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1. Introduction

Recently, seeking for new integrable systems including soliton hierarchies and integrable couplings forms a pretty impor-
tant and interesting area of research in mathematical physics. Usually, soliton hierarchies associate with semisimple Lie
algebras from the point of view of zero curvature equations and possess many nice properties such as bi-Hamiltonian struc-
tures, which lead to Liouville integrability. Classical soliton hierarchies include the Ablowitz-Kaup-Newell-Segur hierarchy,
the Kaup-Newell (KN) hierarchy, the Wadati-Konno-Ichikawa hierarchy, the Korteweg-de Vries hierarchy, the Dirac hier-
archy, the Boiti-Pempinelli-Tu hierarchy and so on [1-19]. For integrable couplings, zero curvature equations over semi-
direct sums of Lie algebras, i.e., non-semisimple Lie algebras, lay the foundation for generating them, which provide valuable
new insights into the classification of multi-component integrable systems. Some concrete integrable couplings showed var-
ious specific mathematical structures such as block matrix type Lax representations, bi-Hamiltonian structures of triangular
form, have been presented in Refs. [20-41]. In addition, the Hamiltonian structures for soliton hierarchies can be established
by the trace identity [8-10] or for integrable couplings by the variational identity [16,36].

Firstly, we shall make use of the three-dimensional special linear Lie algebra sl(2, R) to construct a new KN type soliton
hierarchy and consider corresponding bi-Hamiltonian structures by means of the trace identity [8-10] in the paper. This Lie
algebra consists of 2 x 2 trace-free matrices, and has the following basis

o[y O es[ed) o=
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with the circular commutator relations
[e1,€2] =26y, [ex,e3] =€, [e1,e3] = —2es.

Then the matrix loop algebra §1(2, R) can be defined by

s1(2,R) = {ZM,-A”HM- esl(2,R), i>0, ne z}, (1.2)

i=0

which is the space of all Laurent series in A with a finite number of non-zero terms of positive powers of 1 and coefficient
matrices in sl(2,R). Thus the standard procedure for building soliton hierarchy associated with sl(2,R) can be given as
follows: _

Step 1: We need to select an appropriate spectral matrix U = U(u, 1) € sl(2,R) to form a spatial spectral problem
¢ = U(u, 1)¢, where u denotes a column dependent variable and 1 is the spectral parameter.

Step 2: Then, we construct a Laurent series solution W = W (u, 2) such as W = 332 (W 472 Wy, € sl(2, R) to the stationary
zero curvature equation W, = [U, W], based on which one can also prove the localness property for W.

Step 3: Further, we construct suitable temporal spectral problems ¢, = VM $ m > 0 to guarantee that the zero curvature
equations U, — V™ + [U,V™] = 0 can generate a soliton hierarchy w,, = Kn(u), where VI™ = (i"W) + A, € sl(2,R) is
derived from W.

Step 4: Finally, in order to show a certain integrability, we construct bi-Hamiltonian structures for the obtained soliton
hierarchy, which lead to Liouville integrability by using the trace identity 2 [tr(3JW)dx = 277 2 27tr(ZZW).

After completing the construction of the new KN type soliton hierarchy, we consider further work including correspond-
ing bi-integrable couplings and bi-Hamiltonian structures via the variational identity [16,36]. Bi-integrable couplings of a
soliton hierarchy u; = K(u) = K(x, t,u, Uy, Uy, . . .) have the following form

ur = K(u),
Uy = Si(u, uy), (1.3)
u2,t = Sz(u7 Uy, uz)
generated from certain non-semisimple Lie algebras, where u, u;, u, denote some column vectors of dependent variables. The
system (1.3) is called a nonlinear bi-integrable coupling if at least one of S (u, u1),S2(u, u1,u2) are nonlinear with respect to

any sub-vectors uy, u. In this paper, we will introduce the following non-semisimple Lie algebras g with triangular block
matrices [40,41]

g ={M(A1,A2,A3)},

A A A
M(A1, A2, A5) = | 0 Ay oA, |, (1.4)
0 0 A

to generate bi-integrable couplings (1.3), where A;,A,, Az are arbitrary square matrices of the same order and « is a non-zero
constant. In the following calculation process, we can see that block A; is used for generating the initial soliton hierarchy and
block A;,As are used for constructing the supplementary sub-vector fields S;,S,. The above non-semisimple Lie algebras g
have two subalgebras

