ao E-(—Co(l5x] + m=te))
+ B()Ee(—Do( “ixi + msts)))

Qbs(f) =

(40)

2250071-6



Generalized Method and its Applications to n-Dimensional Fractional Partial Differential Equations

(II) For Y. = k? — 4koky < 0,
ACLE(—Cq (525 + mFte))
+ B1 D1 E.(— Dy (525 + m°t®))
ko (A B (—C1 (a5 + mete))
+ By (~ Dy (525 + m¥19))

Qbs(f) - -

(41)
(III) For 5 = k? — dkoks = 0,
k
6:(6) = aB. (-2 tta5 + )
aky) a5 + ot
+ (80 + 1) - %) S g,
k1
X (—E(lixi + m5t8)>. (42)

It is necessary to illustrate the characteristics of the
exact traveling wave solution of Eq. (IT) shown in
Fig.[Il Figure[Ih represents the exact traveling wave
solution when Ay = Cy = Dy = 1, By = 2,ky = 3,
and [§ = m® = 1 in (24). Figure [[b explains the
exact traveling wave solution when o = 50,6 =
50,k1 = —3 and lf = m® =1 in (42).

Example 4.2. We discuss the local fractional sine-

Gordon equation in 2-fractal-dimensional space
825u€ a?eus 828u€
ot ox?  OxsF

+rsinu. = 0. (43)
Taking ¢ = 2 in ([I0), we have the traveling wave
transformation
& = 1z§ + 1525 + m°te, (44)
where

hII% fa = liz1 + laxy + mt. (45)
E—

(a)

Upon substituting 20) into {@3]), @3) reduces to
the following local fractional differential equation:

d2su{S
df?a
Let v. = €', and then (@0) becomes

dQS'U da'l) 2
2 2 2 € 3
2(m e _ l15 — l2€) (Ua lg?a ( d¢e > )

+72(v2 —v.) = 0. (47)
It is easy to find that N = 2, and thus we have

(m? — 1% —1%) +rsinu. = 0. (46)

2 2
ve(§) =) aigl(§) + Y big'(€).  (48)
1=0 1=1

We substitute [ 8) and ([3) into (), then collect
the coefficients of ¢%(£) and equate them to be 0, to
obtain the following solutions.

Family 1.
Kt
- - @@ = = O
O dhoky T T
b — 4koky I
TR —dkoky’ 0 K — dkoks
—4m2€k0k2 + mzsk% + 4l%€k0k2
If =+ - l%ak‘%; -
ki — dkoks
Thus, we get
Ue,1 (21, T2,1)
, < k? 4koky
= —iln| 5 2
k:l — 4koko (lﬁ - 4]’{30]452)@55(5)
4k3 )
" , 49
(k2 — dkoks)2() )

(b)

Fig. 1 The exact traveling wave solution for the seventh-order local fractional Sawada—Kotera—Ito equation for different

parameters.
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(I) For Y = k¥ — 4kokq > 0,

AoCoE.(—Cy(I5a5 + 1525 + m=t7))
+ ByDoE.(—Do(E25 + 525 + mFtF))
ko (Ao E-(—Co(IEx% + 1575 + metF))
+ BoE-(—Do(I525 + l5a5 +met))
(50)

Qbs(f) =

(II) For Y = k? — 4koka < 0,

Ay CLE-(—Cy (525 + 1525 + mFt9))
+ ByDy E-(— Dy (25 + 1525 + m=te))
ko (AyE-(—Cy (525 + 525 + mFtF))
+ B1E:(—D1(lf2] + I35 + m°t7)))
(51)

Qbs(f) - -

Similarly, the exact traveling wave solution of
Eq. (@3) is shown in Fig. @l Figure Bh displays the
exact traveling wave solution when Ay = () =
D1 = 1,B1 = 2,]€2 = —3, and l; =m’ = 1,[? =0
in (BI). Figure b explains the exact traveling wave
solution when A1 = C1 =Dy =1,B1 =2, ky = —3,
and [§ =2,m® = 1,15 = 0 in (EI).

