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1. Introduction

In recent years, the study of integrable couplings of soliton equations has received considerable attention [1-6]. Integra-
ble couplings are coupled systems of integrable equations which contain given integrable equations as their sub-systems, is
one of foremost and pretty interesting topics in the soliton theory. There are much richer mathematical structures behind
integrable couplings than scalar integrable equations. Moreover, the study of integrable couplings generalizes the symmetry
problem and provides clues towards complete classification of integrable equations.

Mathematically, for a given integrable system of evolution type u, = K(u), we actually need to construct a new bigger
triangular integrable system as follows:

_ u — K(u)

=[], =F@= (5|
The vector-valued function S should satisfy the non-triviality condition % # 0, where [u] denotes a vector consisting of all
derivatives of u with respect to the space variable. A few ways to construct integrable coupling of solitons equations are pre-
sented by perturbation [1,2], enlarging spectral problems [3], constructing new loop Lie algebra [4] and creating semi-direct
sums of Lie algebra [5]. Many integrable couplings systems of the well-known integrable hierarchies have been worked out
such as AKNS hierarchy, Toda hierarchy, JM hierarchy, KN hierarchy and so on.

Recently, Ma [7-9] studied the following iso-spectral problem with an arbitrary order matrix:
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where J is a spectral parameter, r is a skew-symmetric (i.e., r’ = —r) matrix of arbitrary order and u = p(q,r) is a vector po-
tential (p is a kind of arrangement of all entries in g and r into a vector).

The author obtained the associated hierarchy of multi-component Lax integrable equations of Eq. (1.1) and presented a
Hamiltonian structure of the resulting hierarchy. Moreover, he studied three different special forms of integrable properties:

I: When r is a zero matrix [9], the obtained hierarchy possesses a bi-Hamiltonian formulation.
II: For the case of r not being a zero matrix, when 6, = ac, (see [7]), the obtained hierarchy possesses Hamiltonian
formulation.
II: In II, when 6, = acpeq (see [8]), the obtained hierarchy has another different Hamiltonian structure.

Now, the problem is, whether the above integrable systems have integrable couplings? Further, whether the integrable
couplings possess Hamiltonian structure? In this paper, we will study these problems based on the works [9].

The paper is organized as follows. In Section 2, we first recall the integrable hierarchy of an arbitrary order matrix spectral
problem [9] when r = 0. In Section 3, an integrable coupling hierarchy is established by semi-direct sums of Lie algebra and
its Hamiltonian form is obtained by means of the component trace identities. In Section 4, an example for the case r being
2 x 2 matrix, the integrable coupling and its Hamiltonian structure of the matrix spectral problem is computed. Finally, a few
concluding remarks are given and some further problems are presented.

2. Multi-component integrable hierarchy when r=0

For the spectral problem (1.1), when r = 0, we assume that

a, b = ) aj, b
V= =S v, V= :
{br C} = A {_b} Gl

where a is scalar, ¢ and ¢j, j > 0 are skew-symmetric matrices of the same size as r, then we have

(2.1)

q'b—qb’ b~ alq+qc |
ib'J, —aq"], +cq"  —q"b+qb"

U V]= {

Therefore, the stationary zero curvature equation
Vi=1[U,V] (2.2)
generates
)5 = q"b; — qb],
bjx =Jbj1 — af,q+qc;, j =0, (2.3)
Gix = —q'h; + qb;

with the initial values satisfying ao = const, by = co = 0.
Now for any integer n > 1, we introduce

n
v — Z VM'H" (2.4)
j=0

and write
;0 0 ¢
U=2Up+U Ug = o U= )
o+ Uy, 0 {0 0] 1 {—qT 0}
Then we have
a bl —q"h, b, —qc,+a
V)((n) h [U7 V(n)] = V)(‘n) - |:/1U0’V<")] - |:U1,V<n):| = Vn,x - [U],Vn} = |: "‘;_Jz +?— ! z ” 1 ;+ rquT ;
7bn.x - qu +q arL]z Cn.x]z +q bn - qbn

