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In this paper, higher-order localized waves for a coupled fourth-order nonlinear
Schrodinger equation are investigated via a generalized Darboux transformation. The
Nth-order localized wave solutions of this equation are derived via Lax pair and Dar-
boux matrix. Evolution plots are made and dynamical characteristics of the obtained
higher-order localized waves are analyzed through numerical simulation. It is observed
that rogue waves coexist with dark—bright solitons and breathers. The presented results
also show that different values of the involved parameters have diverse effects on the
higher-order localized waves.
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1. Introduction

In recent years, the rapid development of optical fiber communication technol-
ogy has become one of the main pillars of modern communication."? In the field
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of nonlinear optical fibers, many nonlinear phenomena can be described using
375 which attracted more and more attention of
scholars in academic researches. Due to the complexity and diversity of natu-
ral phenomena, the scholars switched their attention from single-component®7?
to multi-component equations.®? Multi-component coupled nonlinear evolution

nonlinear evolution equations,

equations are used to investigate localized waves, a kind of nonlinear waves
such as solitons,'®!! breathers'? and rogue waves.'®* A few methods can be
applied to investigate localized waves, which include Darboux transformation
(DT),'® Bécklund transformation,'® the Hirota bilinear method,'” and general-
ized DTs.1820 Localized waves in nonlinear optical fibers have been studied by
many researchers, and related results provide a theoretical basis for optical fiber
communications.?! 23
In this paper, the following coupled fourth-order nonlinear Schrédinger (CNLS)
equation will be studied?*26:
2
in,t + Qj,zx + ﬁQj,wxacx + 2qj Z |Qp|2
p=1

2 2 2 2
+ B QQj Z |Qp,z|2 + 2Qj,w Z QpQZ@ + 6Qj,x Z QZQp,w + 4Qj,wz Z ‘Qp|2
p=1 p=1 p=1 p=1

2 2 2 2
ZZ(D) o, =12

p=1 p=1 p=1

where ¢ (x,t) and ¢a2(z, t) are the complex envelopes of the two kinds of polarization
in the electric field, z and ¢ indicate propagation distance and evolution time,
respectively. The * denotes complex conjugate, and the parameter 3 represents the
strength of the higher-order linear and nonlinear effects.

There are some research results on Eq. (1). Lan displays three shapes of rogue
waves via the DT.?” The interaction among rogue waves, bright-dark solitons and
breathers is discussed, and rogue waves pair is presented.?® Four different types of
breathers are considered.?’ Based on a second-order generalized DT, Wang et al.
obtain two- and three-soliton solutions.3°

However, there are few studies on dynamics of the third-order localized waves
of Eq. (1). This paper will derive the Nth-order generalized DT on the basis of
classical DT and limiting method, basic solutions will be constructed and the third-
order localized wave solutions will be generated via a generalized DT.

This paper is arranged as follows. In Sec. 2, the generalized DT will be derived,
and the higher-order localized wave solutions will be obtained. In Sec. 3, on the
basis of numerical simulation, the evolution plots of the higher-order localized waves
are given, and their dynamical characteristics are analyzed. Section 4 concludes.
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2. Generalized Darboux Transformation
The following Lax pair is considered3:
d, =UD, (2a)
D, =V, (2b)
where
U=il\o+ P,
V = 8iBaA* + 88PN + [4iBP,o + 4iP%c + 2i(I — 0)]A\* + (48P% — 2Py,
—2BPP,42B8P,P — 2P)\ 4+ i0 Pyyy — i3Pyy Po — i3PPyy0o + iBP2 0
+ 3i3P?P,o + 3ifP,P?0 + io P, — io P? 4 3ifoP?,

1.0 0 0 @ &
c=10 1 0|, P=|-¢1 0 O
0 01 -2 0 0
The Darboux matrix 7" is constructed as follows:
T =X —-HAH™!, (3)
where
Y1 —91 —Xi A 000
H=|¢1 ¢f 0 |, A=|[0 X O
xi 0 o] 0 0 A

