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396 — 0. 0nsal et al.: Multiple-Wave Solutions

where P is a polynomial of bwu.,x\,., where Dy, a1 i<m,1x
f € M are generalized differential operators [18] defined by

oMy
(D58 0) = (D, 8100 = Ab @i,
=0
Qm;w v (x) A&mv x),nz1, @
in which the powers of a; are just signs determined by

nm =(-1y5? | where ! = ri(l) mods with 0 < rs(D) < s,
szl 1>0. (3)

These derivatives are further generalizations of the gen-
eralized derivatives in [16, 17]. Now infroduce N wave
variables:

=k x =l kg o Fkyan 1si< N, (4)
and exponential wave functions
gm. - mmr. - mw@._.HH+WN.~&N+...+_~§.~.HEv 1<i< 2.. ﬁmu

where the k;;’s are real constants. Here, a wave-related
vector k; and the dependent variable vecior x are

ki = (kui ko ves Karg) s 1< 1SN, X =(X1, X, cn Xpr) . (6)
Take a linear combination
N N
Feafivaft..tenfu=) &fi=) &t (7)
=1 f=1

whereg;, 1 < < N, are arbitrary constants. It is known [18]
that a linear combination f of N exponential waves solves
a generalized bilinear eq. (1) if and only if the following
condition

P Aﬁwbﬁ.u u._v“ -=e3 hrﬁ@.u u.uu eerd R..S..HQ. u.vu wery -@bﬁ.ﬁﬁr@v
+P AEHL.QW n.uw seay .mrw_zc... Muw ---3 _swgvuo.u au ...umE._EQ.u wv = Ou
1<i<j<N, (8)

is satisfied where §; s(i, j} are defined by

Brst, ) = pkri+ Ayl 1< T<sM,1<ssm. (9)

2.1 Linear superposition principle of
hyperbolic function solutions

We take f; =chy; = 1 (€% +e7), 1 < i < N, as hyperbolic
function solutions to eq. (1). Consider

DE GRUYTER

N N
1
=gfi+tefr+ .. tenfu=> &chn =3 g= (% +eW),
f=afiteh Sm;ﬂmi )
(10)
which is a general linear combination of the hyperbolic
function solutions. The following identity holds for
exponential functions under generalized bilinear derivat-
ives [18]:
l . D, D, D, vms.%.

Brx? HS.HHH wny B =~ Bty

= P (B1,106 ) -eos Prom s 105 s Baaa (o 1), oo BiamE, 1))

el 1<, j< N,

(1)

Based on eq. (11), we can compute that

wA 15 o Dy g o Dy o cmiav Iy

-p @- D D,

By - B3 e Pp g oo

¥ N
Y eichn Y gchry
1 =1

N
- Mmu.m% ?@3, v D s 3 Dpp s oo bmskav
=1

W Amn__. + mlap.v . ﬁmu: + ml@.v

] =

N
1
= 5 D288 (D ays o D 5 Doy s Doy )
Lj=1

Amﬁ . m;.m + mqﬂ. . Q\E + mla_. . ma.q, + mlﬁ . mlwo.v

N
- m 3 25 [(P (Bualis P e Bl 15 s B 1)

igi<j<N
@3 ooes B )
P (B0 Dy vves Brom (s 05 evv3 Bag 1 Go D, wees Bag s )
ity
+ (P (Bl =1, eves BrlEs =03 o3 Bag g (s =15 v Bagm)
-9
+P (B11(-j, 1), vees B (s 0 w3 B 1 (s Ds s By )
(=, Dem T
+ (P (BG4 1y vens By (705 wee Baga (o 1Dy ooes Bat m)
(-i.j)
+P Qwﬂc., —i), ...:m.r_ao.u i) .:“PFHQ. 1), ey mﬁ.svv
(G, —i)e~u
+ (P (Bl =), cons Bo (=1 =) o5 Bag 1 (s =7)s wves Brtm)
(-1,
P (B, =D, o Byl 03 s Baga (o =D s Bag )

(-, ~)e™7]
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398 —— 0. Unsal et al.: Multiple-Wave Solutions

Theorem 2.2: Let P(Xg,1, oXin 15 <o} X140 =-os X 31} DE 2 pOLy-
nomial and the N wave variables defined by = k- x =
kyix1+ko 6 + ...+ Kag ixpr, 1 < 1 < N, where k;4°s are real con-
stants. Then any linear combination of the trigonometric
function solutions f; = cosm, ¥ £ i < N, solves the gener-
alized bilinear eq. (1) if and only if the system eq. (16) is
satisfied.