Family 2.
K
= - =ay =0
ag k% — 4k0k2’ ai a2 )
b kR dks
VTR Dakoky 7 K2 = dkoky
—4m25k0k2 + mQEk‘% + 4Z%Ek0k‘2
- R 2
e k2 — dkoky

(a)

Thus, we get

UE,Q (1’17 T2, t)

_ (_ k% B 4kokq
- k‘% — 4]€0k‘2 (k% - 4k0k2)¢8 (5)
_ Aks ) 52
(k2 — dkoks)92(€) ) %)

(1) For 3 = k2 — dkoky > 0,

AoCoE.(—Co(I5a5 + 1525 + m=t<))
+ ByDoE.(—Do(E25 + 525 + metF))
ko(AgE-(—Co(IEx% + 1575 + mFt¥))
+ BoE:(—Do(If27 + 1525 + m®t)))
(53)

Qbs(f) =

(II) For Y = k§ — 4koky < 0,

A CLE-(—Cy (1525 + 1525 + mFt<))
+ By Dy E-(— D1 (IEx5 + 1575 + m°t°))

P = B C1 (a5 + g £ o)
+ B1E:(—D1(If2] + 1325 + m®t9)))
(54)
Family 3.
k2 4k1ko
@w=-—-———, a1 =-—5—"—,
07 K2 Zdkoky ' K2 — dkoky
4k3
=2 =by =0,
a2 k% — 4k0k2’ 1 2
—4m2€k0k2 + mzsk% + 4[%516‘0]@
2e1.2 2
=+ —hTk AT

k2 — Akoks

(b)

Fig. 2 The exact traveling wave solution for the local fractional sine-Gordon equation for different parameters.
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Thus, we get
ue 3(w1, 22,t)
, k2 Ak ks
= —1
R <k§ ~dkoky | K — dkoky ¢e(&)
4k3 5

M . 55
) (55)

(1) For Y = k¥ — dkoks > 0,
AgCoE.(—Co(l525 + 525 + mFte))
+ BoDoE.(— Do (525 + 1525 + mft®))
ko(AoE-(—Co(I525 + I525 + mSte))
+ BoEe(—Do(lj2] + l525 + mt)))
(56)

Qbs(f) =

(II) For > = k? — dkoks < 0,
A1CLE.(—Cy(I525 + 1525 + m©t9))
+ BlDlEa(—Dl( ixi + l§x§ + msts))

P LB (O (i + s + )
+ BlEe(—Dl( [i:.’E[i: + leS + msts)))
(57)
Family 4.
oK ARk
07 TRZ “dkoky” ' K2 —dkoky
4k3
=2 p=by=0
a2 k% — 4k0k2’ 1 2 )
—4m25k:0k:2 + erkﬁ% =+ 41%‘5]{50]{32
-+ — zgsi-i— r?
12 — dkoks
Thus, we get
ue 4(x1, x2,1)
, k2 Aler ks
— —jln|( — —
1 n( k% — 4]{30]{2 k% — 4k0k2¢8(€)
4k3 5
- . 58
) (58)

(I) For Y. = k¥ — 4koky > 0,
AgCoE-(—Co(l§5 + I525 + m®t?))
+ BoDoE.(—Do(I525 + 505 + mFt))
ko(AoEe(—Co(I525 + I525 + mfte))
+ BoE:(—Do(lja] + 525 + m°t)))
(59)

Qbs(f) =

(II) For 3" = k? — 4koks < 0,

A1CLE(—C (1525 + 1525 + mFt®))
+ B1D1E.(— D1 (I525 + I525 + m&t©))
ko(A1 E.(—C1 (1§25 + 1525 + m°t?))
+ BiE.(~Di(I525 + 525 + met)))
(60)

¢a(§) -

Example 4.3. We discuss the local fractional
Kadomtsev—Petviashvili equation in 3-fractal-
dimensional space

¢ [ Oue + 6u O ue n 0% u,
0z \ Ot° S 0x5 0 Oxe
825u€ 828%
— — = 0. 61
Oz Ox3e (61)

Taking ¢ = 3 in ([I0), we have the traveling wave
transformation

& = 1527 + 1525 + 1525 + m°t°, (62)
where

hﬂ% fE =lizy + loxy + I3 + mt. (63)
E—

Substituting 20) into (GII), then (€Il) reduces to

d4z—:u d2su
4, € 2 2 €
e e+ (m = 305 +15%)
d® du
2 e\ _
O e <u e > =0. (64)

Applying the inverse local fractional derivative
operator of (64]) with respect to the integration con-
stants taken to be zero twice, then we get

d*u. | I5mf = 31F — 3IF 3
y 52; ! z 2 ue + l2—€u§€ =0. (65)
1 1

It is easy to find that N = 2, and then we have
ve(€) = Y _aiol(§) + Y _big (). (66)
i=0 i=1
We substitute ([66]) and (I3]) into (65), and then col-

lect the coefficients of ¢L(¢) and equate them to be
0, to obtain the following solutions.

Family 1.

1
ag = —gl%sm%(k% + 2koks), a1 = —20"m* kiky,

2250071-9
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ag = —2Fm* k2 by =by =0,

1

1
3l‘1l5m25k% + =l§me — l%s.