;j: {M(A1707 0)}7
gc = {M(0,Az,A3)},

which form semi-direct sums: § = §& .. The notion of semi-direct sums means that the two subalgebras § and g, satisfy
[3, 8c] C §c. We also require the closure property between § and 3. under the matrix multiplication: ga, 3.3 C g.

The paper is organized as follows. In Section 2, we would like to construct a new KN type soliton hierarchy associated
with sl(2, R). Then bi-Hamiltonian structures are furnished by using the trace identity, and thus all equations in the resulting
soliton hierarchy are Liouville integrable. In Section 3, we will use the non-semisimple Lie algebras (1.4) to establish bi-inte-
grable couplings of the new KN type soliton hierarchy. Bi-Hamiltonian structures are shown by means of the variational
identity. The last section is devoted to conclusions and discussions.

2. New KN type soliton hierarchy and bi-Hamiltonian structures

In order to present a new KN type soliton hierarchy associated with sl(2,R), we introduce the following asymmetric
matrix spectral problem

by =UU, 1) = [’iq ;ﬁq]zﬁ, u= m, b= mj (2.1)
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We solve the stationary zero curvature equation firstly

W, =[UW], Wesl2R). (2.2)
When W is selected to be
W = ae; + be, +ces = {a b }7 (2.3)
c —a
we have
ay = cpi — ba,
b, = 2bq)? — 2apy, (2.4)

Cx = 204 — 2¢q)?,

from (2.2). Let us assume that a,b and c are Laurent series in 1 given by

a=>ai? b= bi? =3 it (2.5)

i>0 i>0 i=0

Substituting (2.5) into (2.4), system (2.4) leads equivalently to
Qix = pC; — by,
bt =8ai1 +5;bix, 120, (2.6)
Ciy1 = %am - zl—in.m

where the initial values are taken as

(10:1, boi—, Co=—, (27)

which are required by the equations on the first powers of 1 in (2.4)
dox = PCo —bo, qby =pay, qcy = do.
Moreover, by (2.6), we can obtain an expression for ;1 x,

Qiy1x = PCiiq — bin

1 1 1
=p (a Qi1 — Eci.){) - (g Qi1 + Ebi,x>

1
= - %Ci,x - Ebi.x- (28)
Thus we obtain a recursion relation for a;,,
1 .
iy = —07! zﬂqac,- _o! gq 120 (2.9)

Then, from (2.6) and (2.9), the recursion relations for b;,; and c;,; are as follows

[bm} - {21_40_%8_]%8 ~$07'50 } [bx}

1> 0. .
19711y 1g_l1gteg|lg] 0 (2.10)
T 27 ¢ T 207 Y q !

Ci1
While using (2.9) and the above recursion relations (2.10), we impose the condition on the constants of integration:
Qilyo = bi‘u:O =Clo=0, i>1,

to determine the sequence of {a;, b;,c;|i > 1} uniquely. The first two sets can be computed as follows by using Maple

__r

a; = 2q21
b, — Px =P — Pl
2q3 ’

4D

G = x2q3 ;

1
a = 8714(3192 —2qp,),

1
(2Pwq” — 6PxPq — 6P4q,q — 2P q + 3p° + 6p*q, + 6pq3),

bz:siqs
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1
€2 = g5 (200 + 30" — 604, + 647):

1
0=~ {65 (2Pwq* — 4P44,q — 6P,Pq — 4Pqq, + 10pq; + 5p%),

1

bs = 164" (2@ Do — 1267 Dy — 8G°PPy — 24° PG — 60°D} — 80Py + 304D, q% + 40pqp, 4,

+20pqq,qy, + 159p°p, + 10gp*q,, — 30pg; — 40p°q% — 15p°q, — 5p*),
1
=~ {oq7 (2P0 — 247 qyx — 10p,q,q + 2040, Gy, — 10pqq,, — 30q; + 40pq; — 15p*q, + 5p°).

