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1. Introduction

In recent years, the study of integrable couplings of soliton equations has received considerable attention [1–6]. Integra-
ble couplings are coupled systems of integrable equations which contain given integrable equations as their sub-systems, is
one of foremost and pretty interesting topics in the soliton theory. There are much richer mathematical structures behind
integrable couplings than scalar integrable equations. Moreover, the study of integrable couplings generalizes the symmetry
problem and provides clues towards complete classification of integrable equations.

Mathematically, for a given integrable system of evolution type ut = K(u), we actually need to construct a new bigger
triangular integrable system as follows:
�ut ¼
u

v

� �
t

¼ Kð�uÞ ¼
KðuÞ

Sðu;vÞ

� �
:

The vector-valued function S should satisfy the non-triviality condition @S
@½u� – 0, where [u] denotes a vector consisting of all

derivatives of u with respect to the space variable. A few ways to construct integrable coupling of solitons equations are pre-
sented by perturbation [1,2], enlarging spectral problems [3], constructing new loop Lie algebra [4] and creating semi-direct
sums of Lie algebra [5]. Many integrable couplings systems of the well-known integrable hierarchies have been worked out
such as AKNS hierarchy, Toda hierarchy, JM hierarchy, KN hierarchy and so on.

Recently, Ma [7–9] studied the following iso-spectral problem with an arbitrary order matrix:
/x ¼ U/ ¼ Uðu; kÞ/; U ¼
kJ2 q

�qT r

� �
; J2 ¼

0 1
�1 0

� �
; ð1:1Þ
. All rights reserved.
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where k is a spectral parameter, r is a skew-symmetric (i.e., rT = �r) matrix of arbitrary order and u = p(q,r) is a vector po-
tential (p is a kind of arrangement of all entries in q and r into a vector).

The author obtained the associated hierarchy of multi-component Lax integrable equations of Eq. (1.1) and presented a
Hamiltonian structure of the resulting hierarchy. Moreover, he studied three different special forms of integrable properties:

I: When r is a zero matrix [9], the obtained hierarchy possesses a bi-Hamiltonian formulation.
II: For the case of r not being a zero matrix, when dn = acn (see [7]), the obtained hierarchy possesses Hamiltonian

formulation.
III: In II, when dn = acn+1 (see [8]), the obtained hierarchy has another different Hamiltonian structure.

Now, the problem is, whether the above integrable systems have integrable couplings? Further, whether the integrable
couplings possess Hamiltonian structure? In this paper, we will study these problems based on the works [9].

The paper is organized as follows. In Section 2, we first recall the integrable hierarchy of an arbitrary order matrix spectral
problem [9] when r = 0. In Section 3, an integrable coupling hierarchy is established by semi-direct sums of Lie algebra and
its Hamiltonian form is obtained by means of the component trace identities. In Section 4, an example for the case r being
2 � 2 matrix, the integrable coupling and its Hamiltonian structure of the matrix spectral problem is computed. Finally, a few
concluding remarks are given and some further problems are presented.

2. Multi-component integrable hierarchy when r = 0

For the spectral problem (1.1), when r = 0, we assume that
V ¼
aJ2 b

�bT c

" #
¼
X1
j¼0

Vjk
�j; Vj ¼

ajJ2 bj

�bT
j cj

" #
; ð2:1Þ
where a is scalar, c and cj, j P 0 are skew-symmetric matrices of the same size as r, then we have
½U;V � ¼ qT b� qbT kJ2b� aJ2qþ qc

kbT J2 � aqT J2 þ cqT �qT bþ qbT

" #
:

Therefore, the stationary zero curvature equation
Vx ¼ ½U;V � ð2:2Þ
generates
aj;xJ2 ¼ qT bj � qbT
j ;

bj;x ¼ J2bjþ1 � ajJ2qþ qcj;

cj;x ¼ �qT bj þ qbT
j

8>><
>>: j P 0; ð2:3Þ
with the initial values satisfying a0 = const, b0 = c0 = 0.
Now for any integer n P 1, we introduce
V ðnÞ ¼
Xn

j¼0

Vjk
n�j; ð2:4Þ
and write
U ¼ kU0 þ U1; U0 ¼
J2 0
0 0

� �
; U1 ¼

0 q

�qT 0

� �
:

Then we have
V ðnÞx � U;V ðnÞ
h i

¼ V ðnÞx � kU0;V
ðnÞ

h i
� U1;V

ðnÞ
h i

¼ Vn;x � ½U1;Vn� ¼
an;xJ2 þ qbT

n � qT bn bn;x � qcn þ anJ2q

�bT
n;x � cT

nqþ qT anJ2 cn;xJ2 þ qT bn � qbT
n

" #
;

From (2.3), the above matrix becomes
V ðnÞx � U;V ðnÞ
h i

¼
0 J2bnþ1

�bT
nþ1J2 0

" #
: ð2:5Þ
So, the compatibility conditions of the matrix spectral problems
/x ¼ U/; /tn
¼ V ðnÞ/ ð2:6Þ



Y. Tang et al. / Commun Nonlinear Sci Numer Simulat 17 (2012) 585–592 587
are
Utn ¼ V ðnÞx � U;V ðnÞ
h i

; ð2:7Þ
which give rise to a hierarchy of Lax integrable evolution equations
qtn
¼ Jcbnþ1 ¼ J2bnþ1; ð2:8Þ
where Jc denote the compact form of the matrix operator J:
ðpðqÞÞtn
¼ pðJ2bnþ1Þ ¼ Jpðbnþ1Þ; n P 1: ð2:9Þ
On one hand, note that the inner product between two vectors p(A) and p(B) is
ðpðAÞ;pðBÞÞ ¼
Z

trðAT BÞdx;
where A and B denote matrices of the same size as q. Obviously, J is skew-symmetric. That is, for any two matrices A and B of
the same size as q, we have
ðpðAÞ;pðJcBÞÞ ¼ �ðpðJcAÞ; pðBÞÞ:
Since the operator J is independent of the dependent variables in q, J automatically satisfies the Jacobi identity
pðAÞ;p ðJcÞ
0½JcB�C

� �� �
þ cycleðA; B;CÞ ¼ 0;
where (Jc)0 denotes the Gateaux derivative, and A, B and C are arbitrary matrices of the same size as q. Therefore, J is a Ham-
iltonian operator.

On the other hand, let us recall the variational trace identity
d
du

Z
V ;
@U
@k

� �
dx ¼ k�c @

@k
kc V ;

@U
@u

� �
; ð2:10Þ
where killing form hP,Qi = tr(PQ), and c is a constant. In our case, we have
V ;
@U
@q

� �
¼ �2b; V ;

@U
@k

� �
¼ �2a: ð2:11Þ
An application of the trace identity leads to
d
dq

Z
ð�2aÞdx ¼ k�c @

@k
kcð�2bÞ;
which is equivalent to
d
dq

Z
ð�2anþ1Þdx ¼ ðc� nÞð�2bnÞ;
by comparing the coefficients of k�n�1, n P 0. Taking n = 0 yields the constant c = 0, and
d
dq

Hnþ1 ¼ bnþ1; Hnþ1 ¼
Z �anþ2

nþ 1
dx; n P 0: ð2:12Þ
It naturally follows that the integrable hierarchy (2.8) has a Hamiltonian structure.

3. Integrable coupling hierarchy and its Hamiltonian structure

3.1. Integrable coupling hierarchy

As in [5,10], introduce two Lie algebras of matrices:
G ¼
U 0
0 U

� �����A 2 R½k� � slð2Þ
	 


; Gc ¼
0 B

0 0

� �����B 2 R½k� � slð2Þ
	 


; ð3:1Þ
where the loop algebra R½k� � slð2Þ is defined by span {knAjn P 0, A 2 sl(2)}, and form a semi-direct sum G ¼ G Gc of these
two Lie algebras G and Gc. In this case, Gc is an Abelian ideal of G. For the spectral problem (1.1), we define the corresponding
enlarged spectral matrix as follows:
U ¼ Uð�u; kÞ ¼
U Ua

0 U

� �
2 G Gc; Ua ¼

0 d

�dT 0

� �
; ð3:2Þ
where �u ¼ ðpðqÞ; pðdÞÞT is a vector potential, d is a matrix of the same size as q.
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To solve the corresponding enlarged stationary zero curvature equation Vx ¼ ½U;V �, we set
V ¼
V Va

