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a b s t r a c t

In this paper, the localized solutions of the (2+1)-dimensional B-Kadomtsev–Petviashvili
(BKP) equation, which is a useful physical model, are further studied. Firstly, by
using the theory of Hirota bilinear operator, the corresponding N-soliton solutions are
obtained. Then the localized solutions, which are the M-lump solutions, higher-order
breathers and hybrid solutions, are also constructed by taking a long-wave limit and
introducing some conjugation conditions. In the meanwhile, the dynamic behaviors
of these obtained solutions are analyzed and shown graphically by the corresponding
numerical simulations with specific parameters, which can greatly affect the solutions,
such as the propagation properties.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

In this paper, we consider the following (2+1)-dimensional B-Kadomtsev–Petviashvili (BKP)equation:

(ut + 15uuxxx + 15u3
x − 15uxuy + u5x)x − 5uxxxy − 5uyy = 0, (1)

which belongs to the BKP soliton hierarchy and is a generalization of the famous Caudrey–Dodd–Gibbon–Sawada–Kotera
(CDGSK) equation taking the form:

vt + 15vvxxx + 15vxvxx + 45v2vx + v5x = 0, (2)

where u, v are functions of x, t . As a matter of fact, if we take v = ux, then the CDGSK Eq. (2) is turned into the BKP
q. (1). The (2+1)-dimensional BKP Eq. (1) has attracted more attention in the last decades. For instance, the lumps were
tudied in [1], the Wronskian and Grammian solutions were constructed in [2], the transformation groups were discussed
n [3], the Adler–Shiota–van Moerbeke formula for the BKP hierarchy was presented in [4], the interaction solutions of
he first BKP equation were obtained in [5], the dynamics of poles of elliptic solutions to the BKP equation was discussed
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in [6], the dKP and BKP equations with self-consistent sources were constructed in [7], the full symmetry groups, painlevé
integrability and exact solutions of the nonisospectral BKP equation were investigated in [8]. Furthermore, a lot of other
key contributions have been made by many other researchers.

It is noted that lump solutions are rationally localized along all directions in space, which are presented for many
ther integrable equations, such as the (2+1)-dimensional KP equation [9–11] and Sawada–Kotera (SK) equation [12],
nd so on [13–18]. Since almost all integrable equations possess Hirota bilinear forms, we can make use of Hirota bilinear
orms for constructing M-lumps, higher-order breathers and interaction solutions of nonlinear evolutionary equations. The
uthors in [1] made use of the positive quadratic functions to construct the lump solutions of the BKP equation, which
re first-order lump solutions. However, they did not discuss the M-lumps, higher-order breathers and hybrid solutions
herein. Moreover, to the best of our knowledge, no people have studied the M-lumps, the higher-order breathers and
he hybrid solutions between M-lumps or higher-order breathers and other solutions, such as the stripe solitons of the
KP Eq. (1). Actually, M-lumps, higher-order breathers and hybrid solutions play a more important role in studying the
onlinear phenomenon than the first-order lump and breather solutions. So that we will study the M-lumps, higher-
rder breathers and hybrid solutions of the (2+1)-dimensional BKP Eq. (1). The techniques used here are the Hirota direct
ethod and the ‘‘long-wave’’ limits, which relate the N-soliton solutions to M-lumps and breathers. These two techniques
re totally different from the positive quadratic function method.
As different kinds of localized waves, M-lumps, higher-order breathers and rogue waves and soltions play a key role

n studying complex nonlinear physical systems. For example, nonlinear optics, cold atoms, plasmas and Bose–Einstein
ondensates. As special rational solutions, lumps are localized in all directions in space. Rogue waves and breathers
re localized on a background with unstable characteristics. Specifically, breathers are viewed as the crucial prototypes
o explain rogue wave phenomenon and are the localized breathing waves with a periodic structure along a certain
irection [19]. As of now, a lot of effective methods have been proposed for constructing above-mentioned solutions.
or instance, the inverse scattering transformation method [20], the Hirota direct method and the generalized bilinear
pproach [21–23], the Darboux transformation method [24–26], the Bäcklund transformation method [27,28], and so
n [29–42]. As a direct and effective method, the Hirota direct method will be applied in our research.
The task of this research is to study the M-lumps, higher-order breathers and hybrid solutions of the BKP Eq. (1) by

