Computers and Mathematics with Applications 71 (2016) 1242-1247

Contents lists available at ScienceDirect Somputors &

withepplicet ione

Computers and Mathematics with Applications

journal homepage: www.elsevier.com/locate/camwa

Linear superposition principle of hyperbolic and @CMk
trigonometric function solutions to generalized
bilinear equations

Omer Unsal **, Wen-Xiu Ma”

2 Eskisehir Osmangazi University, Department of Mathematics - Computer, 26480, Eskisehir, Turkey
b Department of Mathematics and Statistics, University of South Florida, Tampa, FL 33620-5700, USA

ARTICLE INFO ABSTRACT
Article history: Linear subspaces of hyperbolic and trigonometric function solutions to generalized bilinear
Received 16 October 2015 equations are analyzed. Necessary and sufficient conditions are presented to apply the

Received in revised form 14 December 2015
Accepted 3 February 2016
Available online 21 February 2016

linear superposition principles. Applications of an algorithm using weights are made
together with a few concrete examples.
© 2016 Elsevier Ltd. All rights reserved.

Keywords:

Generalized bilinear equations
N-wave solution

Linear superposition principle

1. Introduction

There has been a great interest in finding exact solutions to nonlinear differential equations in mathematical physics.
Exact solutions help us understand the mechanism that governs physical phenomena in plasma physics, optical fibers,
biology, solid state physics, chemical physics, and others [ 1-7]. Integrability theory of nonlinear partial differential equations
tells how and when exact solutions can be obtained [8-10]. Due to the nonlinearity of differential equations, it is often
difficult to present exact solutions to nonlinear PDEs.

The Hirota bilinear technique is a powerful tool to investigate integrability of differential equations and it is applied
to many integrable equations including integrable couplings by perturbation [11], for which N-soliton solutions are ob-
tained [ 12-14]. The existence of N-soliton solutions often implies the integrability of differential equations by quadratures.
Wronskian and Casoratian solutions [15-19] and quasi-periodic solutions [20-22] can also be presented systematically
based on Hirota bilinear forms. In [23], linear superposition principles of hyperbolic and trigonometric functions solutions
to Hirota bilinear equations were analyzed and specific classes of N-soliton solutions were constructed, following studies
on linear superposition principles [24,25].

In this paper, we would like to find necessary and sufficient conditions to guarantee existence of linear subspaces of
hyperbolic and trigonometric function solutions to generalized bilinear equations. Generalized bilinear equations were
introduced by adopting a new way of assigning symbols for derivatives [26,27]. Based on an equality established in [27], we
will present a condition, being sufficient and necessary, for the linear superposition principle of hyperbolic and trigonometric
function solutions.
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The rest of this paper is arranged as follows. In Section 2, we study the linear superposition principle of hyperbolic and
trigonometric function solutions, aiming to construct a specific class of N-wave solutions. In Section 3, a few illustrative
examples will be computed, as applications of the linear superposition principle established in the previous section. Finally,
some conclusions will be provided.

2. Linear superposition principle

Let us begin with a bilinear equation with generalized bilinear derivatives:

P (Dpxy: Dpxys - s Dpxyy) f-f =0, (2.1)

where P is a polynomial in the indicated variables and D, ,;, 1 < i < M, are generalized differential operators [26,27]
defined by

n

(Dpf -8) @) = B+ de)" fFREE)|,_ =D ('l')a (377 0 (dfg) ), n=>1, (2.2)

i=0
in which the powers of « are determined by

o = (=1D"P, wherei=r(i))modpwith0 < r(@i) <p, i > 0. (2.3)
Now introduce N wave variables:

ni = Ki-X=kyix; +kyixa + - +kyixy, 1=<i=<N, (24)
and exponential wave functions

fi=el = ek11,-x1+kzy,-x2+~-+kM_,-xM, 1<i<N, (2.5)

where the k; ;’s are real constants, and a wave related vector k; and the dependent variable vector X are

l(i: (kl,i9 k2,i7"'al<M,i)5 1 EISNa X:(lexz»"'axM)' (2'6)
Take a linear combination
N N
f=efiteah+ - +enfu=) efi=) ee, (2.7)
i=1 i=1

where ¢;, 1 < i < N, are arbitrary constants. It is known [27] that a linear combination f of N exponential wave solves a
generalized bilinear equation (2.1) if and only if the following condition