0 V

� �
; Va ¼ Vað�u; kÞ ¼

fJ2 e

�eT 0

� �
; ð3:3Þ
where V is a solution to (2.2), e is a matrix of the same size as b. Then, the enlarged stationary zero curvature equation
becomes
Va;x ¼ ½U;Va� þ ½Ua;V �: ð3:4Þ
This equation is equivalent to
Va;x ¼
�qeT þ qT e� dbT þ dT b kJ2e� fJ2qþ dc � aJ2d

eTkJ2 � qT fJ2 � dT aJ2 þ cdT �qT eþ qeT � dT bþ dbT

" #
:

Expand Va as
Va ¼
X1
j¼0

Va;jk
�j; Va;j ¼

fjJ2 ej

�eT
j 0

" #
; ð3:5Þ
so we obtain
fj;xJ2 ¼ �qeT
j þ qT ej � dbT

j þ dT bj;

ej;x ¼ J2ejþ1 � fjJ2qþ dcj � ajJ2d;

(
j P 0; ð3:6Þ
upon setting e0 = 0, f0 = const. Assuming ejju=0 = fjju=0 = 0, j P 1, we see that fi and sets of matrices ej are uniquely determined.
From (3.4),
ðVa;jÞx ¼ ½U0;Va;jþ1� þ ½U1;Va;j� þ ½Ua;Vj� j P 0: ð3:7Þ
Now, we define
V ðnÞ ¼
V ðnÞ V ðnÞa

0 V ðnÞ

" #
2 G; V ðnÞa ¼ knVa; n P 0: ð3:8Þ
Then, the nth enlarged zero curvature equation
Utn � V ðnÞ
� �

x þ U;V ðnÞ
� �

¼ 0 ð3:9Þ
leads to
Ua;tn � V ðnÞa


 �
x
þ U;V ðnÞa

h i
þ Ua;V

ðnÞ
h i

¼ 0; ð3:10Þ
together with the nth equation (2.7). Based on (3.7), this can be simplified to
Ua;tn � ½U0;Va;nþ1� ¼ 0; ð3:11Þ
which gives rise to
dtn ¼ Snðq;dÞ ¼ J2enþ1: ð3:12Þ
Therefore, we obtain a hierarchy of coupling system
�utn ¼
pðqÞ
pðdÞ

� �
tn

¼ Knð�uÞ ¼
KnðqÞ

Snðq;dÞ

� �
¼

pðJ2bnþ1Þ
pðJ2enþ1Þ

� �
; n P 0 ð3:13Þ
for the original hierarchy equation (2.8).

3.2. Hamiltonian structure

In the theory of the integrable couplings, an important topic is to establish Hamiltonian structures of integrable couplings.
As a rule, the Hamiltonian structures of integrable systems may be established by the trace identity [11,12]. However, it usu-
ally cannot be used to the case of integrable couplings. Ma and Chen [10] have done a series of original work on considerably
improving the Tu trace identity to construct a Hamiltonian structure of integrable coupling systems by using semi-direct
sums of Lie algebras. In Ref. [13], Ma and Zhang presented a component-trace identity based on variational identities on
semi-direct sums of Lie algebras for generating Hamiltonian structures of multi-component integrable couplings. In this sub-
section, we are going to establish the Hamiltonian structure of Eq. (3.13) by means of the component-trace identity. In what
follows, we firstly list the identity.
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Lemma 1 (Component-trace Identity [13]). Let g be a matrix Lie algebra consisting of block matrices. For a given spectral matrix
U ¼ Uð�u; kÞ ¼ ðU0;U1; . . . ;UNÞ 2 g, we have the variational identity
d
du

Z XN

k¼0

aktr
X
iþj¼k

Vi
@Uj

@k

 !
dx ¼ k�c @

@k
kc
XN

k¼0

aktr
X
iþj¼k

Vi
@Uj

@u

 !
;

where V ¼ Vð�u; kÞ ¼ ðV0;V1; . . . ;VNÞ 2 g satisfies the stationary zero-curvature equation Vx = [U,V], all a0ks are arbitrary constants
with aN – 0 and c is a constant.

