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A B S T R A C T

The fifth-order coupled extended modified Korteweg–de-Vries (KdV) equation is studied. Based
on seed solutions and Lax pairs, the Nth-order iterative expression of the localized wave
solutions of the equation are obtained by the generalized Darboux transformation. Then,
through numerical simulation, the evolution plots of the interaction of rogue waves with
dark–bright solitons and the Kuznetsov–Ma breathers are derived. The results demonstrate the
abundant dynamical patterns of localized waves in the fifth-order coupled systems.

. Introduction

In recent years, the nonlinear Schrödinger equation has been used by scholars to describe naturally occurring nonlinear
henomena [1–6]; these descriptions have an extremely wide range of application in important disciplines such as optics [2], fluid
echanics [3], biomedicine [4], and oceanography [5]. Considering the increasing understanding of the complexity of natural
henomena, scholars increasingly sought integrable generalizable models of nonlinear Schrödinger equations [6]. The research
eveloped, for example, the Kadomtsev–Petviashvili (KP) equations [7], the Kundu–Eckhaus (KE) equations [8,9], the Gerdjikov–
vanov (GI) equations [10], and the Korteweg–de-Vries (KdV) equations [11–13]. Further, these integrable generalizable equations
an be used to study localized waves [14], which comprise solitons [15], breathers [16], and rogue waves [17]. There are many
ethods for investigating localized wave solutions, such as the Darboux transformation [18,19], the Bäcklund transformation [20],

he inverse scattering transformation [21], the Hirota bilinear method [22], and the Riemann–Hilbert method [23]. The study
f localized wave solutions of nonlinear integrable equations is the theoretical basis for understanding practical problems in the
bjective world.

This paper mainly considers the fifth-order coupled extended modified KdV equations,

𝑢21(30𝑢
∗2
1 𝑢1,𝑥 + 20𝑢∗1𝑢

∗
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+𝑢2𝑢∗2,𝑥𝑢1,𝑥𝑥) + 10𝑢∗2𝑢1,𝑥𝑥𝑢2,𝑥 − 𝑢1,𝑡 + 𝑢1,𝑥𝑥𝑥𝑥𝑥 = 0,

𝑢22(30𝑢
∗2
2 𝑢2,𝑥 + 20𝑢∗1𝑢

∗
2𝑢1,𝑥) + 𝑢2(40|𝑢1|2𝑢∗2𝑢2,𝑥 + 10(𝑢2,𝑥𝑢∗2,𝑥𝑥 + 𝑢∗2,𝑥𝑢2,𝑥𝑥

+𝑢∗2𝑢2,𝑥𝑥𝑥) + 20|𝑢1|
2𝑢∗1𝑢1,𝑥 + 5(𝑢∗1𝑢1,𝑥𝑥𝑥 + 𝑢1,𝑥𝑢∗1,𝑥𝑥 + 𝑢∗1,𝑥𝑢1,𝑥𝑥)) + 𝑢2,𝑥(10

(𝑢2,𝑥𝑢∗2,𝑥 + |𝑢1|
4 + 𝑢∗1𝑢1,𝑥𝑥 + 𝑢1,𝑥𝑢∗1,𝑥) + 20𝑢∗2𝑢2,𝑥𝑥 + 5𝑢1𝑢∗1,𝑥𝑥) + 5(|𝑢1|2𝑢2,𝑥𝑥𝑥

+𝑢1𝑢∗1,𝑥𝑢2,𝑥𝑥) + 10𝑢∗1𝑢2,𝑥𝑥𝑢1,𝑥 − 𝑢2,𝑡 + 𝑢2,𝑥𝑥𝑥𝑥𝑥 = 0,

(1)

n Eq. (1), 𝑥 and 𝑡 are distance and time variables, respectively, and the symbol ∗ denotes complex conjugate. 𝑢1(𝑥, 𝑡) and 𝑢2(𝑥, 𝑡)
re potential functions with zero boundary condition.