P (kii+ ok, ..., kni+ aknj) + P (kij+ okyi ... kuj+akyi) =0, 1<i<j=<N, (2.8)

is satisfied.
2.1. Linear superposition principle of hyperbolic function solutions

We take f; = chn; = % (e’“ + e*’“) , 1 <i < N, be hyperbolic function solutions to (2.1). Set

N N
1, . .
f=efiteft - +enfy=) echy= ;8'5 (" +e7), (2.9)

i=1

which is a general linear combination of hyperbolic function solutions. The following identity holds for exponential functions
under generalized bilinear derivatives [27]:

P (Dpyxys .-y Dpy) €€ =P (kyi+aky, ..., ki+akyj)e™, 1<i, j<N. (2.10)
Based on (2.10), we can compute that

P (Dpxys -2 Dpsy) f - f
N

N
=P (Dpxys---Dpryy) Z gichn; - Z gjchn;
pu =1

(e +e)

N | =

N
1, .
=D &P (Dpxys - D) 5 (" +€7) -
ij=1
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1 N
=3 D &P (Dpxys -+ Dpyy) (€7 - € + €M e e el e o)
=1
1 N
- Z Z Ei&j [P (kl,i + 0lk1,js ceey kM,i + OlkMJ') it +P (k]y,‘ — Olku', ey kMJ — OlkM_J') e

1<i<j<N
+P (_kl,i + Otk],]‘, ey _kM,i + OlkM,j) ef'””j +P (—kl,,‘ — Otk],]‘, ey _kM.i — OlkM,j) e_'“_nj]
1 N
+— Z &ig [P (kii+ ok, ..y ki + ok j) €750 + P (ky i — ok, ..., ki — ok j) €777
1<i>j<N
+P (—k],i + 0[’(1.]', ey _kM,i + OlkM,j) e‘"i+”f +P (—k1,,' — Olk].j, ey _kM,i — OlkM,j) e_”i_nj]
1 O .
+ - Z &i&j [P (kl,i +oakyj, ..., kai+ OtkM,j) ey p (km —akyj, ..., ki — Olkm,j) el
1<i=j<N

+P (—k],i + Ol’(u, ey —kM,i + OlkM,j) e—ﬂi'HIj +P (_kl,i — Olk]qj, ey —kM,,' — O(kM‘j) eimiﬂj]

1 N
= Z Z Ei&j [(P (k],i + Olku', ey kM,i + OlkMJ) +P (OlkLi + ku’, ey ak]\/[,j + kM,j)) e’“+”f
1<i<j<N
+ (P (klj — Olkl’j, cee, kM,,' — (XICMJ) +P (Olkl,,‘ — kl’j, cee, OlkMJ' — ICMJ)) el
+ (P (—kui+akyj, ..., —kui+akyj) + P (—aky+ ki, ..., —akyi+ k) e
+ (P (—kii— akyj, ..., —kmi — akyj) + P (—akyi — kij, ..., —akyi — k) €777 ]

1< ,
+ Z Z 81'2 [P (ku’ + Otkl_j, ey k]\/[,j + O[kM_,‘) ezn’ +P (kH — Olku', ey kM,,' — OlkM’,')

1<i<N
—2nj
P (=i + kg, .~k + ki) P (—kai — ks~ — k) € ] . 2.11)
From (2.11), it is obvious that a linear combination function f of the N hyperbolic function solutions f; = chny; =

% (e”" + e*"f) , 1 <1i < N, solves the generalized bilinear equation (2.1) if and only if the following conditions:

P (kl,i + Otk]J, e kM,,‘ + O{kMJ) +P (Otk]j + I(]J, N Otk)\/lj + I(M,j) =0, 1<i S] <N,

P (k]yi - Olku‘, N kM,,' - OlkM’j) + P (OlkL,' - k]J, N ak]\/[,j — kM’j) =0, 1< i f] <N,

P (—kyi+ ok, ..., —kwi+ okyj) + P (—akyi+kij, ..., —akui+ky;) =0, 1<i<j<N,
)=0

P (—](1,1 — O[kw', ey —kM,,' — OlkMJ) + P (—Olku' — I(]J, ey —OlkMYI‘ — kM_j s 1 < i S] < N, (2.12)

are satisfied.
With the aid of this result, we can obtain the following theorem.

