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Abstract Based on the generalized Darboux trans-
formation, the underlying propagation mechanism
of localized waves is systematically studied. More
specifically, the variable-coefficient coupled nonlin-
ear Schrodinger (NLS) equation is used to accurately
describe the dispersion compensation and lumped
amplification properties in an inhomogeneous optical
fiber. Based on the Lax pair and the seed solutions, the
expressions of both the first- and second-order local-
ized wave solutions are calculated. Then, by perform-
ing numerical simulations, the evolutionary plots of
the interaction of rogue waves with bright-dark soli-
tons and breathers are obtained, and their dynamical
characteristics are further analyzed. From the acquired
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results, itis found that the values of 8 (z) and y (z) have
adirect influence on the propagation shape of the local-
ized waves. Our work provides valuable insights into
the dynamical characteristics of the localized waves
that the variable-coefficient equations could describe
to a certain extent.

Keywords Variable-coefficient coupled NLS equa-
tion - Bright-dark solitons - Breathers - Rogue waves -
Generalized Darboux transformation

1 Introduction

Asis well-established, the nonlinear Schrodinger (NLS)
equation is regarded as one of the most fundamental and
important equations in the field of nonlinear science
[1,2]. Generally, it can accurately describe the proper-
ties of nonlinear waves in physical systems, and also
simulate the transmission of light in optical fibers [3—
5]. In addition, it is widely utilized in many branches
of applied mathematics and physics including quan-
tum theory [6,7], condensed matter physics [8], and
optical fiber communication [9,10]. In recent years,
with the wide implementation of the NLS equations
by many works in the literature, it has been found that
as both time and space are changed, the constant coef-
ficient NLS equations can only approximate the law
of material motion change. As a result, to more accu-
rately reflect the complex motion change law that takes
place in the real world, it is necessary to establish the
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variable-coefficient NLS equations [11,12]. Moreover,
such type of equations has been already applied to
describe the localized waves, which consist of soli-
tons [13,14], breathers [15], and rogue waves [16].
Several methods for studying the localized wave solu-
tions have been proposed in the literature including the
generalized Darboux transformation [17, 18], the Back-
lund transformation [19], the inverse scattering trans-
formation [20], the Hirota bilinear method [21], and the
Riemann-Hilbert method [22]. Therefore, by using the
variable-coefficient NLS equations, a large number of
complex nonlinear phenomena have been successfully
explained, whereas the development of nonlinear fields

has been also significantly promoted.

Based on the above-mentioned considerations, a
variable-coefficient coupled NLS equation was thor-
oughly studied. Particularly, a two-channel wavelength
division multiplexed soliton structure coupled with the
dispersion compensation and lumped amplification in
an inhomogeneous optical fiber was analyzed as fol-
lows [23]:

ifhz*’@%zrﬂ’ @ (lg11* + lg21*) g1 + i8 () 1 = 0,

(1a)
i+ 2L gou+y @ (1011 + 192?) g2 +i8 (2) g2 = 0,
(1b)

where g1 and g» represent the two polarized compo-
nents of the propagating electromagnetic waves, z and
t denote the partial derivative of the coordinates along
with the direction of the wave propagation, y (z) refers
to the coefficient of self-phase modulation (SPM) and
cross-phase modulation (XPM) of nonlinear effects,
and B (z) and 8 (z) stand for the group velocity dis-
persion (GVD) and amplification or absorption coeffi-
cients, respectively. Besides, it was found that Eqs. (1a)
and (1b) are integrable when § (z) = %}W
The above-mentioned set of equations has been
already studied in the literature, yielding some inter-
esting results. According to the generalized Darboux
transformation, Tian et al. [23] examined the rogue
wave solutions of Eq. (1), and proposed that the second-
order and four-petaled rogue waves were composed of
a bright rogue wave and a four-petaled rogue wave,
respectively. Xu et al. [24] carried out the Nth iterated
Darboux transformation, and obtained the triple Wron-
skian solutions, while the interaction between inhomo-
geneous bright-bright solitons was analyzed. Wang et
al. [25] explored the influence of the various parameters
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on the modulation instability of Eq. (1), and higher-
order asymmetric breather and rogue wave solutions
were also derived by performing the modified Darboux
transformation. In another interesting work, Tian et al.
[26] used the Lax pair of Eq. (1) to display the accu-
racy of one- and two-soliton solutions, and discussed
the interaction of two neighboring solitons by using the
split-step Fourier method. Li et al. [27] described the
propagation properties of self-similar soliton optical
pulses in coupled inhomogeneous optical fiber systems.
Additionally, Musammil et al. [28] reported the exact
phase dynamics of both bright and dark vector solitons
and conducted an asymptotic analysis of two-soliton
solutions by employing the Hirota bilinear method. In
terms of Kadotsev—Peveashvili hierarchy simplifica-
tion, Tian et al. [29] reported non-degenerate N-dark-
dark soliton solutions. Han et al. [30] generated also the
N-bright-dark soliton solutions through the Kadotsev—
Pevyashvili hierarchy reduction, and the inelastic inter-
action between the bright-dark solitons was discovered.
However, the dynamical characteristics of the local-
ized waves in Eq. (1) have been scarcely reported in
the literature. Along these lines, in this work, the local-
ized wave solutions were explored by using the gen-
eralized Darboux transformation. The localized waves
mainly consist of rogue waves, solitons and breathers,
which include the interaction of rogue waves with soli-
tons, and rogue waves interacted with breathers. Thus,
a series of novel evolutionary plots were obtained, such
as periodic, V-type, and K-type plots.