Some research results have been obtained for Eq. (1). Using Riemann–Hilbert method, Fan and Lin [6] obtained the N-soliton
olutions of Eq. (1), and the structure diagram of the solitons was drawn by selecting appropriate parameters. Huang et al. [24]
ave the Lax pair corresponding to Eq. (1) at 𝑢1 = 𝑢2, and the first-order to the fourth-order rogue waves were displayed through the
arboux transformation; and the influence of parameters on the rogue waves’ behaviors was discussed. At 𝑢1 = 𝑢2, Huang et al. [25]

tudied the breather solutions of Eq. (1) in a non-zero background using the Darboux transformation. Liu [26] reported soliton and
reather solutions to Eq. (1) at 𝑢1 = 𝑢2 by the Riemann–Hilbert method in a non-zero constants context. Ren and Lin [27] generated
he interaction between one-soliton and cnoidal waves of Eq. (1) by the consistent Riccati expansion (CRE) method. Wang and
hang [28] derived the rational solutions from the first to the second orders via the generalized Darboux transformation of Eq. (1)
t 𝑢1 = 𝑢2; doubly periodic lattice-like and doubly localized high-peak waves were shown. At present, there are few studies on the
ynamics of the higher-order localized waves of Eq. (1). Therefore, this paper will display the third-order localized waves through
he generalized Darboux transformation, and describe the dynamical characteristics of localized waves via numerical simulation.

In Section 2, the generalized Darboux transformation is derived and an iterative formula for the Nth-order localized wave
olutions is given. In Section 3, the evolution plots of third-order localized waves is obtained via numerical simulation, and their
ynamical characteristics are analyzed. Finally, in Section 4, results are discussed and several conclusions are provided.

. Generalized Darboux transformation

The Lax pair corresponding to Eq. (1) is

𝛷𝑥 = 𝑈 (𝜆)𝛷, (2a)

𝛷𝑡 = 𝑉 (𝜆)𝛷, (2b)

here

𝑈 (𝜆) = 1
2
𝑖𝜆𝐽 + 𝑖𝐽𝑃 , 𝑉 (𝜆) =

5
∑

𝑗=0
𝜆𝑗𝑉𝑗 ,

𝑃 =
⎛

⎜

⎜

⎝

0 𝑢1 𝑢2
−𝑢∗1 0 0
−𝑢∗2 0 0

⎞

⎟

⎟

⎠

, 𝐽 =
⎛

⎜

⎜

⎝

1 0 0
0 −1 0
0 0 −1

⎞

⎟

⎟

⎠

,

𝑉5 =
𝑖
2𝐽 , 𝑉4 = 𝑖𝐽𝑃 , 𝑉3 = 𝑃𝑥 + 𝑖𝐽𝑃 2, 𝑉2 = 𝑃𝑥𝑃 − 𝑃𝑃𝑥 + 𝑖𝐽 (2𝑃 3 − 𝑃𝑥𝑥),

𝑉1 = −𝑃𝑥𝑥𝑥 + 3(𝑃𝑥𝑃 2 + 𝑃 2𝑃𝑥) + 𝑖𝐽 (3𝑃 4 − 𝑃𝑃𝑥𝑥 − 𝑃𝑥𝑥𝑃 + 𝑃𝑥
2),

𝑉0 = (𝑃𝑃𝑥𝑥𝑥 − 𝑃𝑥𝑥𝑥𝑃 + 𝑃𝑥𝑥𝑃𝑥 − 𝑃𝑥𝑃𝑥𝑥 + 4(𝑃𝑥𝑃 3 − 𝑃 3𝑃𝑥) + 2(𝑃 2𝑃𝑥𝑃 − 𝑃𝑃𝑥𝑃 2))

+𝑖𝐽 (𝑃𝑥𝑥𝑥𝑥 − 4(𝑃𝑥𝑥𝑃 2 + 𝑃 2𝑃𝑥𝑥) − 2(𝑃𝑥
2𝑃 + 𝑃𝑃𝑥

2 + 𝑃𝑃𝑥𝑥𝑃 ) + 6(𝑃 5 − 𝑃𝑥𝑃𝑃𝑥)).