Using this lemma, note that N = 1 in our spectral matrix, so we have
d
du

Z
tr V

@U
@k
þ V

@Ua

@k
þ Va

@U
@k

� �
dx ¼ d

du

Z
tr V

@U
@�u
þ V

@Ua

@�u
þ Va

@U
@�u

� �
; ð3:14Þ
by setting a0 = a1 = 1. In this case, we can directly compute that
tr V
@U
@q
þ V

@Ua

@q
þ Va

@U
@q

� �
¼ �2b� 2e; ð3:15Þ

tr V
@U
@d
þ V

@Ua

@d
þ Va

@U
@d

� �
¼ �2b; ð3:16Þ

tr V
@U
@k
þ V

@Ua

@k
þ Va

@U
@k

� �
¼ �2a� 2f : ð3:17Þ
Therefore, the variational identity leads to

d
du

Z
ð�2a� 2f Þdx ¼ k�c @

@k
kcðpð�2b� 2eÞ; pð�2bÞÞT ;
which is equivalent to
d
du

Z
ð�2anþ1 � 2f nþ1Þdx ¼ ðc� nÞðpð�2bn � 2enÞ; pð�2bnÞÞT ; ð3:18Þ
by comparing the coefficients of k�n�1, n P 0. Taking n = 0 yields the constant c = 0. Therefore, we have
pðbnþ1 þ enþ1Þ; pðbnþ1Þð ÞT ¼ d
d�u

Z �ðanþ2 þ fnþ2Þ
nþ 1

dx; n P 0: ð3:19Þ
Since we have
pðJ2bnþ1Þ
pðJ2enþ1Þ

� �
¼

0 J

J �J

� �
pðbnþ1Þ þ pðenþ1Þ

pðbnþ1Þ

� �
¼ J

pðbnþ1Þ þ pðenþ1Þ
pðbnþ1Þ

� �
; ð3:20Þ
where J obviously is a Hamiltonian operator because J is a Hamiltonian operator. It then follows that the enlarged hierarchy
possesses the following Hamiltonian structure:
�utn ¼ �Kn ¼ J
dHnþ1

d�u
; Hnþ1 ¼

Z �ðanþ2 þ fnþ2Þ
nþ 1

dx; n P 0: ð3:21Þ
4. An example when r is a 2 � 2 zero matrix

In particular, when r is a 2 � 2 zero matrix, let us denote
q ¼
u1 u2

u3 u4

� �
; b ¼

b1 b2

b3 b4

� �
¼
X1
j¼0

bj ¼
X1
j¼0

b1;j b2;j

b3;j b4;j

� �
; c ¼

0 h

�h 0

� �
¼
X1
j¼0

0 hj

�hj 0

� �
;

where ui, 1 6 i 6 4, are scalar variables, bi,j, 1 6 i 6 4 and hj, j P 0 are scalar functions. Then the recursion relations (2.3)
become
b1;jþ1 ¼ �ðb3;jÞx þ u1aj � u4hj;

b2;jþ1 ¼ �ðb4;jÞx þ u2aj þ u3hj;

b3;jþ1 ¼ ðb1;jÞx þ u3aj þ u2hj;

b4;jþ1 ¼ ðb2;jÞx þ u4aj � u1hj;

ðajþ1Þx ¼ �u1b3;jþ1 � u2b4;jþ1 þ u3b1;jþ1 þ u4b2;jþ1;

ðhjþ1Þx ¼ �u1b2;jþ1 þ u2b1;jþ1 � u3b4;jþ1 þ u4b3;jþ1;

8>>>>>>>><
>>>>>>>>:

ð4:1Þ
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where j P 0, and the integrable hierarchy (2.9) gives rise to
utn ¼

u1

u2

u3

u4

2
6664

3
7775

tn

¼

b3;nþ1

b4;nþ1

�b1;nþ1

�b2;nþ1

2
6664

3
7775 ¼ U

b3;n

b4;n

�b1;n

�b2;n

2
6664

3
7775 ¼ UJ

b1;n

b2;n

b3;n

b4;n

2
6664

3
7775 ¼ UJ

d
du

Hn; n P 1; ð4:2Þ
where the Hamiltonian operator J, the hereditary recursion operator U are given by
J ¼

0 0 1 0
0 0 0 1
�1 0 0 0
0 �1 0 0

2
6664

3
7775; ð4:3Þ
and
U ¼

p24 � p31 �p23 � p32 �@ � p22 � p33 p21 � p34

�p14 � p41 p13 � p42 p12 � p43 �@ � p11 � p44

@ þ p11 þ p44 p12 � p43 p13 � p42 p14 þ p41

p21 � p34 @ þ p22 þ p33 p23 þ p32 p24 � p31

2
6664

3
7775 ð4:4Þ
respectively, where pij = ui@
�1uj, 1 6 i, j 6 4.