4
l; = i\/gl%EmQSkok‘Q - 3
Thus, we get

Ue,1 (1, T2, 23,1)
1
_ _glgem%(kf + 2koks) — 203 m® ki ke (€)

— 2135 m* k3 62 (€). (67)
(I) For Y = k¥ — 4koky > 0,
AgCo B (—Co(liz] + 575 + 1575
+m*t%)) + BoDoE.(—Do(I5x5
+ 1525 + 1525 + m°t%))
kQ(AOEa(—CO(li:L‘i + 525 + 1525
+m®t%)) + BoE:(—Do(l{x] + l525
+ 1525 + m°t%)))

Qbs(f) =

(68)
(II) For Y = k? — 4koky < 0,
A1 CLE:(—Cr(lf2] + 1525 + 1525
+ msts)) + BlDlEa(—Dl( i{Bi’-
+ 1525 + 1525 + m°t7))
o (A1 E-(—Cy (a5 + 505 + 1505
+m5t5)) + BlEE(—Dl (lixi
+ 1505 + 1505 + mete))

Qbs(f) - -

(69)
(III) For Y = k? — 4koky = 0,

k
6.(6) = aB (= (G + 505 + 505 4+ 06
k
+<MM+Q—%;)
525 + 1525 + 1525 + m°te
Fe+1)

E.

k
X <—?1(l[i:$i + 525 + 1525 + m€t€)>.

(70)
Family 2.
1
ag = —gl%em%(k% + 2]€0k‘2), ar =as =0,
by = —201¥m*  kiky, by = —20%°m*k2,

4 1 1
5= :I:\/gl‘llsm%kokg - gl‘fgm%k% + gl*ima — 13

Thus, we get
uz—:,l (1’17 xT2,T3, t)
1 22 m* ke k
= —ZIFEm® (K 4 2koky) — — 12
g 2hohs) = =5 1
20 m* k2 -
G ()

(D) For ¥ = k2 — dkoks > 0,
AoCoE-(—Co(liaf + 525 + 525
+mFt%)) + BoDoE:(—Do(l5z5
+ 1525 + 1525 + mft?))
 ka(AgB-(=Co(I5a5 + l5a5 + 1523
4 m#te)) + BoB-(—Do(I525 + 1525
+ 1525 + m©t%)))

e ()

(72)
(II) For Y. = k¥ — 4kokq < 0,
A\CLE.(—C (1525 + 1525 + 1525
+mft%)) + B1 D1 E(— Dy (I525
+ 1525 + 1525 + mft?))
 ko(ALE.(—Cy (B2t + 1505 + [525
+m&t%)) + B1E.(—Dy (IE2f + [545
+ 1525 + mete)))

¢a(§) =

(73)

Similarly, the exact traveling wave solution of
Eq. (@) is shown in Fig. Bl Figure Bh exhibits the
exact traveling wave solution when A4, = C7 =
D1 = 1,Bl = 2,]{?2 = —37 and l§ = 3,m8 = 4716 =
I5 =0 in ([[3). Figure Bb explains the exact travel-
ing wave solution when A; = By = 2,0y = Dy =
kg =—9,and I5 = 5,m® =3,lf =15 =0 in (3.
Figure Bk displays the exact traveling wave solution
when A1 == B1 == Cl = 1,D1 == 2,]{?2 == —67 and
17 =2,m° =3,15=105=0in (@3).

(III) For Z = k‘% - 4]{0]{32 = O,
k
@@Za&(—éﬁﬁ+6ﬁ+@ﬁ+m%0

Oék?l

I§25 + 1525 + 1525 + m°t®

E
I'(e+1) :

k
x (—El(lfxi + a5 + 1535 + m5t5)> .
(74)

2250071-10



Generalized Method and its Applications to n-Dimensional Fractional Partial Differential Equations

Fig. 3 The exact traveling wave solution for the local fractional Kadomtsev—Petviashvili equation for different parameters.

5. CONCLUSIONS

a generalized LFRDE method
was introduced to construct non-differentiable
traveling wave solutions of factional differential
equations in general dimensions, and applied
to the seventh-order local fractional Sawada—

In this paper,

Kotera—Ito equation in 1-fractal-dimensional space,
the local fractional Sine-Gordon equation in
2-fractal-dimensional space and the local frac-
tional Kadomtsev—Petviashvili equation in 3-
fractal-dimensional space.

It is expected that the algorithm in the proposed
method could be applied to solve other fractional
partial differential equations. More generally, we
can have an algorithm via Riccati equation, simi-
lar to the multiple exp-function method®® or based
on generalized bilinear forms233 to get multiple
wave solutions and lump solutions to fractional par-

tial differential equations.
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