369

We point out that the localness of the sequence of {a;, b;, ¢;|i > 3} can be shown by the mathematical induction, and thus,
all the functions {a;, b;, c;|i > 1} are differential functions. Since from the stationary zero curvature Eq. (2.2), we can compute

%tr(Wz) = 2tr(WWy) = 2tr(W[U,W]) =0
and hence, due to tr(W?) = 2(a? + bc) , we can obtain

a* 4 bc = (a® + bc)|,_o = 1.

Thus a balance of coefficients of 222 tells that

Aiy1 = —% Z aia; + Z bkCl s i>2.

k+l=i+1 k+1=1i
k1>1 k>0

So based on the recursion relation (2.9) and the last two equations in (2.6), all the functions {a;, b;, ¢;|i > 3} are differential

functions in p and g by applying the mathematical induction. It means that they are all local.
Now, from the recursion relations in (2.4), we have

(AZ™W),), — [U, (2™ W), ] = Ibmxes + Cmyes,

where P, denotes the polynomial part of P. This is not the same type matrix as Uy, :
U, = 2°qy, €1+ /p;, €.

So we choose the suitable Lax matrices and modification terms as follows

VI = 0P IW), 4 A
m

m
Zai;LZm—ZHZ + ;Lme Zbi)EZm—ZHA + )Lgm
i=0 i=0 m> 07

= m m ’
ZCiAZm—Zwl 4 )»hm _zaiAZm—ZHZ _ )Nme
i=0 i=0

to guarantee the zero curvature equations

U, — V™ +[U, V" =0, m>0,

(2.11)

(2.12)

present a soliton hierarchy. After a complicated calculation from the recursion relations (2.6) and (2.9) by using Maple, the

modification terms are determined

hm = —Cm,

fm = —(qCp,

8m = —PCh, m = 0

Pty = bmx — (PCi)ss

qtm = _(qcm))u

Thus, we obtain a new KN type soliton hierarchy
b, . —
u, =Kn= {p} = { mx (pcm)xy mx=1,

q tm 7(qcm)x

(2.13)

(2.14)

which are all local, because of the localness of the sequence of {a;, b;, ¢;|i > 1}. The first two nonlinear systems in this soliton

hierarchy are
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Pt, = 551 (P’ — 4P:0x4 — 2Pq. + 6PG3),
di, = 55 (P — 4y — 2PG, + 2G3)

and

{ Pt, = g5 [P — 36 (P} + Pl + PP + 20,P) + 24PaP, G, + 12qp, G5 + 6qp*q, — 30p*q7].
1
5

di, = 255 [ G — 39(PP — Pxlx — P + 304G) + 6P% Ay — 12pg5 + 1243

Next, we shall use the trace identity to construct Hamiltonian structure for the soliton hierarchy (2.14). It is direct to

compute

ou [27q p ou\
a1 —2;vq}’ (Wa)> =4aql +cp + b,

0
U _ A}, tr(Wy):c),,

ap [0 0 ap

au [2 o au X
— = , tr(W—| =2a/°.
9 |0 zz} ( 3‘1)

Then, the trace identity [8-10]

0 ou , 0 ., (0U
. - — \*r’i '»’ -
Su /tr(mW)dx 2 82} tr(auW>,

becomes

o , 0 [ CA
—_ — v 7
5u /(4aq/1+cp+b)dx A ai’l {Za),z}'

Substituting (2.5) into above equation and balancing coefficients of /~2™"!