Upon choosing a0 = 1, h0 = 0 and b0 = 0, as well as setting every integration constant to zero, the first nonlinear system of
integrable equations in the hierarchy (4.2) reads
u1;t2 ¼ �u3;xx þ u3a2 þ u2h2;

u2;t2 ¼ �u4;xx þ u4a2 � u1h2;

u3;t2 ¼ u1;xx � u1a2 þ u4h2;

u4;t2 ¼ u2;xx � u2a2 � u3h2;

8>>><
>>>:

ð4:5Þ
where a2 ¼ � 1
2 ðu2

1 þ u2
2 þ u2

3 þ u2
4Þ; h2 ¼ u1u4 � u2u3. It has a Hamiltonian structure:
ut2 ¼ UJ
d
du

H2
with the Hamiltonian functional being given by
H2 ¼
Z

1
2
ðu1;xu3 � u1u3;x þ u2;xu4 � u2u4;xÞdx: ð4:6Þ
For the integrable coupling, we write
Ua ¼

0 0 d1 d2

0 0 d3 d4

�d1 �d3 0 0
�d2 �d4 0 0

2
6664

3
7775; Va ¼

0 f e1 e2

�f 0 e3 e4

�e1 �e3 0 0
�e2 �e4 0 0

2
6664

3
7775; ð4:7Þ
where di, 1 6 i 6 4, are scalar variables, ei, 1 6 i 6 4, and f are scalar functions.
From (3.6), we can get
fj;x ¼ u3e1;j þ u4e2;j � u1e3;j � u2e4;j þ d3b1;j þ d4b2;j � d1b3;j � d2b4;j;

e1;jþ1 ¼ �ðe3;jÞx � d4hj þ u1fj þ d1aj;

e2;jþ1 ¼ �ðe4;jÞx þ d3hj þ u2fj þ d2aj;

e3;jþ1 ¼ ðe1;jÞx þ d2hj þ u3fj þ d3aj;

e4;jþ1 ¼ ðe2;jÞx � d1hj þ u4fj þ d4aj;

8>>>>>><
>>>>>>:

ð4:8Þ
where j P 0. From (3.12), we also can get
dtn ¼

d1

d2

d3

d4

2
6664

3
7775

tn

¼

e3;nþ1

e4;nþ1

�e1;nþ1

�e2;nþ1

2
6664

3
7775: ð4:9Þ
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Therefore, we obtain a hierarchy of coupling system
�utn ¼

u1

u2

u3

u4

d1

d2

d3

d4

2
66666666666664

3
77777777777775

tn

¼

b3;nþ1

b4;nþ1

�b1;nþ1

�b2;nþ1

e3;nþ1

e4;nþ1

�e1;nþ1

�e2;nþ1

2
66666666666664

3
77777777777775

ð4:10Þ
together with (4.2). From (3.15) and (3.16),
pð�2b� 2eÞ ¼

�2b1 � 2e1

�2b2 � 2e2

�2b3 � 2e3

�2b4 � 2e4

2
6664

3
7775; pð�2bÞ ¼

�2b1

�2b2

�2b3

�2b4

2
6664

3
7775: ð4:11Þ
So, (3.19) and (3.20) lead to
ðb1;nþ1 þ e1;nþ1; b2;nþ1 þ e2;nþ1; b3;nþ1 þ e3;nþ1; b4;nþ1 þ e4;nþ1; b1;nþ1; b2;nþ1; b3;nþ1; b4;nþ1ÞT ¼
d
d�u