From (2.3), the above matrix becomes

0 .]an+l :l

25
_b:+1.]2 0 ( )

vy - Uy - {

So, the compatibility conditions of the matrix spectral problems

b =Ud, ¢, =V"¢ (2.6)
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are

U, = V& — [U, V(”)]7 (2.7)
which give rise to a hierarchy of Lax integrable evolution equations

e, =Jcbni1 = Jobnsa, (2.8)
where J. denote the compact form of the matrix operator J:

(P(q));, = PUzbni1) =Jp(bnia), n=>1. (2.9)

On one hand, note that the inner product between two vectors p(A) and p(B) is
(p().p()) = [ "By,

where A and B denote matrices of the same size as g. Obviously, J is skew-symmetric. That is, for any two matrices A and B of
the same size as g, we have

(p(A),pJcB)) = —(pU:A),p(B)).
Since the operator J is independent of the dependent variables in g, J] automatically satisfies the Jacobi identity

where (J.) denotes the Gateaux derivative, and A, B and C are arbitrary matrices of the same size as q. Therefore, J is a Ham-
iltonian operator.
On the other hand, let us recall the variational trace identity

1 ou =y 0 ou
where killing form (P,Q) = tr(PQ), and 7 is a constant. In our case, we have
ou ou
<V, 87q> = -2b, <V,a> = —-2a. (2.11)

An application of the trace identity leads to
) , 0
— _ — )V = (=
5 /( 2a)dx = 2 5 (=2b),
which is equivalent to

% [ -2,k = - m(-2b,)

n—

by comparing the coefficients of 4™"!, n > 0. Taking n = 0 yields the constant y =0, and

o —ay
%H,Hl =bni1, Hun :/H*lzdx, n>o0. (2.12)

It naturally follows that the integrable hierarchy (2.8) has a Hamiltonian structure.
3. Integrable coupling hierarchy and its Hamiltonian structure
3.1. Integrable coupling hierarchy

As in [5,10], introduce two Lie algebras of matrices:

G:{[g 3”/\6R[£]®$1(2)}7 cc:{{g ﬂ‘BeRW@Sl(Z)} (3.1)

where the loop algebra R[] ® sl(2) is defined by span {1"Ajn > 0, A € sl(2)}, and form a semi-direct sum G = G & G, of these
two Lie algebras G and G.. In this case, G, is an Abelian ideal of G. For the spectral problem (1.1), we define the corresponding
enlarged spectral matrix as follows:

_ U U,
(u,),)f{o U:|€GEGC, Uaf{

cl
=l

0 d
- ok (3.2)

where i1 = (p(q), p(d))" is a vector potential, d is a matrix of the same size as q.
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To solve the corresponding enlarged stationary zero curvature equation V, = [U, V], we set

V:{V Va L e} (33)

0 v}’ Va:Va(ﬁ,),):{_eT ol

where V is a solution to (2.2), e is a matrix of the same size as b. Then, the enlarged stationary zero curvature equation
becomes
Vax = [U, V4] + [Ug, V). (3.4)

This equation is equivalent to

| —qe"+q'e—db" +d'b i) e~ fl,q+dc—al,d
‘ e, —q'fl,—daJ,+cd —q'e+qe’ —d"b+db"

Expand V, as

va:iva_jﬂrﬂ vaj_{fdz e’}, (3.5)
=0

—ejT 0

so we obtain
{ fidy =—qel +qe;—db] +d'by,
ex = Jrei1 — fi,q + dc; — af,d,

upon setting eg = 0, fo = const. Assuming ej,-o = fijlu-0 = 0,j > 1, we see that f; and sets of matrices e; are uniquely determined.
From (3.4),

>0, (3.6)

