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1. Introduction

Nonlinear evolution equations (NLEEs) play an important role in mathematical physics [ 1-7]. Various mechanical features
in fluid dynamics, optical communications and nonlinear vibration are described by NLEEs [8-11]. Generally speaking, it is
very difficult to find exact solutions to NLEEs [12-14]. With the development of symbolic computation, it is reasonable to
employ test function method in constructing exact solutions to NLEEs [15,16]. Further, it is of importance to solve high-
dimensional NLEEs to study the associated spatiotemporal features [17-23].

In this paper, we will study a (3 + 1)-dimensional NLEE [24-30] as

3uxz_(zut+uxxx_2uux)y+2(uxa;1uy)x:O’ (])

where 9, ! stands for an inverse operator of 3, = aix Eq. (1) was originally introduced as a model for the study of

algebraic-geometrical solutions [24], and its integrability and large classes of exact solutions have been studied, e.g., the
soliton, positon, negaton and rational solutions [25-29]. Further, two types of resonant solutions are obtained by the
parameterization for wave numbers and frequencies for linear combinations of exponential traveling waves [30].

Through the following transformation

u=-3 [lnf(xsyvza t)]XXv (2)
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Eq. (1) can be cast into the bilinear form as

(3DxDz_2DyDt_DiDy)f'f=07 (3)
where Dy D,, D, D; and Di D, are bilinear operators [12] defined by

9 aNa D ANE D BNr/d D\
oot - 2 (- 5 (2 2V G
kDyD:Di(-8) =3, ~ 3¢ <8y ay ) \oz " az) \ar Bt/)

x f(x,y,z,t)g(x,y .2z, t')

X'=xy'=y,z/=z,t'=t.
We assume that the solution to Eq. (3) is in the form of
f=e"%+8; cos(n) + 8 cosh(y) + 83 ¢, (4)

or

f =e"5 +68; sin(n) + 8, sinh(y) + 83 €°, (5)

where§ = ayx+biy+ciz+dit,n =ax+byy+cz+dyt,y =asx+bsy+c3z+dstanda,b;, ¢, d;, and §; (i =
1,2,3) are some constants to be determined later. Based on Eq. (4) or Eq. (5), we can derive exact solutions to Eq. (1).

The structure of this paper is as follows: In Section 2, we will solve Eq. (3) and obtain the exact solutions to Eq. (1). In
Section 3, we will give analysis and discussion on our solutions. Some figures describing the characteristics of our solutions
will be presented. In Section 4, we will conclude our results.

2. Diversity of exact solutions
2.1. Case I: based on the test function (4)

Substituting Eq. (4) into Eq. (3), we can obtain a large expression in terms of cos(n)e®, cos(n)e~¢, sin(n)e®, sin(n)e~¢,
cosh(y )ef, sinh(y )ef, cosh(y )e%, sinh(y Je~¢, cos(n) cosh(y ), sin(n) sinh(y ), etc., which generate a list of algebraic equations
as

3a1¢1 — 3a,¢; — 2bydy + 2byd; — a3by — a3y + 3a2ayby + 3a1a2by = 0,

3a;c; + 3ascs — 2bidy — 2bsds — a?b1 — agb;.; — Ba%a3b3 — 3a1a§b1 =0,

3a1¢; + 3ax¢; — 2bydy — 2bydy — @by + a3by — 3alayby + 3a;a3b; = 0,

3ai¢3 + 3asc; — 2byds — 2bsd; — a3bs — a3by — 3aaszby — 3a1a%b; = 0, (6)
3asc3 — 3a,¢; — 2bsds + 2p2d; — a3b, — a3bs + 3a3asbs + 3axa3b, = 0,

3ay¢3 + 3asc; — 2byds — 2bsdy + a3bs — a3b, + 3a3azb, — 3ayalbs = 0,

83(12a;¢, — 8bydy — 16a3hy) + 82(3ascs — 2bsds — 4ahs) + 82(2b,d2 — 3ac, — 4ash,) = 0.

With symbolic computation, we solve two sets of parameters from Eq. (6):
The first set in this case is

4
am=1a=0b=—-5,bh=-2b3=———,
a3 3a3
8(2a3 + 1) 2(3a} + 6a; — 4) 4(a2 + 3a3 +2)
G=——g Q= =
as 9a3 9a;3
@ —a3+2 a28? a282
d1=¥,d2=—1,d3=1,53=% =20, (7
2a3 4di—-1) 4

Substituting parameters of Eq. (7) into Eq. (4), we have f = e™1 + §; cos(B;) + 8, cosh(C;) + (4(132_11) + 32)M  which
3

where a3, §; and §; are real constants.
252 0282
3
4

leads to the exact solutions to Eq. (1) as

252 262
a387 a38)

e~ + 8,a% cosh(Cy) + (G + 7 et
L, 3 72 252
a2s asé
e—M + 54 COS(B]) + 6 COSh(C]) + (4(;%11) + %)EAI
. . 252 282 2
(_e* - (1352 smh(C1) + (4(a32711) + %)ef‘l)
B 3 (8)