The Darboux matrix 𝑇 is constructed as

𝑇 = 𝜆𝐼 −𝐻𝛬𝐻−1, (3)

here

𝐻 =
⎛

⎜

⎜

⎝

𝜙1 𝜑∗
1 𝜒∗

1
𝜑1 −𝜙∗

1 0
𝜒1 0 −𝜙∗

1

⎞

⎟

⎟

⎠

, 𝛬 =
⎛

⎜

⎜

⎝

𝜆1 0 0
0 𝜆∗1 0
0 0 𝜆∗1

⎞

⎟

⎟

⎠

.

𝑘 =
(

𝜙𝑘, 𝜑𝑘, 𝜒𝑘
)𝑇 is the eigenfunction of Eq. (2) corresponding to the spectral parameters 𝜆 = 𝜆1 and seed solutions 𝑢1 = 𝑢1[0] and

2 = 𝑢2[0].
Assuming 𝛷1 = 𝛷1

(

𝜆1, 𝜂
)

is a solution of Eq. (2) and 𝜂 is a small parameter, the Taylor expansion of 𝛷1 at 𝜂 = 0 is obtained:

𝛷1 = 𝛷[0]
1 +𝛷[1]

1 𝜂 +𝛷[2]
1 𝜂2 +⋯ +𝛷[𝑁]

1 𝜂𝑁 + 𝑜
(

𝜂𝑁
)

, (4)

here

𝛷[𝑘] = 1 𝜕𝑘 𝛷 (𝜆) || =
(

𝜙[𝑘], 𝜑[𝑘], 𝜒 [𝑘]
)𝑇

, (𝑘 = 0, 1, 2,… , 𝑁) .
2

1 𝑘! 𝜕𝜆𝑘 1
|

𝜆=𝜆1 1 1 1
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It is easy to verify that 𝛷[0]
1 = 𝛷1[0] is a special solution of Eq. (2) with 𝜆 = 𝜆1, 𝑢1 = 𝑢1[0] and 𝑢2 = 𝑢2[0]. Therefore, the

generalized Darboux transformation of the Nth-order equation is defined as

𝛷1[𝑁 − 1] = 𝛷[0]
1 +

[𝑁−1
∑

𝑙=1
𝑇1[𝑙]

]

𝛷[1]
1 +

[𝑁−1
∑

𝑙=1

𝑁−1
∑

ℎ>𝑙
𝑇1[ℎ]𝑇1[𝑙]

]

𝛷[2]
1

+⋯ +
[

𝑇1[𝑁 − 1]⋯ 𝑇1[2]𝑇1[1]
]

𝛷[𝑁−1]
1 ,

(5)

𝑢1[𝑁] = 𝑢1[𝑁 − 1] +
(

𝜆1 − 𝜆∗1
)

𝜙𝑘[𝑘 − 1]𝜑∗
𝑘[𝑘 − 1]

|

|

𝜙𝑘[𝑘 − 1]|
|

2 + |

|

𝜑𝑘[𝑘 − 1]|
|

2 + |

|

𝜒𝑘[𝑘 − 1]|
|

2
, (6a)

𝑢2[𝑁] = 𝑢2[𝑁 − 1] +
(

𝜆1 − 𝜆∗1
)

𝜙𝑘[𝑘 − 1]𝜒∗
𝑘 [𝑘 − 1]

|

|

𝜙𝑘[𝑘 − 1]|
|

2 + |

|

𝜑𝑘[𝑘 − 1]|
|

2 + |

|

𝜒𝑘[𝑘 − 1]|
|

2
. (6b)

3. Dynamics of the third-order localized waves

Assume 𝑢1[0] = 𝑑1e𝑖𝜃 and 𝑢2[0] = 𝑑2e𝑖𝜃 are seed solutions of the localized waves, where

𝜃 = 𝜇𝑥 + 𝜔𝑡,

𝜔 = −𝜇5 + 30𝜇3𝑑1
4 − 20𝜇3𝑑1

2 + 60𝜇𝑑12𝑑22 − 20𝜇3𝑑2
2 + 30𝜇𝑑24,

𝜇, 𝑑1 and 𝑑2 are arbitrary real constants. The corresponding basic vector solution at 𝜆 =
(

𝜇 + 2𝑖
√

𝑑12 + 𝑑22
)

(1 + 𝜂2) is

𝛷1 (𝜂) =

⎛

⎜

⎜

⎜

⎝

(

𝐶1𝑒𝜅1+𝜅2 − 𝐶2𝑒𝜅1−𝜅2
)