The structure of this work is organized as follows.
In Sect. 2, the generalized Darboux transformation was
derived and the iterative expression of the Nth order
localized wave solutions were obtained. In Sect. 3, the
evolutionary plots of the first- and second-order local-
ized waves were drawn by performing numerical sim-
ulations, and their dynamical characteristics were ana-
lyzed. Finally, in Sect. 4, the conclusions are presented.

2 Generalized Darboux transformation

The following Lax pair of Eq. (1) was considered,

o, =UD, (2a)
O, =V, (2b)



Nth order generalized Darboux transformation

19349

where
~V5Gar kG a
U= Egz)q —iA 0 ,
ixzﬁ(z)—-é(mlﬁ-+|qﬂ )y @ (445,
V= (5qu +2a1) B () /53

(5ax +2ra2) B 55

= 2q}) B33 (543,
—iX2B () + Sl 1y (2)

Larqry (2)

where

—143) B (2) /53
Sa1a3y @) :

—ir2B(2) + tlga Py (2)

where A is the spectral parameter, ® = (¢, ¢, 0F
represents the vector solution of Eq. (2), and the super-
script T denotes the transpose for a vector. It is easy to
verify that U and V satisfy the following compatibility
condition: U, — V; + UV — VU = 0.

The Darboux matrix J can be formulated as follows:

J=xl—HAH™", (€)
where

é1 97 X{ A1 0 0
H=|g—¢: 0 |, A=|02x0

x1 0 —of 0 0 A}
where ® = (¢1, @1, x1)! refers to the eigenfunction of

Eq. (2) corresponding to the spectral parameters A = A1
and seed solutions q; = g1 [0] and g2 = ¢ [0]. Thus,
the classical Darboux transformation can be defined as
follows:

A=, Pk = B i, o) (k=1,2,...,N), (4)
Oy[N — 1] =J[N — 11J[N = 2]---J[1]DN, (O)
1 [N1=q110]
B (2) N *
)Z A — %)
k=1
oF [k — N[k — 1] |T(®)

i [k — 1117 + log [k — 1% + | [k — 1]
q2[N]=q210]

mmN
ot

oF [k — 1] xx [k — 1]
lpr [k — 111 + lox [k — 1117 + |yw [k — 1117

(6b)

JIk] = Ak411 — H[k — 1]A[k]H [k — 1!,

Pylk — 11 =Tk = 11J[k = 2]+ J[1]) [r=ip Prs
dilk =11 @i lk =11 x;lk—1]

Hlk—=1]= | ¢ lk =11 —¢; [k — 1] 0 ,
Xk [k —1] 0 —¢p [k —1]

M 0 O
Alkl=| 0 2 0 |.
0 0 Af

Based on the above-mentioned classical Darboux
transformation, the generalized Darboux transforma-
tion of Eq. (1) can be carried out. By assuming that
®; = & (11, n) is a solution of Eq. (2) and n denotes
a small parameter, the following Taylor expansion of
n = 0 can be obtained:

oy = ol oy + PP 4 MY o (V)
(7
where

1 9%
k k k g
(1>[1]= qu% Mz, = (¢E]’¢E]’Xl[ ]> '