2¢2
387
4(a2-1)

252
(€1 + 8, cOS(By) + 8, COSh(Cy) + (-l + D2 yer 2
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with
4 8(2a + 1 @ —a3+2
Alzx——2 - ( 3 )z—i- 3 3 t,
3a3 9a3 2a3
2(3a% 4+ 6a; — 4
B]:_Zy_(3—z3)z_t’
9a3
4 4(a% + 3a3 + 2
C.l:a3x_7y_(3+723—+_)2+t_
3a3 9a3

The second set in this case is

9a3 — 9a2 — 16 —9a3 + 9a3 — 16

ag=1,a,=0,b; = by =—-2,b3 = s
! 2 ! 12a2 2 ’ 124
_onq7 5 4 _ 3 _ 2 _ _ _a44 _9gn2 _
9a;z + 36a3 + 36a; — 107a3 — 36a; — 48a3 — 64 3a3 — 9a5 — 24a3 + 16
= , G = )
72a3 18a3
o= —9a} + 9a3 — 18a3 — 16a3 + 18a3 — 48a; — 32
36a3
g — —a3+as+4 b= —1.dy = 1.8, = 4a35% (9a§ — 94§ + 16a3 — 16a3)53
4a, ’ ' ' 9aj +7a3 — 16 4(9a} + 7a% — 16) ’

where as, §; and &, are real constants.
Substituting parameters of Eq. (9) into Eq. (4), we have f = e + §; cos(B,) + & cosh(Gy) + (
(905 —9a5+16a3— 1603 )53
4(9a3+7a3-16)

252
4a367

Je2, which gives rise to the exact solutions to Eq. (1) as

2¢2 8 6 4 2152

4 ) 40287 (948 —9a5 -+ 1604 — 162 )52
e~ + §,a% cosh(C A2

+ 8203 cosh( 2)+(9a‘3‘+7a§716 T w7 )
u= -3 40252 (908 —9a8 +16a% — 16a2)52
371 3 3 3 3772

—A
e~ + §1 cos(By) + 8, cosh(Cy) + (9ag+7a§—16 + o7 16) JeA2

A . 40382 (9a5 —9a5 +16a3—16a2)52 2
+3 (—e™ + a35; sinh(G) + (9a‘3‘+7a§—16 + 4(9a+7d2—16) )e’2)
4 40253 (905 —9a§+16a4— 1643 )62 5
(672 + &y cos(B,) + 8 cosh(C) + (Qag+7a§716 4(9a3+7a2-16) Je'2)
with
., 9a5—9a5 — 16 —9a] + 36a3 + 36a3 — 107a; — 36a5 —48a3 — 64 —aj+as+4
Ap=x+ 220 724 G E— .
3 3 3
—3a% — 9a2 — 24a; + 16
Bp=-2y+ 22 2T sy,
18a3
—9a% +9a2 — 16 —9a] + 9a3 — 18a% — 16a3 + 18a% — 48a; — 32
G, = asx + 3—:2‘13 y 3+ 9% 2 3623+ K > zZ+t.
3 as

2.2. Case II: based on the test function (5)

9a3+7a3—16

1277

(9)

+

(10)

Substituting Eq. (5) into Eq. (3), we can obtain a large expression in terms of cos(n)ef, cos(n)e~¢, sin(n)ef, sin(n)e~¢,
cosh(y)ef, sinh(y )ef, cosh(y )e™%, sinh(y )e ™%, cos(n) cosh(y ), sin() sinh(y), etc., which generate a list of algebraic equa-

tions as

3(1]C1 — 302(:2 — 2b1d] + 2b2d2 — a?bl — Cl;bz + 3afazb2 + 3ala§b1 =0,

3(1]C1 + 3(13C3 — 2b1d] — 2b3d3 — a?bl — a§b3 — 3(1%(13[)3 — 3(11(1%[71 =0,

3(11C2 + 3(12C1 — 2b1d2 — 2b2d1 — a?bz + agb1 — 3a§a2b1 + 3(11(1%1)2 =0,

3a,c3 + 3ascqy — 2bids — 2bsdy — a?b3 — a§b1 — 3a§a3b1 — 3a1a§b3 =0,

3asc3 — 3ayc; — 2bsds + 2byd, — a;bz — a§b3 + 3a§a3b3 + 3(12(1%[’)2 =0,

3(12C3 + 303(:2 — 2b2d3 — 2b3d2 + a§b3 — Cl%bz + 3a§a3b2 — 3aza§b3 =0,

83(12(11(:1 — 8b1d] — 16(1?[)]) — 8%(3G3C3 — 2b3d3 — 4a§b3) + 5%(2[)2(12 — 3(12C2 — 4a§b2) =0.