0

Cm
51 /(4qam+1 +PCp + b)dx = (y — 2m) {Zamﬂ }, m > 0.

in this equality, it leads to

The identity with m = 1 gives y = 0, and thus we obtain

0 Cm
—Hm = , m>=0,
ou " {zamﬂ }

with the Hamiltonian functionals being defined by

Ho = EClX,
q
Hm:,/(w)dx, m>1.
2m
Further, from recursion relation (2.6), we can obtain
bm.x = 2qu+] - 2pam+1
= 2q(pcm+l - am+1,x) - 2pam+1
= 2pqcm+1 - 2qam+].x - 2pam+l
1
= ZP(amH - jcm,x) - 2pam+1 - 2qam+l,x
= —DPCnx — 2qam+1.x-
Consequently, the soliton hierarchy (2.14) has the Hamiltonian structure
bmx — (pC
utm:Km:|: mx — (P m)x:| :]|: Cm }7 m>1,
_(qcm)x zamﬂ
where the Hamiltonian operator is defined by
= {fpaf op fqa}
R 0|
From the recursion relation (2.6) and (2.9), it is obvious that

Hm N 0Hm—1

ou ou

s /17

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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where
_19 1
- {131 1929 iqlafl Pglyg 191192 _ 18’?‘1189 _1lp7tpg1|’ (2.20)
2 qYq 2 q7q 2 q 2 q-q 2 q-q
It is a direct computation that all members in the soliton hierarchy (2.14) are bi-Hamiltonian
OHm OHm-1
=Kp=]—2= , > 1, .
U, =Kn=] 5u M Sy ™ 1 (2.21)
where
M=]J¥ = . (2.22)
1P 30

Then from K, = ®K,,,m > 1, and J¥ = ®J, we obtain a common hereditary recursion operator for the soliton hierarchy
(2.14)

1 19P91 91 1919p 91

1 1921491 19-1 1 -1

@—@—{

where P! denotes the conjugate operator of V.

Upon observation of the bi-Hamiltonian structures (2.21) and differential orders of the sequence {a;, b;, ¢;|i > 1}, we can
state that the soliton hierarchy (2.14) is Liouville integrable [37-41]. Every member in the hierarchy (2.14) possesses infi-
nitely many independent commuting conserved functionals

{(Hi i}y = [ (2% Zdx =0, k1> 0,

ou

(Moo by = [ (25 MZdx =0, k1> 0
and symmetries
Ky, K)) := K, (w)[K)] — Kj(w)[Ke] =0, k1> 0,

where K’ denotes the Gateaux derivative.

3. Bi-integrable couplings and bi-Hamiltonian structures

In this section, we consider corresponding bi-integrable couplings and bi-Hamiltonian structures for the obtained KN type
soliton hierarchy (2.14). Bi-integrable couplings will be constructed directly by means of non-semisimple Lie algebras which
are used for generating enlarged zero curvature equations. Then bi-Hamiltonian structures are furnished by the variational
identity [16,36], which lead to Liouville integrability for the new obtained bi-integrable couplings.

3.1. Bi-integrable couplings of (2.14)

We proceed to construct bi-integrable couplings of the new KN type soliton hierarchy (2.14). An enlarged spectral matrix
is chosen as

U:U(ihl):M(U,U],Uz), ﬂ:(pqurlvslerSZ)Ta (3])
where U is defined as in (2.1) and

).2 Si AT :|

where r1,51,7, and s, are new dependent variables.
To solve the corresponding enlarged stationary zero curvature equation

W, =[U,W], (3.3)
we choose a solution of the following form

W=W(,1) = M(W,W;,W,) € g, (34)
where W is given by (2.3) and W, W, are assumed to be
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W, — {6’ f } _ [ zizoei)f‘zi 2i>of:‘12”}7
g —e Tiso@ih T —Ziseir ¥ (3.5)
W, — {e’ f ] _ { zgoe;;.?f zigafgﬁ”l
g ¢ 2i>0g2272,71 *2909;/172’
Then Eq. (3.3) is equivalent to
Wy =[U,W],
Wiy = [U,W;] + [Ur, W), (3.6)

Wz,x = [U Wz] + [Uz, W] + O([U],W]].

Substituting (3.5) into (3.6), we get (2.4),
ex = CriA +gpi—f1,
f, = 2bs1 2% + 2fq)? — 2ar, /. — 2ep2, (3.7
g, = —2c512 — 2gq)? + 2e/.

and
e, =ogrii+crl+gpi—f,
fro=2bsy 2% + 2f @i — 2ary ) — 2e'pi + 20, f 72 — 20184, (3.8)
g, = —2cs2% —2g'q2* +2€' 4 — 20gs, 2.