(Vaj)x = [Uo, Vajia] + [Ur, Vgl + [Ua, V] j = 0. (3.7)
Now, we define
m yml
7o _ {V Va } €G, VW=V, nz0. (3.8)
0o v
Then, the nth enlarged zero curvature equation
T, — (V™) + [0,V™] =0 (3.9)
leads to
_ (n) (n) m| _
Uas, (va )x+ [U, Ve ]+ [Ua,v ] -0, (3.10)
together with the nth equation (2.7). Based on (3.7), this can be simplified to
Ua,t,, - [U07 Va,n+1] = 07 (3~11)
which gives rise to
d, = Sn(q,d) = J2€n;1. (3.12)
Therefore, we obtain a hierarchy of coupling system
_ P(Q)} = o { Kn(q) } [p(lzbn+l):|
U, = =K,(u) = = , n=0 3.13
o= @), "= [sieal = e 51

for the original hierarchy equation (2.8).
3.2. Hamiltonian structure

In the theory of the integrable couplings, an important topic is to establish Hamiltonian structures of integrable couplings.
As arule, the Hamiltonian structures of integrable systems may be established by the trace identity [11,12]. However, it usu-
ally cannot be used to the case of integrable couplings. Ma and Chen [10] have done a series of original work on considerably
improving the Tu trace identity to construct a Hamiltonian structure of integrable coupling systems by using semi-direct
sums of Lie algebras. In Ref. [13], Ma and Zhang presented a component-trace identity based on variational identities on
semi-direct sums of Lie algebras for generating Hamiltonian structures of multi-component integrable couplings. In this sub-
section, we are going to establish the Hamiltonian structure of Eq. (3.13) by means of the component-trace identity. In what
follows, we firstly list the identity.
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Lemma 1 (Component-trace Identity [13]). Let g be a matrix Lie algebra consisting of block matrices. For a given spectral matrix
U=U@, ”) = (Uo, Uy,...,Uy) € g, we have the variational identity

ay;
S tr(ZV >dx)y *MZO@U(ZV )
i+j=k i+j=k
where V = V(ﬂ, 2) = (Vo,V1,...,Vn) € g satisfies the stationary zero-curvature equation Vi =[U, V], all os are arbitrary constants

with ay # 0 and v is a constant.
Using this lemma, note that N =1 in our spectral matrix, so we have

o, U 5 ou  aU, . U
—/tr( AV 6)>dx7 u/tr<V8, rvoe +V“a_u>’ (3.14)

by setting o = o7 = 1. In this case, we can directly compute that

ou  au, ., oU

tr<v%+ % 6q) ——2b-2e, (3.15)
ou dU, ., U\

tr<v 50tV *V%) = —2b, (3.16)
ou  oU, . aU\

tr(Va+V = +V"a"> = —2a-2f. (3.17)

Therefore, the variational identity leads to

% / (~2a - 2f)dx = 377 7 (p(~2b - 2€), p(~2b))".

which is equivalent to
0

su | (T2 = 2fa)dx = (7 = n)(p(=2bn — 2e,),p(—2bn))’", (3.18)
by comparing the coefficients of 1™"!, n > 0. Taking n = 0 yields the constant y = 0. Therefore, we have
1 ap + n
Plbrer + en) pbrn)) = g [ 2t o (3.19)

Since we have

() =11 A1 ™) )

where J obviously is a Hamiltonian operator because J is a Hamiltonian operator. It then follows that the enlarged hierarchy
possesses the following Hamiltonian structure:

(3.20)

i, =K, :]‘SP;%“, 2 :/%ﬂf"”)d& n=0. (3.21)