sing the ‘‘long-wave’’ limits and Hirota direct method with the help of Maple. In Section 2, the general N-soliton solutions
f (2+1)-dimensional BKP Eq. (1) are given and the analyses of their dynamic behaviors are performed. In Section 3, based
n the discussion in Section 2 and by using the Hirota direct method and taking ‘‘long- wave’’ limits, M-lump solutions are
onstructed. From the numerical simulations, the dynamic behaviors are analyzed, which show that M-lump solutions are
ctually multiple collisions. In Section 4, using the obtained results in Section 3, the higher-order breathers are constructed
y imposing some conjugate conditions on the parameters. In the meanwhile, the numerical simulations tell us that the
ynamic behaviors are complicated since it consists of many breathers. In Section 5, some kinds of hybrid solutions are
resented: one is the interaction between a lump wave and a stripe soliton wave, the other is the interaction between a
reather and a stripe soliton. The numerical simulations further show that these two kinds of collisions are elastic. Finally,
ome discussions are given briefly.

. N-soliton solutions

By using the Hirota direct method, the N-soliton solutions of the BKP Eq. (1) are studied in this part since it is pretty
seful for constructing the M-lumps, higher-order breathers and hybrid solutions. As the following is the Hirota bilinear
KP equation of (1)

(D6
x − 5D3

xDy + DxDt − 5D2
y)f · f = 0, (3)

which is obtained by substituting the following logarithmic transformation into (1)

u = 2(ln f )x, (4)

with f = f (x, y, t). The notations Dx,Dy,Dt are the Hirota bilinear derivative operators defined by

Dk
xD

m
y D

n
t f · g = (∂x − ∂x′ )k(∂y − ∂y′ )m(∂t − ∂t ′ )n

f (x, y, t)g(x′, y′, t ′)|x′=x,y′=y,t ′=t ,
(5)

with k,m, n ∈ Z+
∪ {0}. It is obvious that if f solves the bilinear BKP Eq. (3), then u = 2(ln f )x solves the BKP Eq. (1).

In order to find N-soltion solutions of the BKP Eq. (1), we begin with the N-soliton solutions of the bilinear BKP Eq. (3),
which reads

f = fN =

∑
exp(

N∑
µiξi +

∑
µiµjAij), (6)
µ=0,1 i=1 1≤i<j≤N

2
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where

ξi = ki(x + piy + ωit + ξ 0
i ), ωi = k4i − 5k2i pi − 5p2i ,

exp(Aij) =
k4i −3k3i kj+(4k2j −2pi−pj)k2i −3kj(k2j −pi−pj)ki+k4j −(pi+2pj)k2j +(pi−pj)2

k4i +3k3i kj+(4k2j −2pi−pj)k2i +3kj(k2j −pi−pj)ki+k4j −(pi+2pj)k2j +(pi−pj)2
,

ki, pi, ωi, ξ
0
i ∈ R, i, j = 1, . . . ,N.

(7)

In the expression (6),
∑

µ=0,1 means the summation over all possible combinations of µi = 0, 1, and the notation
∑

1≤i<j≤N
means the summation over all possible pairs (i, j) chosen from the set {1, 2, . . . ,N} with the condition i < j. For example,
the choice N = 3 gives the 3-soliton solution of the bilinear BKP equation (3) as the following

f = f3 = 1 + exp(ξ1) + exp(ξ2) + exp(ξ3)
+ exp(ξ1 + ξ2 + A12) + exp(ξ1 + ξ3 + A13) + exp(ξ2 + ξ3 + A23)
+ exp(ξ1 + ξ2 + ξ3 + A12 + A13 + A23).

(8)

Substituting (8) into (4) yields a 3-soliton solution of the BKP Eq. (1).

3. M-lump solution

Based on the N-soliton solutions obtained by using the Hirota bilinear method in Section 2, we will construct M-
lump solutions of the BKP Eq. (1) by taking a ‘‘long wave’’ limit of the corresponding N-soliton solutions given in (6). In
order to understand the dynamic behaviors of M-lump solutions, some examples and corresponding graphs are given,
from which we can see that multiple collisions exist in M-lump solutions. According to N-soliton solutions (6), we take
exp(ξ 0

i ) = −1, i = 1, . . . ,N . Now N-soliton solution of the bilinear BKP equation fN can be readily rewritten in the
following form:

f = fN =

∑
µ=0,1

ΠN
i=1(−1)µi exp(µiξi)Π1≤i<j≤N exp(µiµjAij), (9)

where

ξi = ki(x + piy − (k4i − 5k2i pi − 5p2i )t), (i = 1, . . . ,N). (10)