Equivalently, the systems (3.7) and (3.8) lead to the recursion relations
€ix =r1Ci + pg; — fi,
fix = 281bis1 + 2qfi1 — 2r1ai1 — 2pe; 4, (3.9)
8ix = —251Cis1 — 2G84 + 2€i

and
€, = 0r18; +T2Ci + pg; — [,
fix =20f 1 — 2pel; +2051f 1y — 20mi€i1 + 252Dy — 212010, (3.10)
8iy = —20818;1 — 252Cip1 — 248, + 26}, .

We take the initial values

rq-s s
e =0, fo=%7 gozfq*]zv

—0S171q + 0S3P — SHpq + 2G? os? — s55q (3.11)
66:07 fé): 171 1 2 2 , gé): 1 2

7 ‘K
and assume the constants of integration as zero, the recursion relations (3.9) and (3.10) uniquely generate the sequences of
{ei,fi,&li = 1},{€,.fi,gli = 1}. The first set of functions in the two sequences are computed as follows by Maple

_ ng-2sip
€ = 727‘137
1q = qS; 5 + 351G, — 351
g] = - 2q4 )
T1xq* = 1qyq — 211pq — 2qP,S1 — qPSyx + 351Gy + 351P°
f1 = 2g4 ’
q
; —20s171q + 3052p + 12G* — 25:pq
el = — 2q4 k]
g - —6ostqy + 3051GS; , — q*Sax + 3GS,qy + 60S2p — 305171 — 35,pq + 2G>
1= = 2q5 )

, 1
fi= T [(ar1q® — 3051pq)S1x + 2081021 1x — @Tax + PG*Sax + (252G° — 301952y
+ (r2q* — 352pq + 60ps] — 30qs,71)q, + 60sTp® — 3p*qs, + oriq* + 2r2pq” — 60pgs; 1]
Further, we introduce the enlarge Lax matrices

yim — M(v[m]7v[]m]7vgﬂ]) €3 mz=0, (3.12)
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where V™ is defined as in (2.11) and

m -

m
Z e, 7222 4 20 Zfiiszzm P
v — l:n? ’:n? ., m=0,
Z g2 | 72 e, 72m22 _ 20
-0 ro - (3.13)
Z e;)VZm—ZHZ + /128;,1 Zf;;h2m—21+l + )'6;11
V[zm] _ |0 i=0 m>0
& 12m—2i+1 ’ = 7 92m—2i+2 20
> g o, =Y el -2,
L =0 i—0 J
Then, the enlarged zero curvature equations
U, = V" +[U,V™], m >0, (3.14)

give
U, — V" +[U, V™ =0,
Utg, = Vi + U V] + U3, V] = 0, (3.15)
U, — Vo + [U, VY] + [Ua, VI™] + a[Us, VI™] = 0.

All above equations determine the KN type soliton hierarchy (2.14) of the bi-integrable couplings

p binx — (PCm)x
q 7(qcm)x
Km(u)
74 mx m +11C
i = |7 K@= | Simuy) | = | I PEmEnGc (3.16)
51 Sy (1t 11, 113) —(S1Cm + G&)x
r 2.m(U, Ur, Uy flmx (Pl + T2 + 0118y,

—(S2Cm + 48y, + 04S18m),

3.2. Bi-Hamiltonian structures and Liouville integrability

When the associated matrix Lie algebras are semisimple, the Hamiltonian structure can be established by the trace iden-
tity. However, when the associated matrix Lie algebras are non-semisimple, the variational identity [16,36] provides an
effective approach to furnish the Hamiltonian structure of soliton equations. We shall search for bi-Hamiltonian structures
by the variational identity:

4 U o — 773 v @ W
5u/<(%,W>dx—). (%/l <8u’W>' (3.17)

The key step of constructing non-degenerate, symmetric and ad-invariant bilinear form on non-semisimple matrix loop alge-
bras g is to transform the semi-direct sums g into a vector form (see [37,40]).
First, Defining a mapping

o:g(l) >R, A (ar,...,00), (3.18)

where

A=M(A1 A As) €5(0), A= {03”2 it } i=1,2,3. (3.19)
azi  —0asi2
This mapping ¢ induces a Lie algebraic structure on R°. The Lie bracket [-,-] on R® can be computed as follows
[a,b)" =d"R(b), a=(aj,...,as)", b= (by,...,hs)" € R, (3.20)
where
0 2bsi1 —2b5
R(b) = M(R{,Ry,Rs), Ri=| by —2by, 0 |, i=1,273. (3.21)
—bsi_4 0 2bsi;

The mapping (3.18) is a Lie algebra isomorphism between the two Lie algebras.
Then, we define a bilinear form [37,40] on R° as follow
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(a,b) = a"Fb, (3.22)

where F is a constant matrix. Obviously the symmetric property and ad-invariance property of F

(a,b) = (b,a), (a,[b,c]) = ([a,b],c), (3.23)
require that
F' =F, FR(b))" = —R(b)F, beR’ (3.24)

Solving the system (3.24) by Maple, we obtain

/AT PR & 200
F=1|n, an; 0|(® |0 0O 1], (3.25)
ny; 0 0 010

where #,,1,, 75 are arbitrary constants. The bilinear form on the semi-direct sums g(1) of the two Lie subalgebras g and g. is
defined as

(A,B)y;) = (0(A),a(B))ps = (a1, ..,a9)F(by,.. .,bg)T, (3.26)

where A = 6-1((ay,...,a0)") € §(2),B=0c"1((by,...,bs)") € 3().
Because of the isomorphism of g, the bilinear form (3.26) is also symmetric and ad-invariant:
<A7B>§(/l) = <B7A>§(/Z)v <A7 [B7 CDQ(/) = <[A7 B] C>§(/L)7 A7 Bv Ce g(;“) (327)

But this kind of bilinear form is not of Killing type, since the enlarged matrix loop algebras g(/) are not semisimple. A bilinear
form (3.26) is non-degenerate if and only if the determinant of F is not zero, namely,

det(F) = 8053 # 0, (3.28)

thus, #; and o should be non-zero constants.
Then, according to the definition of bilinear form, we can compute by Maple

— oU , S )
<W’5> = (4aq’ +cp+ b)n, + (4eq’i + gp + f +4asi A+ cr)n, + (4e'qi + g'p + f + 4oesi /A + ogry +4as, 2
)
+cra)i;

and

<ng> = (CHy + 8y + 8205, 2721 + 20720, + 2672115, Cotly + 0ging, 2721, + 207215, Con, 2070)5)
)

From the formula
a4
=TI

we can determine the parameter y = 0. Consequently, by using the variational identity, we obtain the Hamiltonian structure

for the hierarchy (3.16) of the bi-integrable couplings

_ ~O0H,
ly, =], m >0, (3.30)

with the Hamiltonian functionals

In |(W, W), (3.29)

7:( = / (4qam+1 +DPCp + bm)”]l + (4qem+1 + P8m +fm + 4S1am+] + T1Cm)1’[2
m 2m
| (49€,.1 + P8 + [ +4ocem+12s;n+ 8l + Ani1S2 + Cnl2)ls g (3.31)
and the Hamiltonian operator
0 0 J,
T={0 5 1|, (3.32)

i LI
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where
r—po—op _ qO
J o3 o3
1= )
_ 09 0
Lo
[ (PO+0p)y _ 119+09ry  qoMy _ 519
g 3 w3
2=
9, _ 951 0 ’
a2 3
3
[ (po+opyy,  (pO+OP)3 | (ro+0r),  rotor, qony 99N | s10Mp 550
2 - T+ 7 - T~ T T
3 ETH " 13 DI "3 13
3= a2
gy _ 9y |y 951y 95y
L AT R B 0

Here 0 is zero square matrix of the same order as J,,/,.J; and 55 # 0,0, 7,, 7, are arbitrary constants.
Next we consider recursion relations of the bi-integrable couplings by taking the following form