This theorem tells when a linear superposition of fri-
gonometric function solutions is still a solution of a given
generalized bilinear equation. Besides, it also helps us to
find N-wave solutions to generalized bilinear equations.
Once we solve the system eq. (16), then we can presenta N-
wave solution, formed by eq. (15), to a generalized bilinear
equation.

3 Applications

Example 1: Let us introduce the weights of independent
variables:

(wlx), wiy), wiz), w(t)) = (1,3,5,7), (18)

and consider a polynomial being homogeneous in weight
8:

P =ox® + oy + e300z + caxt + E5yz, 19

whete ¢, C2, 03,04, C; are constants. According to the
chosen weights, we assume that the wave variables are

ni=lx+ bildy + bokiz + b3kit, 1si< N,  (20)

where k;, 1 £ i £ N, are arbitrary constants, but by, by, and
b3 are constants to be determined.

A simple and direct computation shows that the cor-
responding generalized hilinear equation reads

P (D5 Dizsys Dipsizs Diasye) - f
= 7001 on + 20C2f ooy + 10Cofyfiooo + 20Cafoafroy
+ 203 oz + 2C3f2 oo + 6Csfxfxz + 6Csfofiz
+204ffr + 2005 fz + 2e5ffu + 2e5fif

=0, (21)

which possesses the linear subspace of N-wave solutions
determined by

DE GRUYTER

N w N
f= Mm&. = Mmﬁ:ﬁ = M”m.nw (kx + by + bykiz
=1 =1 =1
+hsklt) (22)

where g’s and ks are arbiirary, and b, b, and b; are
given by

2¢3 20¢; 20630y
b=—,bh=-—Z=-b= ,
T L . (23)
when the coefficients of the polynomial P satisfy
7eiC5 = —2¢3Co. (24)

Similarly, eq. (21) has the linear subspace of N-wave
solutions defined by

N N N
f= Mm% = an.nomé = MUmM cos (kix + bidy
=1 i=1 i=1
+halz + bklt) (25)
where £'s and ks are arbitrary, and b, b, and bs are
given by

2c3 200, 20c30
hh=-—by=~—",b3=~ 2
1 o 2 3 v (26)
when the coefficients of the polynomial P satisfy
76165 = —2¢1Ca. (279

Example 2: Let us introduce the weights of independent
variables:

@S..Onwu S\Quu .S..mNu“ S-Q.uv = AH. iH‘ wu mv ] ANWU

and consider a polynomial being homogeneous in weight
4

P = oo+ ey + caxz + cayt + ey’ 2t + cexlyz + crxty?, (29)

where ¢y, €2, €3, €4, Cs, Cg, €7 are constants. According to
chosen weights we assume that the wave variables are
ny =k + F_F.Lu\ + wmﬁwN + Eww.ﬁ 1<i<N, (30)

where k;, 1 £ i < N, are arbitrary constants, but by, by, and
b3 are constants 1o be determined.
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when the coefficients of the polynomial P satisfy

15¢3¢9(~¢cy1 + ¢g) = ca(17¢g0e + 20010 — 545 —5C4C1), €5 = 0.

(44)

Similarly, eq. (41) has the linear subspace of N-wave
solutions defined by

N N N
f= Mm&. = Mumm cosn; = Mum. cos (kix + biky
=1 =1 =1
+hok 'z + b3k t) (45)

where &’s and ks are arbitrary, and by, b, and b; are
given by
57cgce + 17¢309 — 30c4c6 + 10c4¢1
WH == »
mwﬂﬁm. - HOD&T‘..N + nmu
by = 3(17¢sCg + 20015 ~ 5C4Ce — 5€4L1)
: 5¢5(37¢o — 10C4) ’
3(-cy + o)
wu = !i...}llkll|u
7(37¢co — 10cs)

(46)
when the coefficients of the polynomial P satisfy

15c3¢9(—c1 +€5) = caf17c5C +2001C9 — 50405 —5C4€1), €5 = 0.
{47)

4 Conclusion

The linear superposition principle does not apply to non-
linear differential equations in general. In this article, we
showed that the linear superposition principle can apply
to generalized bilinear equations for special kinds of wave
solutions, by presenting necessary and sufficient condi-
tions. The fact that those conditions are satisfied yields a
system of nonlinear algebraic equations, and by solving
these nonlinear algebraic equations, we obtained N-wave
hyperbolic or trigonometric solutions to a few generalized
bilinear equations. In future studies, new types of bilinear
equations can be searched and linear superposition prin-
ciple can be tested whether it applies to obtained bilinear
equations.
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