Then, taking a ‘‘long-wave’’ limit of ki → 0 and letting the ki’s have the same asymptotic order, we have

f = fN =

∑
µ=0,1

ΠN
i=1(−1)µi (1 + µikiθi)Π1≤i<j≤N (1 + µiµjkikjBij) + O(kN+1), (11)

with

θi = x + piy + 5p2i t, Bij =
6(pi + pj)
(pi − pj)2

, (i, j = 1, . . . ,N; i ̸= j). (12)

ccording to the symmetric property of fN with respect to parameters ki’s, it is found that fN can be factorized by the
roduct ΠN

i=1ki. Using the logarithmic transformation (4), we get the rational solution of (1). It is readily proved that

u = 2(ln(
fN

ΠN
i=1ki

))x (13)

s a rational solution of the BKP Eq. (1). Therefore, the constant factor ΠN
i=1ki can be omitted from fN , and still denote the

esult fN
ΠN

i=1ki
as fN . The simplified form of M-lump solution of the bilinear BKP Eq. (3) is given in the form of

f = fN = ΠN
i=1θi +

1
2

∑
i,j BijΠ

N
l̸=i,jθl + · · ·

+
1

M!2M
∑

i,j,k,l,...,m,n

M  
BijBkl · · · Bmn ΠN

l̸=i,j,k,l,...,m,nθl + · · · ,

(14)

here θl’s are defined by (12). (14) usually yields a singular rational solution, but if we take

pM+i = p∗

i , (i = 1, . . . ,M), (15)

here ∗ denotes the conjugate of a complex function and N = 2M , then (14) leads to M-lump solutions of the bilinear BKP
Eq. (3), which implies that the M-lump solutions can be obtained from (4). The above discussions have been confirmed
in [9]. In the following subsections, some numerical simulations are given to illustrate the above method and results.
3
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Fig. 1. Evolution profile of the 1-lump solution u expressed in (23) at different time. The specific parameters are a = −2, b = 1: (a) t = −3; (b)
t = 0; (c) t = 3.

3.1. 1-lump solution

In order to construct 1-lump solution of the BKP Eq. (1), we have to take N = 2 which implies M = 1 according to the
aforementioned discussion. From (9), we have

f2 = 1 − eξ1 − eξ2 + eξ1+ξ2+A12 , (16)

where

ξi = ki(x + piy − (k4i − 5k2i pi − 5p2i )t), (i = 1, 2). (17)

Taking the ‘‘long wave’’ limit, ki → 0, (i = 1, 2) and removing the constant factor k1k2 leads to f2 in (14) as follows

f2 = θ1θ2 + B12, (18)

with

θi = x + piy + 5p2i t, B12 =
6(p1 + p2)
(p1 − p2)2

, (i = 1, 2). (19)

aking p2 = p∗

1 and B12 > 0 yields the 1-lump solution of the blinear BKP Eq. (3) as follows

f2 = θ1θ
∗

1 +
6(p1 + p2)
(p1 − p2)2

> 0. (20)

lugging p1 = a + bI into (4) with I2 = −1, we obtain

f1 = (5a2t + ay + x)2 + b2(50a2t2 + (10ay − 10x)t + y2) + 25b4t2

= (x′
+ ay′)2 + b2y

′2
−

3a
b2

,
(21)

here

x′
= x − 5(a2 + b2)t, y′

= y + 10at. (22)

rom (21) and the logarithmic transformation (4), we have the 1-lump of the BKP Eq. (1)

u =
4(x′

+ ay′)
(x′ + ay′)2 + b2y′2 −

3a
b2

. (23)

here the condition a < 0 since B12 = −
3a
b2

> 0. It is obvious that this nonsingular rational solution is decaying as
(1/x2, 1/y2) for |x|, |y| → ∞ and moving with the velocity according to (22)

vx = 5(a2 + b2), vy = −10a. (24)

umerical simulations are presented to illustrate the dynamic behaviors of 1-lump solution (23) of the BKP Eq. (1).