Z �ðanþ2 þ fnþ2Þ
nþ 1

dx

¼ d
d�u

Hnþ1; n P 0; ð4:12Þ

�utn ¼

u1

u2

u3

u4

d1

d2

d3

d4

2
66666666666664

3
77777777777775

tn

¼

b3;nþ1

b4;nþ1

�b1;nþ1

�b2;nþ1

e3;nþ1

e4;nþ1

�e1;nþ1

�e2;nþ1

2
66666666666664

3
77777777777775
¼ U

b3;n

b4;n

�b1;n

�b2;n

e3;n

e4;n

�e1;n

�e2;n

2
66666666666664

3
77777777777775
¼ UJ

b1;n þ e1;n

b2;n þ e2;n

b3;n þ e3;n

b4;n þ e4;n

b1;n

b2;n

b3;n

b4;n

2
66666666666664

3
77777777777775
¼ UJ

d
d�u

�Hn; ð4:13Þ
where n P 1, the Hamiltonian operator J, the hereditary recursion operator U are given by
J ¼

0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 �1 0 0 0
0 0 0 0 0 �1 0 0
0 0 1 0 0 0 �1 0
0 0 0 1 0 0 0 �1
�1 0 0 0 1 0 0 0
0 �1 0 0 0 1 0 0

2
66666666666664

3
77777777777775
¼

0 J

J �J

� �
; ð4:14Þ
and
U ¼
U 0
U1 U2

� �
; ð4:15Þ
where
U1 ¼

�k31 � l31 þ l24 �k32 � l32 � l23 �k33 � l33 � l22 �k34 � l34 þ l21

�k41 � l41 � l14 �k42 � l42 þ l13 �k43 � l43 þ l12 �k44 � l44 � l11

k11 þ l11 þ l44 k12 þ l12 � l43 k13 þ l13 � l42 k14 þ l14 þ l41

k21 þ l21 � l34 k22 þ l22 þ l33 k23 þ l23 þ l32 k24 þ l24 � l31

2
6664

3
7775
with kij = ui@
�1dj, lij = di@

�1uj, 1 6 i, j 6 4, and
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U2 ¼

�p31 �p32 �@ � p33 �p34

�p41 �p42 �p43 �@ � p44

@ þ p11 p12 p13 p14

p21 @ þ p22 p23 p24

2
6664

3
7775:
Upon choosing a0 = 1, h0 = 0, f0 = 0, b0 = 0, e0 = 0, as well as setting every integration constant to zero, the first nonlinear sys-
tem of integrable equations in the hierarchy (4.13) reads
u1;t2 ¼ �u3;xx þ u3a2 þ u2h2;

u2;t2 ¼ �u4;xx þ u4a2 � u1h2;

u3;t2 ¼ u1;xx � u1a2 þ u4h2;

u4;t2 ¼ u2;xx � u2a2 � u3h2;

d1;t2 ¼ �d3;xx þ d3a2 þ d2h2 þ u3f2;

d2;t2 ¼ �d4;xx þ d4a2 � d1h2 þ u4f2;

d3;t2 ¼ d1;xx � d1a2 þ d4h2 � u1f2;

d4;t2 ¼ d2;xx � d2a2 � d3h2 � u2f2;

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

ð4:16Þ
where a2 ¼ � 1
2 ðu2

1 þ u2
2 þ u2

3 þ u2
4Þ; h2 ¼ u1u4 � u2u3, and f2 = �(u1d1 + u2d2 + u3d3 + u4d4).

It has a Hamiltonian structure:
�ut2 ¼ U J
d
d�u

H2
with the Hamiltonian functional being given by
H2 ¼ �
Z

1
2
ða3 þ f3Þdx; ð4:17Þ
where a3 = u1u3,x � u1,xu3 + u2u4,x � u2,xu4, f3 = u1d3,x � u1,xd3 + u2d4,x � u2,xd4 � u3d1,x + u3,xd1 � u4d2,x + u4,xd2.

5. Conclusion

In summary, we used semi-direct sums of matrix Lie algebra to construct an integrable coupling hierarchy of matrix spec-
tral problem with arbitrary order zero matrix r. Then, we also presented the Hamiltonian structure of the integrable coupling
hierarchy by means of the component-trace identities. Specially, when r is 2 � 2 zero matrix, the integrable coupling hier-
archy and its Hamiltonian structure of the matrix spectral problem are computed as an example.

We must point out, we only considered the special case when r is an arbitrary order zero matrix in this paper. For the
more general case, that is, when r is non-zero matrix, whether the matrix spectral problem still possess integrable coupling
hierarchy and its Hamiltonian structure is more challenging problem and is worthy of being studied further.
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