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1. Introduction

In the recent years, the research of nonlinear partial differential equations is flourishing since they can provide a
description of the features in various fields, for example, oceanography and optics, and so on [1-43]. we noticed that
many vital nonlinear partial differential equations describing the nonlinear phenomena can be generated from Hirota
bilinear equations [1] and generalized bilinear equations [12], such as the KdV equation and the KP equation. In the
meantime, their solutions can also be constructed by using the Hirota bilinear forms and generalized bilinear forms, for
instance, constructing the rational solutions [12-15]. Additionally, the rational solutions of some nonintegrable have also
been investigated [16].

The lump solution is a special kind of rational solution and is localized in all directions in the space. Recently, the study
of lump solution has attracted a lot more attentions [15]. In this research, we aimed at using the Hirota bilinear forms
to generate some new generalized KP equation in (3+1)-dimensions and the corresponding (2+1)-dimensional reduced
cases.

It is well-known that the Kadomtsev-Petviashvili equation is applied to describe the evolution of the nonlinear and
long waves with small and slow dependence on the transverse coordinate. The restriction, which is the waves must be
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one dimensional, was relaxed by Kadomtsev and Petviashvili [17-43], so that the completely integrable KP equation was
obtained as follows:

(Ur 4 6ULy + Uy )x + atlyy =0

A lot of generalized KP equations have been studied in some literatures [20-23]. Particularly, one generalized KP equation
was investigated in [20]

(ur + au"uy + Buge )k + V(U + Uyy + Uz ) + T'(ley + Uy + uyz)v

where «, 8, v, r are parameters.
Additionally, one new KP-like equation in (2+1)-dimensions

2, 3 3 3,
Uyt + 3yl + 3uuy + Eu Uy + Eu U + Uy =0, @)

was investigated in [19-24]. This model was introduced via generalized bilinear operators and some better results have
been obtained.

Recently, the research of the lump solutions of some generalized KP equations has been concerned by many people
(e.g., see [19-36]). It is noticed that the generalized bilinear equations play an important role during the investigation of
the lump solutions [12] given by
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where o5 = (—1)?*), s = r,(s) mod p.
Now, let p = 2, then we have the following
Dy.(Dauf - f = 2fuf — 2fife. D3 .f - F = 2o — 8fcfs + 6£2,
D5 f - f = 2ff — 2f7, D3 f - f = 2fuf — 217,
which can generate the standard generalized bilinear KP equation in (34+1)-dimensions in the form
(D2.Dyx + D5, + D5, + D5 )f -f
= 2fuf — 2ffr + 2fonf — 8fuefx + 6f5; + 2pf — 2f7 + 2fuf — 27 =0,

which is exactly corresponding to the standard Hirota case.
Such as the generalized Boussinesq equation written as

2,33 35
Ugr + SUylix, + 3uty, + Eu Uy + Eu Uy = 0, (2)
and the generalized Kadomtsev-Petviashvili equation
2,33 35
Uyt + 3yl + 3uuy + Eu Uy + Eu U + Uy =0, 3)
they have the generalized bilinear forms, through u = 2(In f),, respectively,
(D3¢ + D30 - f = 2fuf —2f +6fs = O, (4)
and
(D3xDs + D3, + D3 - f = 2fuf — 2ffi + 6f + 2ff — 2} =0. (5)

So that we can get one combination of Egs. (4) and (5) as follows

(ciD3xD3 s + C2D§,[ + C3D§,x + C4D§,y)f -f
= 2[¢(fuf — o) + U —F2) + 3caf2 + calfyyf — 26201 = 0,

which is correspondent to the following nonlinear partial differential equation

3 3
Crllye + Collyy + C3(3Uyliey + 3uu? + 5u3ux + Euzuxx) + a1y, = 0. (7)
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We begin this paper with introducing a (3+1)-dimensional KPB-like equation in Section 2; then the lump solutions to
two dimensionally reduced cases will be constructed in Section 3 and Section 4, respectively. In the meantime, the triple

sum of quadratic function solutions are also discussed. To illustrate the dynamics of the resulting solutions vividly, some
important figures are provided. We conclude this paper with Section 5.