(k=0,1,2,...,N).
It can be easily confirmed that <I>[10] = ®;[0]is a
special solution with A = A1, g1 = ¢q1[0], and ¢» =

g2 [0] of Eq. (2). Therefore, the generalized Darboux
transformation of Nth order can be defined as follows:

N
&N — 1] = 0" + [Z [l]}@&”

1
N —1
[Z > l[h]Jl[lJ} o}
I=1 h>

+~-~+[11[N—1]~~Jl[2]J1[1]]<1>EN‘”, ®)

@ Springer



N. Song et al.

q,[1]

Fig. 1 Depiction of the first-order localized waves with d; =

20z,7 (2) = §:¢,f B(2) = 10z%, y (2) = 37*

q1 [Nl =q1 [N —1]

. B %
—2i ;E5(k1—kﬂ
o7 [N — 1] [N —1]

|1 [N — 111> + |1 [N — 1> + |1 [N — 111>

(%a)
@2[N]=q2[N — 1]
. [B () *
—2i [ (g =
Vv )

GFIN — 11 x1 [N — 1]
|1 [N — 111>+ |@1 [N — 1> + |1 [N — 111>
(9b)

where

Jilk] = a1 — Hylk — 1A Hy[k — 1171,
1[N — 1] = (¢1[N = 11, 1[N — 11, 1[N — 1D7,

drlk—1] ¢flk—1] x{lk—1]
Hilk=1]= | @i [k — 1] —=¢] [k — 1] 0 ;
xi [k —1] 0 —¢7 [k —1]
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a,[1]

a,l1]

(f)

l,dy = O,a:ﬁ and a,d B(2) = %,y(z) = }T;b,eﬁ(z) =

3 Localized wave solutions

By assuming that ¢ [0] = d,/ %eiw(x) and ¢ [0] =
dz,/%ei“’@ are the seed solutions of the local-

ized waves, where w(z) = (di +d;) [B(2)dz,
dy and dp stand for the arbitrary real constants.
The corresponding basic vector solution at A =

(i, /d} + d22) (14 1?) can be obtained as below:

(CreMiFMa — CpeMi=M2) e

QM =\ p (CleMl_M2 — CzeM“"MZ) e% + adyeMs
02 (C16M1_M2 — C28M1+M2) eth(z) — ad e
(10)
where

A+ A2+ d}f +d3

A= /A2 +d} +d3
= G = ,
JA2+dE 4+ d;

A2 +d} +ds

Ci
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Fig. 2 Depiction of the first- order localized waves with dj = 1,d, = 0,a=1f; and a, ¢ f(z) = 2 cos (), (z) = 3cos (£); b, d
B(z) = 1000@( ) y () = 009(4)

My =0, My =i\/A2+d} +d3 (1 + 1B )2+ Q). @1 () = o + o2 + &Pyt + dPn® - (11
M3 =—ir(t+28(2)2), where

di dy .

p1 = = ; T 1 %o
Jai+d i+ d o1 = (o8 ol ) = o= T
1 91 > Xq s

N (2k)! an2k =0
Q) = ij—l-tn 2, (k=0,1,2,...).

Owing to the expression <I>[1 <¢’1 , @1]], m)
where o, m j, and n j are arbitrary real constants. ®1 (1) (j =1,2,...) is complex, its specific form was omit-
can be expanded at = 0 by using the Taylor series as ted. Furthermore, the first- and second-order local-
follows: ized wave solutions of Eq. (1) were discussed, and the
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a,[1]

a,01]
a,l1]

() (e)

Fig. 3 Depiction of the first-order localized waves with dj =
2cos (%), y () =5cos (%), fB(z) =5cos (£).y () = 1co

dynamical characteristics of localized waves were ana-
lyzed by evolutionary plots.
Obviously, when A = A1, g; = ¢1[0], and ¢» =

T
42101, QD[IO] = <¢£0]’ (pgol, X1[0]> is the solution of the

Lax pair. According to Egs. (8) and (9), the first-order
localized wave solutions of Eq. (1) can be obtained as
follows:

q1[1]=q1[0]

=20 [—= (A1 — A
l y(z)(l )

¢F [01¢1 0]
|1 011> + o1 [011% + [x1 [011%
(12a)

q2 [1] = g2 [0]

B (2) ¥
— (x1 =X
y(z)(l 1)

#7101 x1 [0]
|1 [011> + o1 [011% + [ 1 [01*
(12b)

The evolutionary plots of the first-order localized
waves were derived by altering values of the free
parameters dy,d», o, B (z), and y (z). Then, the dynam-
ics of the first-order localized waves were analyzed.