(11)
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With symbolic computation, we solve two sets of parameters from Eq. (11):
The first set in this case is

4 4
a=10a=0b=-—-=5,bp=-2,b3=———,
1 2 1 3a2 2 3 30
8(2a3 + 1) 2(3a3 + 6as — 4) 4(a3 + 3as + 2)
Q=——( s O=""""C-5 —,G=—"——"——5——
9a3 9a; 9a3
a3 —az+2 a3s? a3s?
d1=¥,d2=—1,d3=1,83=%—ﬁ .
2as 4((13—1) 4

where a3, §; and §; are real constants.

Substituting the parameters of Eq. (12) into Eq. (5), we have f = ™3 + §; sin(B3) + 8, sinh(C3) + (

which generates the exact solutions to Eq. (1) as

252 252
e~ 4 8,02 sinh(C3) + (o — G502 )ehs

4(a3-1)
u= —3 2.2 252
. . asé asé:
e=43 + §; sin(B3) + 8, sinh(C3) + (4(a32 11) — et
2
—A 387 a383 2
(—e™ + a3z cosh(Cs) + (g — 2 )e)
+ 3 > 2.2 252
. . asé asé
(e + 81 sin(Bs) + 8, sinh(Cs) + (5315 — 2 )e)?
2_
with
4 823 +1) a3 —a3+2
A3 =x— —y— zZ+ tv
3 3a§y 9a; 2a3
2(3a? + 6a; — 4)
By=-2y— "3~ 7t
3= 9a3?
4 4(a? + 3a3 + 2
Coapx— oy A F30+2)
3a; 9(1%

The second set in this case is

9a3 — 9a3 — 16 —9a3 + 9a3 — 16
ap=1,a,=0,b; = %,bz =-2,bg=—232 "3
12a;5 12a;
—9a} + 36a3 + 36a5 — 107a3 — 36a3 — 48a; — 64 —3a3 — 9a% — 24a; + 16
G = 3 » €2 = 3 ,
72a3 18a3
—9a} + 9a3 — 18aj — 1643 + 18a3 — 48a; — 32
3= )
3643
g = —a3 + a3 +4 b= 1dym 1,8 = 40362 (945 — 9a5 + 163 — 16a3)5;
4a3 ’ ’ 9a} + 7a% — 16 4(9a} + 7a% — 16)

where a3, §; and §; are real constants.

Substituting the parameters of Eq. (14) into Eq. (5), we have f = e + §; sin(Bs) + 8, sinh(Cs) + (

3 6 4 2152
(9a3—9a3+16a;5—16a5)35
4(9a3+74%-16)

e, which gives rise to the exact solutions to Eq. (1) as

292 8 6 4 2152
—Ag 2 411351 (9a3—9a3+16a3—]603)82
inh - 4
e~ + 8ya3 sinh(Gs) + (9a§+7a§—16 4(9a%+742—16) )e!
u=-3 4 . . 4a2s? (905~ + 1604 16a3)57 |
e~ + 8y sin(Bs) + &2 sinh(Cy) + (9a‘3‘+7a§—16 T 49dd+742-16) Jefs
292 8 6 4 252
A4 4a367 _ (9a3—9a3+16a5—16a3)35 412
43 (—e™" + a3d; cosh(Cy) + (90‘3'+7a§716 4(9a%+7a2-16) )e)
A . . 4a35? (905 —9a5+16a§—16a3)53 , , |,
(e=A4 4 §1 sin(By4) + &, sinh(Cy) + ( - Je4)

9a3+743-16 4(9a3+7a3—16)

’

93170216
9a3+7a3—16

(12)

2 )els,

(13)

(14)

+

(15)
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with
Ao =2t 9a3 —9a3 — 16 —9a} + 36a3 + 36a3 — 107a3 — 3645 — 48a; — 64 N —ad+a;+ 4,
T 1243 7203 a, D
—3aj — 9a2 — 24a; + 16
B4 = —2y + 3 3 5 3 + z—t,
18a;
Co= ax + —9a3 4 9a3 — 16y N —9a] + 9a3 — 18a3 — 1643 + 18a3 — 48a; — 2, .,
12a3 36a3 '

2.3. Dimensionally reduced case withz = x
By taking z = x, Eq. (3) reduces to
(3D? —2D,D, —D}D,)f -f =0, (16)
which is assumed to possess the exact solutions in the form of

f=e* +68; cos(n) + 8, cosh(y)+ 83", (17)

where§ =a;x+biy+cit,n=ax+by+ct,y =asx+bsy+cstanda,b;, ¢, 8 (i =1, 2, 3) are some constants to
be determined later.