2. The Kadomtsev-Petviashvili-Boussinesq-like equation

If we assume that p be a prime number, then the generalized bilinear operators can be defined as [12]:

M
o0, -0) = [T+ o) -
)t X K Xi0le o
where arbitrary parameters ny, ..., ny are all nonnegative integers, and o}, = (—1)?®), s = r,(s) mod p.
Under the assumption p = 3, Egs. (4) and (5) can be converted into the following forms
(D3, + D3, + D3, )f - f = 2fuf — 2f2 + 6f% + 2f.f —2f? =0, (9)
and
(D3xD3¢ 4+ +D3yD3 4+ D3, + D5, + D3, )f - f (10)

= 2fuf — 20fe + 2ff — 26 + 6F2 + 2f0f — 2 + 2ff — 2f2 =0,

respectively. Thus, we can get a (34-1)-dimensional KPB-like equation by adding two more terms ¢,D3 D3 and CGD;Z as
follows:

(c1D3xD3 ¢ + €2D3yD3 ¢ + €3D5 , + caD3, +¢sD3 , + c6D3 ) - f
= 2[ci(fef — fife) + 2Ufyef — fife) + 3(fuf — f2) (11)
+3cafy + cs(fyf — 2f7) + colfuef — 2f2)1 =0,

the scalar form of which is
3 3
Cillye + Collyr + Callyr + Ca(3Uylye + 3un? + 5u3ux + Euzuxx) + Cslyy + Collz; = 0, (12)

through u = 2(Inf), (see [44]).
As matter of a fact, the relation between f and u can be obtained as

|:(ClD3.xD3.[ + C2DyD; + ¢3D3, + caD}, + csD3, + ceD3,)f - f:|
X

f? (13)

3 3
= Cillxe + Callyr + C3lUge + Ca(BUyliey + 3uu + 5u3ux + iuzuxx) + Csllyy + Coliz,
from which it follows that if f solve Eq. (11) then u = 2(Inf)y is a solution to Eq. (12) as well.

3. Lump solutions of case I

Suppose z = t, then Eq. (11) is reduced to a (241)-dimensional KPB-like equation

(C1D3~XD3~t + CszD[ + C3D§,[ + C4DA31YX + C5D§,y + CGD%.Z)f f
= 2[c1(fuf — ffe) + calfuf = ffe) + (c3 + c6)fuef — ) (14)
+3caf + s(ff — 2701 = 0.

Therefore, applying u = 2(Inf),, Eq. (14) is converted into
3 3
Cillye + Collye + (€3 + Co)pr + Ca(Buyliex + 3uu? + §u3ux + Euzuxx) + csuyy = 0. (15)
To construct the lump solitary waves of Eq. (14), we start with

f=g>+h*+a9,g =ar1x+ ayy + ast + az, h = asx + agy + a;t + as, (16)
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where ajs are real to be determined. Substituting (16) into Eq. (14), we got the relations among a;s:

aZascs + a,a3c; + 2a,a6a7¢5 + a2a3¢; + a3c3 + 366 — asaics + azades + asadcs

a; =
ci(d3 + a3)
2 2 2 2 2 2 3 3

a aaz;Cs — 2(12(13(16C5 — a306Cy — a307C3 — A307C6 — Ag07C5 — Agd;C2 — A7C3 — A7Cq (17)

5 —

cl(aﬁ + Cl%)
3caq

g =

cies(a3 + a2)(aza7 — a3a6)?’

where q is a polynomial of degree 12, for simplicity, we do not give it here. It is obvious that the set (17) has to satisfy
the following conditions

a as
Qg Az

€1€4Cs # 0, €465 < 0, A =

£0, (18)

which can guarantee not only f is well defined but also it is positive. Therefore, (17) gives rises to a class of positive
quadratic function solution of Eq. (14):

3c4q
f=g*+n - : (19)
cies(a3 + a3)(aza; — asag)?
which yields lump solutions to Eq. (15):
a ash
u=2(nf) = 4189 (20)
f
with f defined by (20), and functions g and h given by
a2asCs + a,02¢; + 205a507C5 + a5a%¢, + a3c; + alcg — asa’cs + asa’cs + asaic
g=—235 232 R 2;(2a2+3a23) 2 S Sl 376X+ﬂz}’+a3t+a4,
13 7 (21)

B a2a70s — 2a,a305C5 — A306C; — a3a703 — A507C6 — A2a7C5 — AgASC, — A3C3 — A3C6

h
ci(a3 +a?)

x+a5y+a7t+a3.

It is found that there are 6 arbitrary parameters in this class of lump solutions: a,, as, a4, ag, a;, ag, provided that the
solutions are all well defined, i.e., the determinant condition (18) is satisfied, which precisely implies that two directions
(az, as) and (ag, a;7) are not parallel in the xy-plane . Moreover, analyzing (8), we observed that (20) is analytical in the
xy-plane if and only if ag > 0 and u — 0 if and only if g2 +h?> — oo, or x> +y> — oo at any time. So that (18) guarantees
the analyticity and localization of (20).