® = (p1,61,x1)T is the eigenfunction of Eq. (2) corresponding to the spectral
parameter A = A; and seed solutions ¢ = ¢1[0] and ¢2 = ¢2[0]. The DT of Eq. (1)
is obtained from the Darboux matrix T" as follows:

A =g, q)k:(spk7¢k7Xk)T7 (/{21,2,...,N)7 (4)

ON[N —1] = T[N — 1|T[N — 2]...T[1]®y, (5)

— 0] — 2i oplk — 1orlk — 1] . (6a

alVI=al Z Dol — 0P +lonth— 1P+ bk~ &
N

o[N] = go[0] — 20 S (A — A* pilk = xelk — 1] . (6b

%] = el ,;( iolb 1P +lonlo— 7 + pole— 17"

where
T[k] = Mgpa ] — Hk — 1JA[K]H [k — 1]
D[k — 1] = (T[k — 1T[k — 2] - -- T[1])|xer, P,
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prlk =1 =ik —1]  —xglk 1]

Hlk =1 = | ¢plk —1] ik —1] 0 ;
X[k — 1] 0 oilk — 1]
A 00
AKl=[0 X 0
0 0 A

Based on the above classical DT, a generalized DT of Eq. (1) is constructed.
Assuming ®; = ®1(\1, ) is a solution of Eq. (2) and 7 is a small parameter, Taylor
expansion of ®; at n = 0 is obtained as follows:

o, =0l oy 1 a2 4. 4 VN 4 o™, (7)
where
k 1 ok K L[k [k
(I)[l] - HW(I)l()‘)|>\:>\1 = (90[1 ],Qs{l ]’X[l ])Tv (k=0,1,2,...,N).

It is easy to verify that <I>[10] = ®,[0] is a special solution with A = A1, g1 = ¢1[0]
and g2 = ¢2[0] of Eq. (2). Thus, the generalized DT is defined as follows:

N—-1 N—1N-1
o [N -1 = + | S| ol + | Y S mpn| o
=1 =1 h>l
[N-1]
+ o+ [N = 1] T 2]T 10 (8)

@1[N] = 1[N — 1]
O1[N — 1]¢1 [N — 1]

—2i(A\; — AY) ; 5 5. (%)
1[N = 1|7+ [¢1 [N = 1]I" + pa [NV = 1]|
¢2[N] = q2[N — 1]
9 - D) QI[N —1]xa[N — 1] . (9b)

o1 [N = 1]1> + [$2[N = 1)° + [xa[N - 1]|
where
Ti[k] = M I — Hy[k — 1A Hy [k — 171,
®1[N — 1] = (¢1[N — 1], 1[N — 1], xa [N — 1])7,
pilk =1 —oilk—1] —xi[k—1]
Hilk —1] = [ ¢1[k = 1] ¢i[k—1] 0 :
xi[k —1] 0 o1k —1]
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M 0 0
A=|0 A 0
0 0 X

3. Dynamics of Higher-Order Localized Waves

Assuming ¢1[0] = a1 and ¢[0] = aze' are seed solutions of Eq. (1), where

0 = px + wt,
2
w=—p®+2(af +a3) + Bl6(a] + a3)” — 124 (a3 + a3) + p*],

a1,as and p are arbitrary real constants.

The first- and second-order localized wave solutions with x4 = 0 have been
studied.?® The dynamical characteristics of the higher-order localized waves will be
discussed with p # 0 which is different from Ref. 28.