Figure 1 depicts the interaction between the first-
order rogue waves and the bright-dark solitons. As can
be observed, when S (z) and y (z) were both selected

—2i

@ Springer

a,011

(f)

as constants, the propagation direction of the dark soli-
ton in the component g [1] was parallel to the t-axis,
as shown in Fig. la. On the contrary, when S (z) and
y (z) were variable coefficients, as can be seen in
Fig. 1b, the dark soliton in the component g; [1] bent
at7 = 0. When g (z) = 10z* and y (z) = 3z, the cur-
vature of the dark soliton was more pronounced and
exhibited the shape of V, as displayed in Fig. 1c. In
the zero-amplitude background, only a bright soliton
can be found in the component g5 [1], while the first-
order rogue waves can not easily detected, as shown in
Fig. 1d-f.

When trigonometric functions were assigned to both
B (z) and y (z), the evolutionary figures of the first-
order periodic rogue waves interacting with periodic
bright-dark solitons were obtained in Fig. 2. By com-
paring Fig. 2a, b, it was found that due to the influ-
ence of the parameters B (z) and y (z), the periodic
change of the dark soliton in the component g [1]
was more pronounced when S (z) = 10cos (ﬁ) and
y (z) = Jcos (). Only one periodic bright soliton
can be also seen in the component ¢ [1], as illustrated
in Fig. 2¢, d.
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Fig. 4 Depiction of the second-order localized waves with d; = % d=0,0 = ﬁ, m; =0,n =0anda,dB(z) =2,y (1) =35;

b,ef(z) =2z, ¥ (2) =5z¢,f B(z) =52%, y (2) = 1023

Figure 3 depicts the collision of the first-order rogue
waves with breathers. By both 8 (z) and y (z) were
selected as constants, the interaction between the first-
order rogue waves and a breather was illustrated. Fig-
ure 3a, d present that the amplitude of g; [1] is higher
than the amplitude of the component g; [1], which
is affected by the parameters d; and d>. When S (z)
and y (z) were trigonometric functions, the periodic
rogue waves interacted with the first-order breather,
and the breather propagation direction was parallel to
the t-axis, as shown in Fig. 3b, e. Moreover, when
B(z) = 5cos (%) and y (z) = % cos (%), the evolu-
tionary plots of the interaction between the periodic
rogue waves and periodic breathers were obtained in
Fig. 3c, f.

Based on the following limit formula

J [1]|)\,=)\](1+772)q)1
m

@ [1]=

1 [1] Jimy 2
_(MamP 4 ) @

= lim 5

n—0 n

=yl + el (13)

and according to the first-order localized wave solu-
tions and the generalized Darboux transformation, the
iterative expression of the second-order localized wave
solutions of Eq. (1) are as follows,

q1[2] =q1[1]

B ) ¢ e 1]
—2i |22 (=2 .
Vo W M) G e e a7
(14a)
@21 =g (1]
B ) ¢ 1] 1 [1]
—2i | ——= (A1 — X .
Wy JWUW+MHW+WUW
(14b)

Furthermore, the dynamical characteristics of the
second-order localized wave solutions were analyzed
by altering different values for the free parameters d,
dy, a, my, ny, B(z),and y (2).

Similar to Fig. 1, Fig. 4 depicts the interaction of
the second-order rogue waves and the bright-dark soli-
tons. When B (z) and y (z) were taken as constants,
the propagation direction of the bright-dark solitons
in components g [2] and g [2] was parallel to the

@ Springer
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Fig. 5 Depiction of the second-order localized waves with
d = 1,dy = O,ot:llTO and a,d B(z) = cos(%),y(z) =
3cos(§).mi = 0,n = 0;b,eB(z) =3cos(5).v@@ =

t-axis, as can be observed in Fig. 4a, d. When S (z)
and y (z) were assumed as linear functions, the bright-
dark solitons exhibited the shape of K, and the second-
order rogue waves appeared at t = 0, as shown in
Fig. 4b, e. Besides, by considering that g (z) = 5z°
and y () = 10z3, it was found that one of the soli-
tons propagated along with the t-axis and the velocity
remained constant, and the other soliton took the V-
shaped depicted in Fig. 4c, f. Figure 4d—f display also
that the second-order rogue waves in component g [2]
are difficult to be identified under the influence of the
zero-amplitude background.