𝑒
𝑖𝜃
2

𝜌1
(

𝐶1𝑒𝜅1−𝜅2 − 𝐶2𝑒𝜅1+𝜅2
)

𝑒−
𝑖𝜃
2 + 𝛼𝑑2𝑒𝜅3

𝜌2
(

𝐶1𝑒𝜅1−𝜅2 − 𝐶2𝑒𝜅1+𝜅2
)

𝑒
𝑖𝜃
2 − 𝛼𝑑1𝑒𝜅3

⎞

⎟

⎟

⎟

⎠

, (7)

here

𝐶1 =

√

𝜆 − 𝜇 +
√

(𝜆 − 𝜇)2 + 4𝑑21 + 4𝑑22
√

(𝜆 − 𝜇)2 + 4𝑑21 + 4𝑑22

, 𝐶2 =

√

𝜆 − 𝜇 −
√

(𝜆 − 𝜇)2 + 4𝑑21 + 4𝑑22
√

(𝜆 − 𝜇)2 + 4𝑑21 + 4𝑑22

,

𝜅1 = 𝑖𝜇5𝑡, 𝜅2 =
1
2
𝑖
√

(𝜆 − 𝜇)2 + 4𝑑21 + 4𝑑22 (𝑥 + ℎ𝑡 +𝛺(𝜂)) , 𝜅3 = −1
2
𝑖𝜆𝑥 − 1

2
𝑖𝜆5𝑡,

ℎ = 𝜆4 + 𝜇𝜆3 + (𝜇2 − 2𝑑21 − 2𝑑22 )𝜆
2 + 𝜇(𝜇2 − 6𝑑21 − 6𝑑22 )𝜆 + 𝜇4 + 𝜇2(−12𝑑21 − 12𝑑22 ) + 6

(

𝑑21 + 𝑑22
)2,

𝜌1 =
𝑖𝑑1

√

𝑑21 + 𝑑22

, 𝜌2 =
𝑖𝑑2

√

𝑑21 + 𝑑22

,

𝛺 (𝜂) =
𝑁
∑

𝑗=1

(

𝑚𝑗 + 𝑖𝑛𝑗
)

𝜂2𝑗 ,
(

𝑚𝑗 , 𝑛𝑗 ∈ 𝑅
)

,

𝛼, 𝑚𝑗 and 𝑛𝑗 are arbitrary real constants. Expand 𝛷1(𝜂) at 𝜂 = 0 using the Taylor series,

𝛷1 (𝜂) = 𝛷[0]
1 +𝛷[1]

1 𝜂2 +𝛷[2]
1 𝜂4 +𝛷[3]

1 𝜂6 +⋯ , (8)

where

𝛷1 (𝜂) =
(

𝜙[𝑘]
1 , 𝜑[𝑘]

1 , 𝜒 [𝑘]
1

)𝑇
= 1

(2𝑘)!
𝜕2𝑘𝛷1

𝜕𝜂2𝑘
|

|

|

𝜂=0 (𝑘 = 0, 1, 2,…) .

The expression 𝛷[𝑗]
1 =

(

𝜙[𝑗]
1 , 𝜑[𝑗]

1 , 𝜒 [𝑗]
1

)𝑇
(𝑗 = 1, 2) is complicated, its specific form is omitted. Fan et al. [6] studied the dynamical

behaviors of the first-order localized waves in Eq. (1), thus, it is not repeated here. Rather, the dynamics of the third-order localized
waves in Eq. (1) are of primary interest.