® 0 0
Rm = _Rm—] = (I)] () 0 Rm,]., m>1. (333)
(I)z 0((131 ()
With the aid of symbolic computation by Maple, we can compute
1 1 19-1 191 —1
. {85 —585858 —765858 }
1 192191 191 1 -1’
q —20°59 —2’%658 —5858

$1 N -1 -1 T —1 $1 -1 r a1 -1
) a;(zlqaga + 4080 )fazflqaga +oLo%o —0Lono okoto

27

he —ab S(poto +Loro) —potoT + LonoT —Lono + LoB o + 7 gho!
Oy @

= LDZ cbﬂ

with the entries of ®, being defined as

Dy :—625—;2-,

@y = az%aga* +a§2—q’§a%a4 +oc8%6;—128’1 - a%a%a* +a’2’—;§aéa* +62£q8;—220’1
+oc82%82—%28’] +ocazlqa%a*‘ —azlqa%zafl —ocazlqazija*‘ +a;—qa‘;i;a” —85—;228’1,

O =g

Dy :z%aga” +%a%a* +a£—;8;—128’1 —Z%a%a* +§—;§aéa” +2£q82—228’] —zlqa%a”
+a2%a%a4 +a2lqa%a4 foczlqa‘;ijw +21q0%04 75—;223* +8225—;20*’ - wzz%a,l_

It is direct and lengthy to show that ® is hereditary by Maple, ] and M = ®] constitute a Hamiltonian pair [40,41]. Thus, all
members in the soliton hierarchy (3.16) are bi-Hamiltonian
= <0Hm —O0Hm
U, =Kn=]——=M——,
fm ot otl
Therefore, the soliton hierarchy of bi-integrable couplings (3.16) is Liouville integrable. Every member in (3.16) possesses
infinitely many independent commuting conserved functionals

m>1. (3.34)

-_— — T —
{He, M}y = f(m) JMdx =0, k>0,

ou ou
= A YT
{Hi Fiky = [ (52) MYLdx=0, k>0,
and symmetries

[Kk,kl} = K;‘,(ﬂ)[kl] — R?(ﬂ)[ﬁk} =0, k,l > 0.
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4. Conclusions and discussions

There are many soliton hierarchies obtained by using matrix spectral problems based on certain real Lie algebras such as
sl(2,R) and so(3, R). Recently, seeking for integrable couplings associated with non-semisimple Lie algebras has aroused
more and more interest. Various examples of bi- and tri-integrable couplings bring us ideas to classify multi-component
integrable systems. In this paper, we have introduced a new asymmetric 2 x 2 matrix spectral problem associated with
sl(2,R) and derived a new KN type soliton hierarchy (2.14), together with bi-Hamiltonian structures firstly. Then based
on a class of non-semisimple matrix Lie algebras consisting of 3 x 3 block matrices, we have derived bi-integrable couplings
(3.16) of the obtained soliton hierarchy. Corresponding bi-Hamiltonian structures are constructed by the variational identity,
which imply the system has infinitely many commuting symmetries and conserved functionals. In addition, we must point
out that the mathematical software Maple is used to deal with some complicated computations in this paper.

In fact, we can construct other kinds of integrable couplings by means of more complex non-semisimple Lie algebras such
as

g ={M(A1,A2,A3)},
A Ay As
M(A1,A2,A3) = | 0 Ay +0Ay Ay + 0hs
0 0 Ar + oAy

and

g = {M(A1,A2,A3,A4)},

Aq A Ay Aq
0 A +aA, A3 Bz + oA
M(A1,Az,A3,Ay) =
(A1,A2,A3,A4) 0 0 Ay + oAy + A VA3
0 0 0 A + aA,

presented in Refs. [40,41]. Considering the calculation is similar, we omit the lengthy process for the sake of convenience.

The algebra sl(2, R) is one of the only two three-dimensional real Lie algebras with a three-dimensional derived algebra,
and the other one is the special orthogonal Lie algebra so(3, R). In a subsequent study, we will consider the construction of
integrable couplings for the KN type soliton hierarchy associated with so(3,R) and so(n + 1, R).
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