.2. M-lump solutions

In this part, M-lump solutions will be studied. The first thing to consider is 2-lump solution. To construct 2-lump
olution, we have to take N = 2M = 4 which implies M = 2 and exp(ξ 0

i ) = −1, i = 1, . . . , 4), then the 2-lump solution
f the bilinear BKP Eq. (3) can be expressed as the following by virtue of (14)

f2 = θ1θ2θ3θ4 + B12θ3θ4 + B13θ2θ4 + B14θ2θ3 (25)

+ B23θ1θ4 + B24θ1θ3 + B34θ1θ2 + B12B34 + B13B24 + B14B23,

4
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Fig. 2. Contour profiles of the 1-lump solution u in (23). The specific parameters are a = −2, b = 1: (a) t = −3; (b) t = 0; (c) t = 3; (d) shows that
his 1-lump wave travels along the line y = 4/5(x−

√
6). The red, blue and black graphs represent the contours of 1-lump wave at time t = −3, 0, 3,

respectively.

Fig. 3. Evolution profile of the 2-lump solution u at different time. The specific parameters are a = −2, b = 1; c = −1, d = 1: (a) t = −3; (b) t = 0;
(c) t = 3.

Fig. 4. Contour profiles of the 2-lump solution u. The specific parameters are a = −2, b = 1; c = −1, d = 1: (a) t = −3; (b) t = 0; (c) t = 3; (d)
hows that this 2-lump wave travels along diagonally in the xOy plane and almost interacts at the moment t = 0, and then they separate from
ach other. The red, blue and black graphs represent the contours of 2-lump wave at time t = −3, 0, 3, respectively.

here

θi = x + piy + 5p2i t, (i = 1, . . . , 4), Bij =
6(pi + pj)
(pi − pj)2

, (1 ≤ i < j ≤ 4). (26)

he required conditions for construct 2-lump solution is obtained as follows

p3 = p∗

1 = a − bI, p4 = p∗

2 = c − dI, I2 = −1. (27)

he dynamic properties of 2-lump solution is graphically illustrated by Figs. 3 and 4 with specific parameters. Similarly,
f we take N = 2M = 6, which means M = 3, and exp(ξ 0

i = −1), and p3+i = p∗

i , (i = 1, 2, 3), then, after a tedious
computations, we obtain the 3-lump solution f3 of the bilinear BKP Eq. (3), the expression of the 3-lump solution is
omitted here since it contains a lot of terms and is very complicated. the 3-lump solution of the BKP Eq. (1) is obtained after
plugging f3 into the logarithmic transformation (4). The evolution profiles of the 3-lump solution with specific parameters
are depicted in the following figures, which show us that there exist collisions among these kind of 3-lump solutions.
5
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Fig. 5. Evolution profile of the 3-lump solution u at different time. The specific parameters are a = −2, b = 1; c = −1, d = 1; r = −1, s = 2: (a)
= −3; (b) t = 0; (c) t = 3.

Fig. 6. Contour profiles of the 3-lump solution u. The specific parameters are a = −2, b = 1; c = −1, d = 1, r = −1, s = 2: (a) t = −3; (b) t = 0;
c) t = 3; (d) shows that this 3-lump wave travels along diagonally in the xOy plane and collide with each other at around the moment t = 0, and
hen they separate from each other. The red, blue and black graphs represent the contours of 3-lump wave at time t = −3, 0, 3, respectively.

emark. (1) In a word, when choosing N = 2M and pM+i = p∗

i , (i = 1, . . . ,M) with the condition Bij > 0, then we can
et M-lump solutions by taking the ‘‘long-wave’’ limit of the corresponding N-solitons.

(2) If we impose extra conditions on the parameters in fN , then we can get higher-order breathers, which will be
tudied in the next section.

. Higher-order breathers

In this section, we will construct the higher-order breathers of the BKP Eq. (1) from the higher-order breathers of the
ilinear BKP Eq. (3). Therefore, we have to impose extra conditions on the related parameters of the N-soliton solutions
6)–(7) as follows:

N = 2M, ki+1 = k∗

i , pi+1 = p∗

i , ωi+1 = ω∗

i ,

ξ 0
i+1 = ξ 0∗

i , (i = 1, 3, 5, . . .).
(28)

.1. 1st-order breather

According to the requirements for the parameters in (28), we have to select the parameters as follows:

N = 2M = 2, k2 = k∗

1 = α1 − Iγ1, p2 = p∗

1 = β1 − Iδ1,
ω2 = ω∗

1 = ρ1 − Iσ1, ξ
0
2 = ξ 0∗

1 = 0,
(29)

hich implies M = 1. Then, after tedious symbolic computations, the 1st-order breather solution of the bilinear BKP
q. (3) obtained as the following is

f1 = 1 + 2eℜ(ξ1) cos(ℑ(ξ1)) + eA12e2ℜ(ξ1), (30)

here ℜ, ℑ denote the real part and imaginary part of a complex number, respectively. And

eA12 =
(α1γ1)2 − 3γ 4

1 − α1γ1δ1 − 3β1γ
2
1 + δ21

−3α4
1 + (γ 2

1 + 3β1)α2
1 − α1γ1δ1 + δ21

. (31)

he dynamic behaviors of 1st-order breather are shown in Fig. 7 and (8).
6
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C

Fig. 7. Evolution profile of the 1-breather solution u at time t = −3. The specific parameters are α1 = 2/3, γ1 = 0, β1 = 0, δ1 = 2/3: (a) 3D plot;
(b) Contour plot; (c) Density plot.

Fig. 8. Contour profiles of the 1-lump solution u at time t = 0. The specific parameters are α1 = 2/3, γ1 = 0, β1 = 0, δ1 = 2/3: (a) 3D plot; (b)
ontour plot; (c) Density plot.

Fig. 9. Evolution profile of the 1-breather solution u at x = 0, with specific parameters α1 = 1/5, γ1 = 1/10, β1 = −1, δ1 = 1 : (a) 3D plot; (b)
Contour plot; (c) Density plot.

Remark. (1) From Fig. 7 while ki’s and pi’s are real numbers and pure imaginary numbers, respectively, the 1st-order
breather obtained is only y-periodic and localized in the x-axis.

(2) From Fig. 8, if ki’s and pi’s are pure imaginary numbers, the 1st-order breather obtained is only x-periodic and
localized in the y-axis.

(3) Form Fig. 9, if ki’s and pi’s are complex numbers, the 1-order breather obtained is (x, t)-periodic and localized in
xOt-plane. What should be pointed out is that the periodicity and dynamic behaviors of the breathers in (x, t)-plane and
(y, t)-plane depend on the coefficients of x, t , and of y, t . Therefore, the numerical simulations of the breathers in yOt are
omitted.
7
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4

b

Fig. 10. Evolution profile of the 2-breather solution u at different time: (a) t = −10; (b) t = 1; (c) t = 20.

Fig. 11. Contour profiles of the 2-breather solution u at different time: (a) t = −10; (b) t = 1; (c) t = 20.

.2. 2nd-order breather

According to (28) and proceeding similarly as in the previous subsection, it is readily to construct the 2nd-order
reather solutions by taking N = 2M = 4 and parameters as follows:

k2 = k∗

1 = α1 − Iγ1, p2 = p∗

1 = β1 − Iδ1, ξ 0
1 = ξ 0

2 = 0;
k4 = k∗

3 = α2 − Iγ2, p4 = p∗

3 = β2 − Iδ2, ξ 0
3 = ξ 0

4 = 0.
(32)

In order to show the dynamic properties of the 2nd-order breather of the BKP Eq. (1), we take the particular parameters:
α1 = 1/3, γ1 = 0, β1 = 1, δ1 = 2; α2 = 0, γ2 = 4/5, β2 = 2, δ2 = 1. And the dynamic behaviors of the 2-order breather
solutions u are shown in Figs. 10 and 11 at different time. It is easily observed that these 2nd-order breather solutions
consist of two 1st-order breathers, which implies that there exist collisions in the 2nd-order breather. Therefore, the
dynamic behaviors of the 2nd-order breather wave will often change during its traveling.

5. Hybrid solutions

The aim of this section is to study the hybrid solutions of the BKP Eq. (1). Since the computations are so complex and
hard, we only discuss the following two kinds of hybrid solutions: one is the interaction solutions between 1-lump and
1-soliton solutions; and the other is the interactions between 1-breather and 1-soliton solutions. The hybrid solutions play
an important role in studying nonlinear physical phenomenon. Thus, it is of interest to do some research on interaction
solutions.

5.1. The hybrid solution between 1-lump and 1-soliton solutions

In order to obtain the hybrid solutions between 1-lump and 1-soliton solutions, the requirements as the following
are

N = 3, ξ 0
= ξ 0

= −1. (33)
1 2

8
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Fig. 12. Evolution profile of the hybrid solution u at different time: (a) t = −2; (b) t = 0; (c) t = 2.