One special example is given in the following

a=lLa=1,a=1,=—-1,c=1,c6 =1, (22)
a,=2,a3=1,a4=0,a6 =1,a; = 1,a3 = 0,
which tells us that
) 137 , , 56307
f=2t = 220+ 6ty + —=x" = 37xy + 5" + ——, (23)
. 4(22t — 137x + 37y) (24)
4t2 — 44tx + 12ty + 137x2 — 74xy + 10y2 + 56307
The contour plot of u is drawn in Fig. 1 with t = 1.

It is found that (21) generally goes to zero while A — 0. We illustrate this by choosing
a=lLa=1a=1,=-1,c=1,¢c=1, (25)
a=1a=1a=0,a6=1,a; =14¢,a3 =0,

which leads to A = ¢, then (20) becomes
4 2
v — e“p(e) (26)
q(e)

where p(x, y, t, €) is a polynomial of degree 5, and q(x,y, t, ) = es(x, y, t, €) 4+ 12288 is also a polynomial of degree 8. So
that it is obvious (26) goes to zero while ¢ — 0.
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Fig. 1. Profiles of (24) with t = 1: (a) contour plot (b) x-curve (c) y-curve.

4. Lump solutions of case II
Under the assumption z =y, Eq. (11) can be reduced to the following (2+1)-dimensional case

(c1D3xD3¢ + €aDyD; + €3D5 ; + caDj , 4 (cs +¢6)D3  )f - f
= 2[c1(fuf — fife) + calfyuf — ffe) + cs(fuf — f2) (27)
+3caf + (cs + 6 ) fypf — 2f})] =0.

Now, let u = 2(Inf),, Eq. (12) turns into

3 3
Cillye + Callyr + C3llyr + Ca(Buylyy + 3un? + 5u3ux + Euzuxx) + (€5 + Cg)uyy = 0. (28)

It is obvious that f solves Eq. (27) implies u = 2(Inf), solves Eq. (28). To derive the lump solitary wave solution to Eq. (28),
we begin with

f=8"+h +ay,g =ax+ 0y +ast +as h = asx + agy + a7t + as, (29)
where the parameters ajs are all real to be determined. Substituting (29) into Eq. (27) leading to

alascs + a3ascs + 4205¢; + 2a,0607C5 + 20,0607C6 + A205¢ + 0303 — A303Cs — A3a%c + asaics

a =
ci(d3 + a?)
2 2 _2 _2 2 _ 2 _ 2 2 aei2en — a3

a a;azCs + a;a;Ce ay0306Cs5 a0306C a30sC; as;azCs g0z Cs Qga7Ce Qa0 Cy a;Cs (30)

5 =

c1(a5 + a?)
3caq

g =

cics + c6)(a3 + a2)(axa; — azag)?’

where ¢ is a polynomial of degree 12. For simplicity, we do not present it here. (31) has to satisfy the following condition

ap as
as a7

c1€4(cs +C6) Z 0, c4(cs +c5)g < 0, A = # 0. 31

These conditions can guarantee that f is well defined and is positive.
Thus, (31) gives a rise to a class of positive quadratic function solutions of Eq. (27) as follows:

3caq
f=g"+h - . (32)
cf(cs + c6)(a3 + a3)(aza7 — asae)?
which gives a rise to a class of lump solutions of Eq. (28) via u = 2(Inf),:
a ash
u=2Inf) = 4%, (33)

where g and h are defined as before. Via analyzing the computation, we observed the directions (a;, as) and (ag, a;) are
not parallel in the xy-plane at all. In the meantime, It is noted that (33) is analytic if and only if ag > 0, and at any given
time, u — 0 if and only if g2 + h> — o0, or x> + y> — oo at any time. Thus, (31) can guarantee both analyticity and
localization of (33).
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Fig. 2. Profiles of (36) with t = 1: (a) contour plot (b) x-curve (c) y-curve.

One particular example is presented as
ag=lLo=1,a=1,u=-1,c=1,¢c=1, (34)
a,=2,a3=1,a4=0,a6 =1,a; = 1,a3 =0,

which means that
f = 2t% — 26tx + 6ty + 109x* — 46xy + 5y° + 35643, (35)
. 4(13t — 109x + 23y) (36)
T 2t2 — 26tx + 6ty + 109x2 — 46xy + 5y2 + 35643
The contour plot, x-curve and y-curve of function u are given by Fig. 3 with t = 1 (see Fig. 2).