The corresponding basic vector solution at A = (§ 4+ iv/af +a3)(1 +7?) is

(hyer1th2 — pyeri—r2)e= %

1(n) = vi(hyeft—r2 — hze"l*“?)e% + yagets | (10)
Va(hyef17r2 — hyeMiTh2)e's — ~qyehs
where
5 3
N R R i Ry
1= )
2
\/(% - )\) + (aﬂ)l + a2U2)2
3
2
. (\/(% — A"+ (arvr + agvs)? — %—F)\)
2 pr—

\/(% =N’ + (101 + azv2)*

k1 = 2i[(—ai — a3 + pA = 20%)u?B + Nt

. 1% 2 2 . 3
Ko = 2\/<2 - )\) + (a1v1 + agve)“(x — 7t + Q(n)), Kz = iA(x + 8BN°),

T = g+ 2\ + Blu(—p% + 2uX — 4X2) 4 (6 + 4\)(a? + a2) — 823,

ay az

N
e = 2 QM) =Y (my +ing)y®, (myn, € R),

Jj=

v =
aj, m; and n; are arbitrary real constants. Let 6 = a} + a3, and expand function
®4(n) be Taylor series at n = 0,
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where

k k» 1 62k¢1
®1(n) = (P, gl DT =

‘?7 0> (k2071727"')7

- (2k)! o>
ol =54 ({ + f@) 2267 + i + 45t 4 2436%
— 4067 pt(1 + 1285) + 4867 jit (i — 467 )]
o = 53 (f + \2[2> a1[2i6% x + 24B6%t + 46t — i
— 4067 it (1285 + 1) + 4867 1%t (ip — 467)]e® + vageS
=61 (? + ? > (267 x + 24B6%t + A5t — i
— 4067 it (1285 + 1) + 4867 it (ip — 467)]e® — yas e
(1 = 2ut (28 — 1)6 + —ipx + pt(—iBu® + 1622'56 + 2i) — 6i0t(68 + 1),
ipx +iBpt(u? — 86) + 2i6t(385 — 1)

Co = 2ut (25 — 1)6% +

2 )
Gy = [i0~ 2 + 880t — 12i36% ut + BuPt(i6~ 3 u — 6)] (2'5 + géé).

Owing to the expression <I>[ - (go[f], [13]7)([1 ]) (j = 1,2) which is complicated,
its specific form is omitted.

Based on the following limit formula:

T12]|a=x, 1402) T |r=x, 1492) @1

®1[2] = 7171_% 7
— iy 7+ T2 ) an? + Ti[1]a=r) @1
n—0 ’174
=20l 4\ (12 + )@l + (2T 1), (12)

and Eqgs. (8) and (9), the third-order localized wave solutions can be obtained

119 = q1|4] — i)\l—)\y{ @I[2]¢1[2] ’ ’
e P P T o

2[3] = @2[2] — 2i(A1 — AT A ’ 19
¢2[3] = ¢2[2] ( )|<p1[2]|2+|¢1[2]|2+ |><1[2]|2 )

where

(2] = (o1, o1, X,

2250146-6



Higher-order localized wave solutions to a coupled fourth-order

T1[1] = AT — Hi[0]A Hy[0] 77,

(2] = M I — Hy[1JA H 178
¢1[0]  —a7[0] —x

Hi[0] = | ¢1[0]  »7[0] 0 )

— %
=

Hi[l] = | eall]  ¢i[1] 0

MO0
Ai=]0 A 0
0 0 X

The evolution plots of different third-order localized waves are obtained by alter-
ing the values of the free parameters. Next, the dynamics of third-order localized
wave solutions are discussed in different cases.

8]

a,81

(c) (d)

Fig. 1. (Color online) The third-order localized waves with a1 = 1,a2 = m1 =m2 =n1 =ng =
Ovl'b: Wlov 5 = Tl() and (a‘) Y= 50100; (b) v = 50100; (C) Y= %; (d) Y= %
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Case 1. u=v=0,a; #0, a2 20 and 8 # 0.

Let m1 = ma = ny = ny =0, ¢1[3] and ¢2[3] be the basic third-order rogue waves,
and their amplitude is maximum at the center. Let my; = mo = ny = ns # 0, the
third-order rogue waves are separated into six first-order rogue waves. The evolution
plots of third-order rogue waves are omitted in this paper.