Based on the following limit formula,

𝛷1[2] = lim𝜂→0

𝑇 [2]
|

|

|

|

𝜆=𝜆1(1+𝜂2)
𝑇 [1]

|

|

|

|

𝜆=𝜆1(1+𝜂2)
𝛷1

𝜂4

= lim𝜂→0

(

𝜆1𝜂2+𝑇1[2]
|

|

|

𝜆=𝜆1

)(

𝜆1𝜂2+𝑇1[1]
|

|

|

𝜆=𝜆1

)

𝛷1

𝜂4

2 [0] ( ) [1] ( ) [2]

(9)
3

= 𝜆1𝛷1 + 𝜆1 𝑇1[2] + 𝑇1[1] 𝛷1 + 𝑇1[2]𝑇1[1] 𝛷1 ,
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and Eqs. (5) and (6), the third-order localized wave solutions can be obtained,

𝑢1[3] = 𝑢1[2] +
(

𝜆1 − 𝜆∗1
)

𝜙1[2]𝜑∗
1[2]

|

|

𝜙1[2]||
2 + |

|

𝜑1[2]||
2 + |

|

𝜒1[2]||
2
, (10a)

𝑢2[3] = 𝑢2[2] +
(

𝜆1 − 𝜆∗1
)

𝜙1[2]𝜒∗
1 [2]

|

|

𝜙1[2]||
2 + |

|

𝜑1[2]||
2 + |

|

𝜒1[2]||
2
, (10b)

where

𝛷1[2] =
(

𝜙[2]
1 , 𝜑[2]

1 , 𝜒 [2]
1

)

,

𝑇1[1] = 𝜆1𝐼 −𝐻1[0]𝛬1𝐻1[0]−1, 𝑇1[2] = 𝜆1𝐼 −𝐻1[1]𝛬1𝐻1[1]−1,

𝐻1[0] =
⎛

⎜

⎜

⎝

𝜙1[0] 𝜑∗
1[0] 𝜒∗

1 [0]
𝜑1[0] −𝜙∗

1[0] 0
𝜒1[0] 0 −𝜙∗

1[0]

⎞

⎟

⎟

⎠

,𝐻1[1] =
⎛

⎜

⎜

⎝

𝜙1[1] 𝜑∗
1[1] 𝜒∗

1 [1]
𝜑1[1] −𝜙∗

1[1] 0
𝜒1[1] 0 −𝜙∗

1[1]

⎞

⎟

⎟

⎠

, 𝛬1 =
⎛

⎜

⎜

⎝

𝜆1 0 0
0 𝜆∗1 0
0 0 𝜆∗1

⎞

⎟

⎟

⎠

.

The specific expression of 𝑢1[3] and 𝑢2[3] involves eight free parameters 𝜇, 𝑑1, 𝑑2, 𝛼, 𝑚1, 𝑛1, 𝑚2, 𝑛2 and different third-order localized
waves evolution plots are obtained by varying the values of the free parameters. Then the dynamical characteristics of localized
waves in different cases are discussed.

(1) If 𝑑1 ≠ 0 and 𝑑2 = 0, there are two cases.
When parameters 𝑚1 = 0, 𝑛1 = 0, 𝑚2 = 0 and 𝑛2 = 0, it is the interaction between the third-order rogue waves and three

dark–bright solitons. Under the influence of zero-amplitude background, the third-order rogue waves in the component 𝑢2[3] are
difficult to identify. If 𝜇 = 1

5 , the propagation direction of three solitons are parallel to the 𝑡-axis in Fig. 1. If other parameters remain
unchanged and 𝜇 = 1

3 , the propagation direction of bright–dark solitons changes, and the angle between the propagation direction
of three-dark–bright solitons and the positive direction of 𝑡-axis is an obtuse angle, as shown in Fig. 2.

Fig. 1. The third-order localized waves with 𝑑1 =
1
3
, 𝑑2 = 0, 𝜇 = 1

5
, 𝛼 = 1

100000
, 𝑚1 = 0, 𝑛1 = 0, 𝑚2 = 0, 𝑛2 = 0.

Fig. 2. The third-order localized waves with parameters the same as in Fig. 1 except for 𝜇 = 1
3
.

When 𝑚1 ≠ 0, 𝑛1 ≠ 0, 𝑚2 ≠ 0 and 𝑛2 ≠ 0, due to the separation function, the third-order rogue waves in the component 𝑢1[3]
are separated into six first-order rogue waves in Fig. 3. Similarly, it is difficult to observe rogue waves in the component 𝑢2[3] at
the zero-amplitude background. If other parameters remain unchanged and 𝜇 = 1

8 , the angle between the propagation direction of
bright–dark solitons and the positive direction of 𝑡-axis is an acute angle, as seen in Fig. 4.