Theorem 1. Let P(xq, X3, ..., Xm) be a polynomial and the N wave variable be defined by n; = K;i - X = kyix1 + kaixo +
-+ 4 kmixm, 1 <1 < N, where the k;;’s are real constants. Then any linear combination of the hyperbolic function solutions
fi=chn = % (e'“ + e*”f) , 1 <i < N, solves the generalized bilinear equation (2.1) if and only if the system (2.12) is satisfied.

This theorem tells when a linear superposition of hyperbolic function solutions is still a solution of a given generalized
bilinear equation. Furthermore, it also introduces a way to construct N-wave solutions to generalized bilinear equations.
The system (2.12) is a key condition that a solution needs to satisfy. If we are able to solve the system (2.12), then we can
present an N-wave solution, formed by (2.9), to a generalized bilinear equation.

2.2. Linear superposition principle of trigonometric function solutions

We take f; = cosn; = 1 (e +e7"), 1 <i < N,wheren; = k;-X, 1 <i <N, I = /=1, be trigonometric function
solutions to (2.1). Set

N N
1 . .
f=eafi+efh+---+enfy = Z&' cosn; = Z&E (e"” +e l"'), (2.13)
i=1

i=1
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which is a general linear combination of trigonometric function solutions. Similarly, a linear combination function f of
the N trigonometric function solutions in (2.13) solves the generalized bilinear equation (2.1) if and only if the following
conditions:

P (Ikyi+ alkyj, ... Iky i + aldky ) + P (alky i+ Ikyj, ... edkyi + k) =0, 1<i<j<N,

P (Iky; — aldkyj, ... ki — alkyj) + P (ks — Ikqj, ... adky; — Ikyj) =0, 1<i<j=<N,
P (=Iky i+ alkyj, ..., —Ikyi + alky ) + P (—alky; + Ikyj, ..., —alkyi +Ikyj) =0, 1<i<j=<N,
P(—Iky;—alkyj, ..., —Iky; — alkvj) + P (—alky; — Ik, ..., —alky; — Ikyj) =0, 1<i<j<N, (2.14)

are satisfied. Thus we have the following theorem.

Theorem 2. Let P(x1, X3, ..., Xy) be a polynomial and the N wave variable defined by ni = K; - X = kq X1 + kaixo + -+ - +
knixm, 1 < i < N, where the k;;’s are real constants. Then any linear combination of the trigonometric function solutions
fi = cosn;, 1 <1i <N, solves the generalized bilinear equation (2.1) if and only if the system (2.14) is satisfied.

This theorem tells when a linear superposition of trigonometric function solutions is still a solution of a given generalized
bilinear equation. Furthermore, it also introduces a way to construct N-wave solutions to generalized bilinear equations. The
system (2.14) is a key condition that a solution needs to satisfy. If we are able to solve the system (2.14), then we can present
an N-wave solution, formed by (2.13), to a generalized bilinear equation.

3. Applications

Example 1. Let us introduce the weights of independent variables:

(w®), wy), w@), w(t)) =(1,2,3,4), (3.1)
and consider a polynomial being homogeneous in weight 7:

P = c1xy® + coxz? + c3x3t + c4y%z + csxyt + cex’yz, (3.2)
where cq, ¢y, C3, C4, C5, Cg are constants. Assume that the wave variables are

ni = kix + bikly + byk?z + bskit, 1<i<N, (3.3)

where k;, 1 <i < N, are arbitrary constants, but by, b, and b3 are constants to be determined.
A simple direct computation shows that the corresponding generalized bilinear equation reads

P (D3,x7 D3y, D3, D3,t)f f = Gclfyyfyx 4 2¢ofizef + 6C3fifir + 2C4fyyzf
+ ZCSfxytf + zcﬁfxxfyz + 4C6fxyfxz
=0 (34)

which has the linear subspaces of N-wave solutions defined by

N
f=)efi= Zschn, Zsch (kix + bik?y + bokiz + bskit) , (3.5)
i=1 —
or
N N N
f= Z &fi = Z £ COS 1j; = Z gi cos (kix + bik?y + bokiz + bski't) , (3.6)
i=1 i= i=1
where by, the &;’s and the k;’s are arbitrary, and b, and b3 satisfy
3b2C] b3C1
by =—"=,  by=1—, 3.7
2 206 > 7 2 (37)

when the coefficients of the polynomial P satisfy

9C1C2C3 = 2C6 (3C4C3 — C5C5) . (38)