4. An example when r is a 2 x 2 zero matrix
In particular, when r is a 2 x 2 zero matrix, let us denote
U u b bij by 0 h <10 h
o U P B LR ol P ) B I B ol B
U3z Uy b3 b4 a b3J‘ b4J‘ h O 7hj 0

j=0
where u;, 1 <i<4, are scalar variables, b;;, 1 <i<4 and h;, j > 0 are scalar functions. Then the recursion relations (2.3)
become

byjir = =(bsj)y + U1 — ushj,

byji1 = —(baj), + u2a; + ushy,

bsji1 = (by), + Usa; + uzhy,

baji1 = (baj), + uaa; — urhj,

(@js1), = —U1bsji1 — Usbyjiq + Usbyjiq + Usbyjiq,
(hit1)y = —u1baji1 + Usbyjir — usbajiq + Usbsjia,

(4.1)
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where j > 0, and the integrable hierarchy (2.9) gives rise to

Uy b3 nia bsn bin
Uy bania ban b n o
u”: = ] = =@ :¢—Hn, Tl?‘l7 4.2
‘ Us *bl.nﬂ *bl,n J b3.n ]511 ( )
Uglyg, —bsni1 —bz,n bsn

where the Hamiltonian operator J, the hereditary recursion operator @ are given by

0 0 10
0 0 0 1
_ 43
J -1 0 0O (4.3)
0 -1 0O
and
D24 — P31 —Py3 — P32 —0—Px— P33 D21 — P3a
o — —P14 — Pa P13 — P2 P12 — Ps3 —0 —Dy1 —Das (4.4)
O+P11+Pus P12 DPss D13 — Pa2 D14 + Py
D21 —P3a 0+ Dy + P33 D23 + D32 D24 — P31

respectively, where p; = ;0" 'u;, 1 <1i,j < 4.
Upon choosing ag = 1, hg = 0 and by = 0, as well as setting every integration constant to zero, the first nonlinear system of
integrable equations in the hierarchy (4.2) reads
Upy, = —Us e + Usly + Uphy,
Uy, = —Usxx + Usly — uphy,

4.5
Usp, = Upxx — U1y + ughy, 43)
Ugr, = Upxx — Uy — ushs,
where a; = — 3 (u? + u3 + u} + u), hy = ujus — upus. It has a Hamiltonian structure:
0
u[2 = @]EHQ
with the Hamiltonian functional being given by
1
H, = /j(ul‘xbb — Urlizx + Upxlg — Upligx)dX. (4.8)
For the integrable coupling, we write
0 0 d] d2 O f €1 e
0 0 d3 d4 —f 0 €3 €
Uy = , Vo= , 4.7
¢ *d] *d3 0 0 ¢ -e; —e3 0 O ( )
—d2 —d4 0 0 -6 —-e4 0 O

where d;, 1 <i< 4, are scalar variables, e;, 1 <i< 4, and f are scalar functions.
From (3.6), we can get
fix = Uze1j + Ugeyj — Ur€3j — Ursj + d3byj + dabyj — dibsj — dybay,
e1je1 = —(€35), — dahy + uify + dhay,
€2j:1 = —(€aj), + dshj + Urfj + daa, (4.8)
esji1 = (€1)), + d2hj + usf; + dsa;,
eajir = (€2j), — dihj + Uafy + dagy,

where j > 0. From (3.12), we also can get

d; €3n+1

dZ €4n+1
dy, = Y 49
: d; —€1n+1 (4.9)

d, tn —€21n+41
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Therefore, we obtain a hierarchy of coupling system

[up] [ b3ni1 ]
up b4nia
Uz —b1ni
ﬁtn _ Uy _ _bZ,n+1
d; €341
d, €ani1
d3 —€1n+1
Lda],, L—e€an1]

together with (4.2). From (3.15) and (3.16),

72b1 — 2e; *Zbl
—2b2 — 262 _2b2

—2b—2e) = -2b) =
p( e) 2y — 20, | p(-2b) 2b,
72b4 — 264 72b4

So, (3.19) and (3.20) lead to

T
(b1ns1 + €1n11,b2n41 + €2011, b3 041 + 3051, Danit + e4.n+1~,b].n+1~,b2,n+l«,b3,n+17b4‘n+1) = 50