(2)If 𝑑 ≠ 0 and 𝑑 ≠ 0, there are two cases.
4

1 2
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Fig. 3. The third-order localized waves with 𝑑1 =
1
3
, 𝑑2 = 0, 𝜇 = 1

5
, 𝛼 = 1

100000
, 𝑚1 = 20, 𝑛1 = 20, 𝑚2 = 30, 𝑛2 = 30.

Fig. 4. The third-order localized waves with parameters the same as in Fig. 3 except for 𝜇 = 1
8
.

When 𝑚1 = 0, 𝑛1 = 0, 𝑚2 = 0 and 𝑛2 = 0, the third-order rogue waves interact with three breathers (Kuznetsov–Ma breathers),
and the propagation direction of breathers is parallel with the positive direction of 𝑡-axis. The third-order rogue waves suddenly
appear from nowhere at time 𝑡 = 0 in Fig. 5. When 𝑑1 > 𝑑2, the breather amplitude of the component 𝑢2[3] is higher than the one
in component 𝑢1[3]. If other parameters remain unchanged, the third-order rogue waves merge with three Kuznetsov–Ma breathers
by increasing the value of 𝛼 in Fig. 6.

Fig. 5. The third-order localized waves with 𝑑1 =
1
3
, 𝑑2 =

1
5
, 𝜇 = 1

4
, 𝛼 = 1

100000
, 𝑚1 = 0, 𝑛1 = 0, 𝑚2 = 0, 𝑛2 = 0.

Fig. 6. The third-order localized waves with parameters the same as in Fig. 5 except for 𝛼 = 1
200

.

When 𝑚1 ≠ 0, 𝑛1 ≠ 0, 𝑚2 ≠ 0 and 𝑛2 ≠ 0, the third-order rogue waves interact with the third-order Kuznetsov–Ma breathers.
Under the influence of the separation function 𝛺 (𝜂), the third-order rogue waves are separated into six first-order rogue waves, and
arrange themselves in triangles as shown in Fig. 7.
5
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Fig. 7. The third-order localized waves with 𝑑1 =
1
3
, 𝑑2 =

1
5
, 𝜇 = 1

4
, 𝛼 = 1

100000
, 𝑚1 = 30, 𝑛1 = 30, 𝑚2 = 40, 𝑛2 = 40.

4. Conclusions

In this paper, the localized wave solutions and the dynamical characteristics of the fifth-order coupled extended modified KdV
equation are studied. The Nth-order generalized Darboux transformation is derived by using the Taylor expansion and the limit
formula, and the third-order localized wave solutions of the equation are obtained. Among them, there are several free parameters
𝜇, 𝑑1, 𝑑2, 𝛼, 𝑚1, 𝑛1, 𝑚2, 𝑛2 that have an important influence on the dynamical characteristics of localized waves. The parameter 𝜇 plays
an important role in the propagation direction of three dark–bright solitons and Kuznetsov–Ma breathers, along the positive direction
of the 𝑡-axis. Parameters 𝑑1, 𝑑2 affect the type of localized waves. If 𝑑1 ≠ 0 and 𝑑2 = 0, the effect is the interaction between three
dark–bright solitons and the third-order rogue waves; If 𝑑1 ≠ 0 and 𝑑2 ≠ 0, the effect is the interaction between the third-order
Kuznetsov–Ma breathers and the third-order rogue waves. The parameter 𝛼 determines the space of the two localized waves. As the
parameter 𝛼 increases, the dark–bright solitons or Kuznetsov–Ma breathers gradually fuse with the rogue waves. The parameters
𝑚𝑖 (𝑖 = 1, 2) and 𝑛𝑖 (𝑖 = 1, 2) lead to the separation of the third-order rogue waves. When 𝑚𝑖 ≠ 0 (𝑖 = 1, 2) and 𝑛𝑖 ≠ 0 (𝑖 = 1, 2), the
third-order rogue waves can be separated into six first-order rogue waves. These results and the methods used contribute to the
understanding of the dynamical characteristics of the third-order localized waves, contribute significantly to the body of knowledge
concerning solutions of the basic equations, and provide a firm basis for future investigation.
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