Example 2. Let us introduce the weights of independent variables:

(wx), wy), wz), w(t)) =(1,3,5,7), (3.9)
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and consider a polynomial being homogeneous in weight 8:

P=cx®+ czxsy + e’z + C4yZ + Csxt, (3.10)

where ¢, ¢3, 3, C4, C5 are constants. Assume that the wave variables are
ni = kix + biky + byk’z + bsk’t, 1<i<N, (3.11)

where k;, 1 <i < N, are arbitrary constants, but by, b, and b3 are constants to be determined.
A simple direct computation shows that the corresponding generalized bilinear equation reads

P (Dsx,Dsy,Ds ;. Ds¢)f -f = 70C1f % + 20C2 fixfrny + 10Cafxyfrome — 20C2fxfrny
+ 2¢3ffaxxz — 2C3f2fn — 6Cafifuxe + 6C3fifiz
+ 2¢uffy. — 2¢afyf, + 2¢sffe — 2¢5fif:
=0 (3.12)

which possesses the linear subspace of N-wave solutions determined by

N
:Z &fi = Zechn, Zech (kix + bik?y + bokiz + bsklt) , (3.13)

P
where the ¢;’s and the k;'s are arbitrary, and by, b, and b3 satisfy

7c 70c 70c
by = - by = 71, bs = - (3.14)
Cy 3C3 Cs
when the coefficients of the polynomial P satisfy
7c1C4 = —2C3C;. (315)

Similarly, (3.12) has the linear subspace of N-wave solutions defined by

N N N
f= Z &ifi = Z gicosn; = Z gi cos (kix + bikly -+ bok?z + bsk]t) , (3.16)

i=1
where the ¢;’s and the k;'s are arbitrary, and by, b, and b3 satisfy

7c 70c 70c
by = *1, by, = 71, bs = had (3.17)
Cy 3c3 Cs
when the coefficients of the polynomial P satisfy

7C1C4 = —2C30;. (3.18)

Example 3. Let us introduce the weights of independent variables:

(wx), wy), w@), w(t)) = (1,3, =1, =3), (3.19)
and consider a polynomial being homogeneous in weight 4:

P =cix* + oxy + c3x°z + cax’t, (3.20)
where cq, ¢3, €3, C4 are constants. Assume that the wave variables are

ni = kix + bikly + bok; 'z + b3k ’t, 1<i<N, (3.21)

where k;, 1 <1i < N, are arbitrary constants, but by, b, and b3 are constants to be determined.
A simple direct computation shows that the corresponding generalized bilinear equation reads

P (Dsx.Dsy.Ds2.Ds¢) f - f = 2¢1ffuox — 8Cifundy + 6C1f + 2¢affsy
- zclfxfy + 20C3ffrooe + 10C3 i frox

- 20C3fxxxfxxz + 70C4fxxxxfxxxt
=0 (3.22)
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which possesses the linear subspace of N-wave solutions determined by

N N N
f=Y efi=) echy=ech(kx+bikly + bk 'z + bsk; °t) . (323)
i=1 i=1 i=1
where the &;'s and the k;’s are arbitrary, and by, b, and b3 satisfy
c 3c 3c
by=——, by=——",  by=_—. (3.24)
C 10C3 70C4

Similarly, (3.22) has the linear subspace of N-wave solutions defined by

N N N
f= Z sifi = Z & Cos 1 = Z gicos (kix + bikly + bok 'z + b3k ’t) (3.25)
i=1 i=1 i=1
where the ¢;'s and the k;’s are arbitrary, and by, b, and b3 satisfy
c 3c 3c
b1=—l, 2=—1, 3=—]- (3.26)
C 10(‘3 70C4

4. Conclusion

For generalized bilinear equations, we analyzed linear combinations of hyperbolic or trigonometric function solutions
and we presented linear superposition principle of hyperbolic and trigonometric function solutions to generalized bilinear
equations. A few illustrative examples were presented, by applying an algorithm using weights.
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