%Hnﬂa nz 07
[u1] [ b3ni1 ] [ bsn ] [bin+ein]
U b4,n+1 ban ban +e€2n
Us *bl,nﬂ *bl,n b3.n + €3n
iy, = Uy _ —byni1 _3 —byn _ 7 bsn+esn _ ajiﬁn,
dl 63.n+1 €3n bl,n ou
d; €4n41 €an b;n
ds —€1n+1 —€1n b3
Lds ] tn L —€2n+1 ] L—€2n | L b4,n i

where n > 1, the Hamiltonian operator J, the hereditary recursion operator & are given by

ro o 00 O 0 1 0 7
0o 0 00 O O o0 1
o 0 00 -1 0 0 O
- 6 000 0 -1 0 0] (0 J )
“lo 0 10 0 0 -1 0] \J /)
o 0 01 0 O 0 -1
-1 0 0 0 1 o 0 O
L0 -1 0 0 0 1 0 0|
and
(2 2]
b D,
where
k31 — b1+ ba —ksp =y —ls —kszs—l3—ly —ksg— s+
P — —kayr =l —ha  —kap =l +lis —kis—ls+lo  —kag —lag — I
1=

kis + g + lay
kos + by — I3

ki + I3 — Lo
ks + L3 + I3

ki +ha —lss
kyy + Ly + I3

kiv + i1 + lag
ko1 + Ly — 4

with kl] = ul@”dj, l,] = di07]Uj, 1< l,] < 4, and

591

(4.10)

(4.11)

4 / —(ni2 + fri2) dx
n+1

(4.12)

(4.13)

(4.14)

(4.15)
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—D31 —P3; —0-—DP3x —D34

@, — Py —Pg —Ds3 —0 —Dy4
0+ Py P12 D13 D1a
D21 0+ Dy D23 D24

Upon choosing ag =1, hg =0, fo =0, by = 0, ey = 0, as well as setting every integration constant to zero, the first nonlinear sys-
tem of integrable equations in the hierarchy (4.13) reads
U, = —Usxe + Us@z + Uzhy,

Upr, = —Usgxx + Ualy — urhy,

Usp, = Upxx — U1l + ushs,

Ugr, = Upxx — Uzly — Ushy,

4.16
diy, = =3 + d3ay + dyhy + usfy, ( )
Ay, = —daxx + daay — dihy + usfs,
d3.t2 =dy — d1az + dshy — uif5,
day, = dyux — daay — dshy — uof5,
where a; = 7%(”% + u% + u% + Ui), h2 = UqlU4 — Uy U3, and f2 = 7(U1d1 + U2d2 + U3d3 + U4d4).
It has a Hamiltonian structure:
_ — 0 =
U[2 = (I)]EHQ
with the Hamiltonian functional being given by
— 1
Hy, = — /j(a3 +f3)dx, (4.17)

where a3 = Ujliz x — Uy xUs + Upligx — Upxllg, f3=Urdsx — Ugxd3 + Updyx — Upxdy — Usdyx + Usxdy — Usdox + Ugxdo.
5. Conclusion

In summary, we used semi-direct sums of matrix Lie algebra to construct an integrable coupling hierarchy of matrix spec-
tral problem with arbitrary order zero matrix r. Then, we also presented the Hamiltonian structure of the integrable coupling
hierarchy by means of the component-trace identities. Specially, when r is 2 x 2 zero matrix, the integrable coupling hier-
archy and its Hamiltonian structure of the matrix spectral problem are computed as an example.

We must point out, we only considered the special case when r is an arbitrary order zero matrix in this paper. For the
more general case, that is, when r is non-zero matrix, whether the matrix spectral problem still possess integrable coupling
hierarchy and its Hamiltonian structure is more challenging problem and is worthy of being studied further.
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