Case 2. 4 #0, a1 #0, and as = 0.

Let m1 = mg = ny = ny = 0, the interaction between third-order rogue waves and
three dark solitons can be obtained in Fig. 1(a). As shown in Fig. 1(b), the third-
order rogue waves in the component go[3] are not easily observed in the background
of zero amplitude. It can be seen that the third-order rogue waves are merged with
the three dark solitons by increasing the value of v in Fig. 1(c).

Let m; = mo = n; = ng # 0, it is obvious that the third-order rogue waves
in the component ¢;[3] are separated into six first-order rogue waves in Fig. 2(a).
Similarly, as seen in Fig. 2(b), it is difficult to observe rogue waves in the component
¢2[3]. Moreover, Figs. 2(c) and 2(d) exhibit the change of the propagation direction
of bright—dark solitons by altering the value of p.

a8

a6

(c) (d)

Fig. 2. (Color online) The third-order localized waves with a1 = 1,a2 = 0,m; = ma = n1 =
n2 = 30,7 = 1q000008 = 5 and (a) p = {53 (b) p= 155 (¢) p=—155 () p=—15.
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Fig. 3. (Color online) The third-order localized waves with a1 = a2 = %, mip=msg =mn1 =ng =

0, = 2710’7: 10010()() and (a) B = TIO; (b) B = %; (C) 8= ﬁ§ (d) B = 1(1)0‘

Cases 3. u # 0,a1 # 0 and ag # 0.

Let my = mg = ny = ny = 0, Figs. 3(a) and 3(b) display the interaction between
the third-order rogue waves and three breathers, and the dynamic characteristics
of the components ¢ [3] and ¢2[3] are basically consistent. On decreasing the value
of 3, Figs. 3(c) and 3(d) show that the three breathers’ period increases.

Let my = mgy = n; = ny # 0, due to the separation function, the third-
order rogue waves appear as a separation phenomenon and interact with the three
breathers, as shown in Figs. 4(a) and 4(b).

In summary, the parameters have an important influence on the dynamics of
the localized waves.

The parameters a; and ag influence the type of localized waves. If a; # 0 and
as = 0, the third-order rogue waves interact with three dark—bright solitons. If
a1 # 0 and as # 0, it is observed that the third-order rogue waves coexist with
three breathers.

The parameters m;,n;, (j = 1,2) play an important role in the separation of
third-order rogue waves. When the parameters m;, n; are not equal to 0, the third-
order rogue waves can be separated into six first-order rogue waves.
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a,8)
a,03)

(a) (b)

Fig. 4. (Color online) The third-order localized waves with a1 = a2 = %,,u = 2—10,'7 = m, B =

%and(a)m1:m2:n1:n2:50; (b) m1 =ma =n1 =n2 = 50.

The parameter p has an important influence on the propagation direction of
three dark—bright solitons and breathers. As p < 0, the included angle between the
propagation direction of the three dark—bright solitons or breathers and the positive
direction of t-axis is an obtuse angle, or else is an acute angle.

The parameter «y leads to the separation of the third-order rogue waves from the
three dark—bright solitons and breathers. As the parameter v increases, the third-
order rogue waves gradually merge the three dark-bright solitons and breathers.

The parameter [ determines the period and spacing of the three dark—
bright solitons and breathers. As 8 decreases, the period of the three breathers
increases.

4. Conclusions

On the basis of seed solutions and the Lax pair, a coupled fourth-order nonlinear
Schrodinger equation was studied by a generalized DT. Dynamical characteristics
of the localized waves were analyzed by altering the values of the involved param-
eters, including the interaction between higher-order rogue waves and dark—bright
solitons or breathers. The obtained results enrich dynamics of localized waves in a
birefringent optical fiber.
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