Figure 5 illustrates the dynamical characteristics of
the second-order rogue waves and bright-dark solitons
when B (z) and y (z) are trigonometric functions. By
assuming that 8 (z) = cos (%) and y (z) = 3cos (%),
the periodic rogue waves interacted with two periodic
dark solitons, as shown in Fig. 5a. If the other param-
eters remain unchanged, it was found that the period
of bright-dark soliton decreased and the propagation
velocity became faster by increasing 8 (z) and y (z),

@ Springer
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as shown in Fig. 5b, e. In addition, as the values of
the parameters m| and n| changed, the periodic rogue
waves were separated, as can be ascertained by com-
paring Fig. 5b, e and c, f.

When neither d; nor d» had a value of zero, whereas
B (z) and y (z) were variable coefficients, the compo-
nents ¢p [2] and ¢> [2] exhibited the same structure.
Figure 6 demonstrated the second-order rogue waves
coexisted with two breathers, and the breathers were
arranged in the K -shaped. Whenm = 20 and n| = 3,
the second-order rogue waves in the components g [2]
and ¢» [2] were separated into three first-order rogue
waves, as shown in Fig. 6b, d.

In Fig. 7, the dynamical characteristics of the
second-order periodic rogue waves with two breathers
are systematically studied when S (z) and y (z) are
trigonometric functions. By considering that 8 (z) =
% cos (ﬁ) andy (z) = 5cos (%), the second-order peri-
odic rogue waves interacted with two breathers, which
were parallel to the t-axis, as shown in Fig. 7a, d. If
the other parameters were left unchanged, the second-
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(¢)

q,[2]

(b)

a,02]

(d)

Fig. 6 Depiction of the second-order localized waves with d; = % dr) = % a=ﬁ, B(z) =2z,y(z) =5zanda,em; =0,n; =0;

b,dm; =20,n; =3

order periodic rogue waves in the components g [2]
and g [2] were separated in Fig. 7b, e when the separa-
tion parameters m | and n| were not equal to zero. When
B(z) = 5cos(5) and y (z) = 4cos (), the interac-
tion between the second-order periodic rogue waves
and two periodic breathers is affected. More specifi-
cally, one of them is changed from parallel to the t-
axis to an arc-like line and symmetrical with respect to
t = 0, as seen in Fig. 7c, f.

4 Conclusions

In this work, the localized waves of a variable-
coefficient coupled NLS equation were thoroughly
investigated. On the basis of the classical Darboux
transformation, the generalized Darboux transforma-
tion was derived by using the Taylor expansion formula.
Then, according to the generalized Darboux transfor-
mation, the first- and second-order localized wave solu-
tions were obtained. Furthermore, the localized wave
evolutionary plots of the variable-coefficient coupled
NLS equation were derived by performing numerical
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a,2

q,02)

Fig. 7 Depiction of the second-order localized waves with
dy = %,dz = %,a:llm and a,d B (2) = %cos(ﬁ),y(z) =
5005(%),m1 =0,n =0;b,e B(z) = %cos(ﬁ),y(z) =

simulations, and their dynamical characteristics were
analyzed. From our analysis, it was demonstrated that
the variable coefficients 8 (z) and y (z) directly affect
the shape of the localized waves. Particularly, when
B (2) and y (z) were constant, the common localized
waves occurred. In striking contrast, when B (z) and
y (z) were primary functions or higher-order expo-
nential functions, the rogue waves interacted with the
V-shaped or K-shaped solitons and breathers, while
the degree of curvatures of the solitons or breathers
was more obvious as the exponential number increases.
When B (z) and y (z) were trigonometric functions, the
localized waves exhibited significant periodicity when
propagating along with the t-axis. Our results might
provide valuable insights for studying the propagation
of localized waves in an inhomogeneous optical fiber.
In the future, it is hoped that the high-order localized
wave evolutionary plots of the variable-coefficient cou-
pled NLS equation can be obtained, which will further
enrich the research of the localized waves.
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