Fig. 13. Contour profiles of the hybrid solution u at different time: (a) t = −2; (b) t = 0; (c) t = 2.

Then, plugging (33) into f3 and taking ‘‘long-wave’’ limit of k1, k2 → 0 yields the hybrid solution of the bilinear BKP Eq. (3)
as follows:

f3 = c0(1 + eξ3 )θ1θ2 + (c1θ1 + c2θ2 + c3)eξ3 + c4, (34)

where ci’s are complex and complicated polynomials of pi’s and k3. Therefore, we omit their detailed expressions herein.
And θi’s are defined in (19). Then, the hybrid solution of the BKP Eq. (1) is derived by using the logarithmic transformation
(4). Fig. 12 can illustrate the dynamic properties of this hybrid solution with specific parameters.

The parameters taken in the above-mentioned graphs are: p2 = p∗

1 = −2− I; k3 = 1, p3 = 2. Investigating Figs. 12 and
13, we can readily find that they travel along the opposite directions, and then they collide with each other around the
moment t = 0. During the collisions, the lump wave is swallowed by the line soliton. After the collision, they keep
propagating forward changing the velocity and amplitude, only are the phases changed. Thus, we conclude that this
collision is elastic.

5.2. The hybrid solution between 1st-breather and 1-soliton solutions

We will derive the hybrid solution between the 1-order breather and 1-soliton waves. To achieve this, we have to take
the parameters as follows:

N = 2M = 3; ξ 0
i = 0, (i = 1, 2, 3);

k2 = k∗

1 = α1 − Iγ1, p2 = p∗

1 = β1 − Iδ1;
k3 = α3, p3 = β3.

(35)

Substituting (35) into f3 leads to the second hybrid solution of the bilinear BKP Eq. (3). The second hybrid solution of
the BKP Eq. (1) can be obtained by taking the logarithmic transformation (4). Since the expression is so complicated,
we omit them herein. But the dynamic properties can be displayed by the following figures with specific parameters:
α1 = 2/3, γ1 = 0, β1 = 0, δ1 = 3/2, k3 = 1, p3 = 1.

From Figs. 14 and 15, we found that the 1st-order breather in the hybrid solution is y-periodic and localized in x-
axis, and it is parallel to the line soliton. In addition, we find that the breather travels along the positive direction of
x-axis, but the 1-soliton propagates along the negative direction of x-axis. Then, they collide with each other. The breather
9
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Fig. 14. Evolution profile of the hybrid solution u at different time: (a) t = −2; (b) t = 0; (c) t = 2.

Fig. 15. Contour profiles of the hybrid solution u at different time: (a) t = −2; (b) t = 0; (c) t = 2.

wave moves much faster than the 1-soliton. After the collision, they keep the amplitudes, velocity, shape and energies
unchanging while propagating . Thus, we conclude that the collision is elastic.

6. Conclusions

The (2+1)-dimensional BKP Eq. (1) is an integrable model of great importance, and has been applied in many research
fields. For this work, by using the Hirota direct method, multiple soliton solutions are firstly obtained. Secondly, by taking
‘‘long wave’’ limit to the corresponding multiple soliton solutions, the permanent M-lump solutions are obtained. Then,
we impose some conditions, such as the conjugation condition, to the related parameters in the multiple soliton solutions,
then the higher-order breathers are readily derived. For the aforementioned discussions, the multiplicities of solitons are
even. However, if they are taken as odd numbers, some important and localized hybrid solutions can be constructed.
Some numerical simulations of the dynamic properties of the above solutions are performed. We conclude that there
exist collisions among M-lump waves, higher-order breather waves and hybrid solutions. Especially, since the dynamic
behaviors of all the solutions usually are affected by the parameters, then they have richer dynamic behaviors. As of the
hybrid solutions, we only discussed: the interaction solution between 1-lump and 1-soliton solutions, and the interaction
solution between 1st-order breather and a soliton solution. The numerical simulations show that the lump wave or
breather wave are swallowed by the soliton wave during the collisions. Particularly, these collisions are elastic, which
implies that there is no loss of energy.

For the future work. Firstly, we will study more complicated hybrid solutions, such as the interactions between M-lump
waves or higher-order breather waves and stripe soliton waves since these sort of interaction solutions are of importance
and worth studying. Secondly, we will apply the obtained results and method to study nonlinear physical models and
other localized waves.
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