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This study investigates higher-order localized waves for coupled variable-coefficient fourth-
order nonlinear Schrodinger equations, which are used to describe the simultaneous propagation
of optical pulses in an inhomogeneous optical fiber. Based on the seed solutions and Lax pair, the
Nth-order localized wave solutions are constructed. The interactions of rogue waves with
dark—bright solitons are graphically analyzed via numerical simulation. The results are helpful
for studying localized wave phenomena in nonlinear optics.
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1. Introduction

It is well known that nonlinear science is fundamental to understanding many nat-
ural phenomena.'™ In recent years, with the advancement of modern science and
technology, increasingly more scholars have focused on the dynamics of nonlinear
evolution equations, which have been confirmed to describe many nonlinear phe-

3679 In addition, the nonlinear evolution equations have been used to de-

nomena.
scribe the propagation of multiple waves in nonlinear optical fibers, such as in
optics,'” oceanography,!! Bose—Einstein condensates, etc.'>'? However, when con-
sidering inhomogeneous optical fibers, variable-coefficient nonlinear Schrédinger
(NLS) equations are considered to be more precise than constant-coefficient
13-15

ones. With heightened attention from scholars, variable-coeflicient equations

have been widely used to describe solitons, breathers, and rogue waves. 57
Propagation of the ultrashort pulses in a long-distance and high-speed optical
fiber transmission system can be governed by the fourth-order NLS equation. For the
higher-order effects on optical fibers, the following coupled variable-coefficient
fourth-order NLS equation is investigated. This equation is applied to describe the

simultaneous propagation of nonlinear waves in an inhomogeneous optical fiber!8:19:
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where ¢;(x,t) and go(x,t) represent the complex envelopes of two field polarization
components, the subscript z indicates the partial derivatives with respect to the
normalized propagation distance, and ¢ represents the retarded time. Moreover, o(t)
denotes the group velocity dispersion (GVD) coefficient, u(t) is related to the self-
phase modulation (SPM) coefficient, 7, (¢) is the fourth-order dispersion coefficient,
Yo(t) (e =2,...,7) denotes the cubic nonlinear coefficients, v5(t) is the quintic
nonlinear coefficient, and * represents the complex conjugate.

Several studies have been conducted on Eq. (1). For instance, Wang et al.?’ derived
the two- and three-soliton solutions and graphically displayed the elastic and inelastic

interactions. Lan?!

obtained the Lax pair and gave three different types of rogue
waves. Xu et al.? obtained the soliton solutions via the Riemann—Hilbert method, and
analyzed the dynamic behaviors of the one- and two-soliton solutions. Zhou et al.??
investigated the vector breather waves and higher-order rogue waves via the Darboux-
dressing transformation.

However, the localized waves for Eq. (1) have not been discussed. In this study, the
localized wave solutions are obtained via the generalized Darboux transformation, and

the dynamic characteristics are discussed via numerical simulation.
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The remainder of this paper is prepared as follows. In Sec. 2, the generalized
Darboux transformation is constructed, and the higher-order localized wave solu-
tions are derived. In Sec. 3, via numerical simulation, the evolution plots of the
higher-order localized waves are obtained, and the interactions between them are
graphically analyzed. The conclusion is provided in Sec. 4.

2. Generalized Darboux Transformation

In this section, the following Lax pair of Eq. (1) is considered [20]:
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P, =V, (2b)
where
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It can be verified that the compatibility condition U, —V, +UV — VU =0 is
equivalent to Eq. (1) under the constraints
u(t) =20(t), 72(t) =2m(), @) =27%@), 7i(t) =67(1),
Ys(t) = A1), () =4An(t), (@) =2n(), () =6n().

The generalized Darboux transformation of Eq. (1) can be constructed as follows:

o =0 oy ol 1 oMY o), (3)
where
1 ok k
q)k:__(b A ¢ 790[]7XH k:071727"‘7N' 4
f= a0 =l L@

Therefore, the generalized Darboux transformation is defined as follows:
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3. Localized Wave Solutions for Eq. (1)

To construct the localized wave solutions for Eq. (1 ), consider the seed solutions
¢ = a1e®® and Y = aye®® with 6(t) = [20(t)(a? + a2) + 64(t)(a? + a3)2dt,
where a; and a, are the real constants. The corresponding basic vector solution at
A= (iv/a?+a3)(1+n?) is as follows:
(CyeMi+Ma — CyeMi= Mz) ol
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and @, m;, and n; are arbitrary real constants.