We observed that (33) generally goes to zero while A in (31) tends to zero. We can illustrate this by selecting
ci=1,6=1c=1c=-1,c=1,¢c6 = 1, (37)
aa=1,a3=1,a4=0,a6=1,a;=1+¢,a3 =0,

which leads to A = ¢, then the lump solution (33) becomes
8 2
U= — e°p(e) (38)
q(e)

where p(x, y, t, €) is a polynomial of degree 5 and q(x,y,t, &) = es(x,y, t,e) + 12288 is a polynomial of degree 8. it is
clear that (38) goes to zero when ¢ — 0.

5. Triple sum of quadratic function solutions
Within this section, we utilize the triple sum of quadratic functions to construct lump solutions. The definition of

multiple sum of quadratic function solutions was firstly proposed in [34], all the references can be found therein. Assume
that

M My
F=) "8+ > I+ cammpsr. (39)
i>1 j>1

where
& = MiX + @2y + asit + agi, hj = byx + bajy + bsjt + by
and ay, Gy;, as;, A4, byj, byj, b3j, baj, Cagu,+m,)+1 are arbitrary real constants and My, M, are integers. For the particular case
of Eq. (11):
(D3xD3¢ + D3yD3 ¢ — D%,[ + D;‘,x - D%,y)f -f
= 2[(ff — Fife) + fuf — £ife) — Fuf — f2) (40)
32— (ff — 22 =0
Applying the transformation u = 2(Inf), we converted Eq. (40) into

3 3
Uge + Uyr — U + (Stlgllye + 3un + 5u3ux + iuZuxx) — Uy, = 0. (41)
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Fig. 3. Profiles of (45) with t = 1: (a) contour plot (b) x-curve (c) y-curve.

To find the triple sum of positive quadratic function solutions of Eq. (40), we start with

f=(ax+t+y+1P%+(x+by?+(ct)>+d

2 2 2 (42)
g=(ax+t+y+ 1), h=(x+by), w=(ct),
where the real parameters a, b, c, d are all to be determined. After substituting (42) into Eq. (40), we obtained
a=—-a*—a+1,b=a,c=a,d=6a*+8x —5, (43)
where « is the real root of Z3 4+ Z? — Z + 1 = 0 presented by
1 4
a=—=(1943v33)5 - ——— —1/3
3 3(19 + 34/33)3
and d > 0. All have been validated in Maple.
Therefore, (42) gives a rise to a triple sum of quadratic function solution to Eq. (40):
f=((-a?—a+x+y+t+12+x+ay? + (at)® +6a> + 8 —5 (44)
and the resulting quadratic function solution turns out some lump solutions of Eq. (41) via u = 2(Inf),:
—a? — 1)(—a? — 1 t+1
= 2nf), =4 (o —a+1)(—e"—a+1x+y+t+ 1)+ (x+ay) (45)

(—a?2 —a+1x+t+y+ 12+ X+ ay)? + (at) + 6a2 +8a — 5’

where the functions f, g, h are defined as above. The contour plots, x-curve and y-curve of u are presented by Fig. 3 with
t=1.

6. Conclusions

A lot of researchers have paid much more attention to the research of lump solutions to the KP equation or
KP-like equations recently. Applying the generalized bilinear method, we analyzed the dynamics of the introduced
(3+1)-dimensional KPB-like equation (12) through investigating lump solutions of two special cases. So that we got
the conditions for the analyticity and localization of the lump solitary waves. We observed lump solution goes to zero
when A — 0 illustrated by the corresponding graphs.

For the decreasing solutions dependent rationally on x are related to Hamiltonian flow from Moser’s theory of Toda
system, and the nondecreasing solutions dependent rationally on x and y are connected with a generalized multiple
particle Moser system, so that people have paid many concerns to investigate the dynamics of lumps [13], which can
be efficiently obtained via the generalized bilinear method [12]. The higher order extensions and multiple component
of lumps display very different soliton phenomenon, hence, they are very important and interesting research topics
now. [34] firstly introduced the definition and form of sums of higher-order even function solutions or multiple sums of
quadratic function solutions to study the dynamics of lumps. We studied the triple sum of quadratic function solutions of
Eq. (12). Additionally, since rogue wave solutions and lumps can be derived from positive polynomial solutions, as a future
research, we will also study the existence of positive polynomial solutions, which has attracted many mathematicians and
physicists [18,44].
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