Substituting Eq. (17) into Eq. (16) and equating all the coefficients of different powers of €5, e~%, cos(#), sin(n), cosh(y),
sinh(y ) and constant term to zero, we can obtain a set of algebraic equations for a;, b;, ¢;, and §; (i = 1, 2, 3). We solve this
set of algebraic equations and obtain the parameters as

1 1 1 a+1 a a
bij=—,by=——,b3=—,ci=—1—— .= 2,c3=——21}, 18
1 a 2 o 3 o 1 5 2= 56 5 (18)
where aq, ay, as, 81, 8, and &3 are real constants.
Corresponding to Eq. (17), we have
3 3
e Ay 1 a 1 a 1, 9
f=e a2 15 cos(apx — —y + —2t) + 8, cosh(asx + —y — =3t) + 83 @ ? o,
a; 2 as 2
and the exact solutions to Eq. (1) with z = x as
v 3a%e*A — 81a3 cos(B) + 8,a3 cosh(C) + 8;a3e?
e~ + 81 cos(B) + 8, cosh(C) + §3e#
N 3(—a1e*A — 84a, sin(B) + a8, sinh(C) + 83a,e)? (19)
(e=A + 87 cos(B) + 8, cosh(C) + 83eA ) ’
where
1 a
A=aix+ —y— —t,
aq 2

1 a
B=ax— —y+ =t,
a) 2

1 a3
C=a3x+ —y— —t.
as 2

3. Analysis and discussion

In this section, we will study the propagation and dynamical behavior of the exact solutions with graphical simulation. It is
clear that Egs. (6) and (11) are under-determined nonlinear systems of algebraic equations, among which, there are fifteen
unknown variables and seven equations. Generally speaking, it is very difficult to solve the under-determined nonlinear
systems of algebraic equations. With symbolic computation, we have derived four sets of special solutions to Eq. (1), as seen
as, Egs. (8), (10), (13) and (15). The 3-dimensional plots and contour plots of these solutions can be found in Figs. 1 to 4.
The plots of solution to the dimensionally reduced case of Eq. (1) with z = x can be seen in Fig. 5.

Based on the expressions of u, we have

lim u=0,

t—+o0
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t=3 t=06

Fig. 1. (a) The 3-dimensional plots of u via Eq. (8) at the timet = —6,t = —3,t = 0,t = 3andt = 6 witha; =2,z = 0,8; = 3and é; = 1; (b) The
corresponding contour plots of (a).

where the solutions u are given by Egs. (8), (10), (13), (15)and (19). From the 3-dimensional plots and contour plots, it can be
seen that the peaks of waves via Egs. (10), (13)and (15) rise and fall periodically along the vertical direction of the propaga-
tion. The solutions via Egs. (8) and (19) describe the interaction between two waves, which can be seen respectively in Figs. 1
and 5. Parallel face-to-face interaction occurs between two dark-type waves in Fig. 1, while oblique interaction between two
dark-type waves is given in Fig. 5 (the detailed interaction process is revealed with selection of different values of the time).

In Fig. 2, the waves are dark-type, propagate to the negative direction of the x-axis and the peaks periodically rise and
fall, while the waves in Figs. 3 and 4 are bright-type.
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il

A ,f"«’rﬂsl«‘ i
.. f)
i -
‘éﬁ‘y "w” / 10

Fig. 2. (a) The 3-dimensional plots of u via Eq. (10) at the time t = 0,t = 3andt = 6 witha; = %,z =0,8; = land §, =

Vel (b) The corresponding
contour plots of (a).

3.
2v2°

Fig. 3. The 3-dimensional plots of u viaEq. (13) atthe timet = 0,t =3 and t = 6 withas3 =2,z=0,8; =3 and §, = 1.

Fig. 4. The 3-dimensional plots of u via Eq. (15) at the timet = 0,t = 3and t = 6 witha; = % z=0,8;=1andé; = 1.
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Fig. 5. (a) The 3-dimensional plots of u via Eq. (19) at the time t = —12,t = —6,t = 0,t =6andt = 12 witha; = 1,4, =2,a3=2,8; = 1,8, = 1and
83 = 1; (b) The corresponding contour plots of (a).

4. Concluding remarks

Based on the Hirota bilinear method, the test function method is powerful in finding exact solutions to nonlinear evolution
equations. In this paper, a (3 + 1)-dimensional nonlinear evolution equation and its reduction have been studied as an
example [see Eq. (1)]. With symbolic computation, diversity of exact solutions has been obtained by solving the under-
determined nonlinear system of algebraic equations [see Egs. (6) and (11)] for the associated parameters. In our future
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work, other types of test function will be considered to find exact solutions to some higher-dimensional nonlinear evolution
equations.
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