77
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The different expressions of the coefficients can generate certain structures related
to the pulse propagation. In this section, the dynamics of the first-order localized
waves are discussed.

Considering Egs. (5a) and (5b), when N = 1, Fig. 1(a) exhibits the interactions
between the first-order rogue waves and the dark solitons, which have a constant

a,l1]

a,l1]

a1

Fig. 1. The first- order localized waves with a; = 1, ay = 0, and @ = 15t (a), (d) o(t) = 1, 11 (t) = 0; (b),
(e) O'(t) =1, 71( ) 1007 (C)v (f) U(t) = COS( ) 71( ) 0.
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velocity, when parameters o(t) and ~v,(t) are both constants. After changing the
value of 7, (¢) to a variable-coefficient, as shown in Fig. 1(b), the dark soliton is bent,
and presents a “V” shape. When changing o(t) into a trigonometric function, peri-
odic rogue waves interact with a dark soliton. Under the influence of a zero-ampli-
tude background, the first-order rogue waves in the component g,[1] are not easily
observed, as shown in Figs. 1(d)-1(f).

Figure 2 shows the interplay of the first-order rogue waves with a breather. Let
a; # 0 and ay # 0, where a; and a, are both constants. When o(¢) and 7, (¢) are both
constants and «, (¢) = 0, which is as same as the situation presented in Fig. 1(a), the
first-order rogue wave interacts with the periodic breather. Let o(t) be a trigono-
metric function, and the obtained evolutions of periodic rogue waves interacting with
a breather are shown in Figs. 2(b) and 2(d). Moreover, it is evident that the am-
plitude of ¢,[1] is higher than that of ¢[1].

Similarly, when N = 2, the dynamic characteristics of the second-order localized
waves are discussed by altering the values of the free parameters ai, ay, o(t),

and v, (¢).

a1l

Fig. 2. The first-order localized waves with (a), (c) a; = 0.6, ay = 0.2, o(t) = 1, and 7,(¢) = 0; (b), (d)
a; = 0.8, ay = 0.5, o(t) = cos(£), and v, (t) = 0.

2450031-6



Localized wave solutions to coupled variable-coefficient fourth-order NLS equations

q,[2]

Fig. 3. The second-order localized waves with a; = 1, ay = 0, and @ = 1i5: (a), (d) o(t) =1, 7,(t) = 0;
(b), (¢) a(t) =1, n(t) = 1553 (), (£) a(t) = cos(}), n(t) =0.

The interactions between the second-order rogue waves and dark—bright solitons
are depicted in Fig. 3. Let o(t) and 7, (t) be constants, the values of which are the
same as those presented in Fig. 1(a). Figure 3(a) displays the evolution of the second-
order rogue waves interacting with two dark solitons. By increasing the value of
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~1(t), the second-order rogue waves interact with the K-shaped dark-bright solitons,
as shown in Figs. 3(b) and 3(e). By changing the value of o(t) to a trigonometric
function, three second-order rogue waves interact with the dark—bright solitons.
Figure 4 presents the interplay of the second-order rogue waves with the
dark-bright solitons. Different from Fig. 3, when m; = 10 and n; = 10, Fig. 4 reveals

q,[2]

q,2

Fig. 4. The second-order localized waves with a; = 1, a; = 0, and w = k2 (a), (d) o(t) =1, v
my = 107 and ny = 107 (b)7 (e) U(t) = 17 71 (t) = %7 my = 107 and ny = 107 (C)7 (f) U(t) = cos %)7 s
my =5, and n; = 5.
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9,[2]

21

a,2

Fig. 5. The second-order localized waves with (a), (d) a; =1, ay, = 0.2, o(t) = 1, v, (t) = 0, m; =0, and
ny =05 (b)v (e) ay =1, ag =04, J(t) =1 Vl(t) = %7 my =0, and n; =0; (C)7 (f) a; =1, ay =02,
o(t) =1, 7 (¢t) =0, my = 10, and n; = 10.

that the second-order rogue waves are separated into three first-order rogue waves
that form a triangular structure. It is difficult to observe the rogue waves in the
component ¢,[2] due to the zero-amplitude background.

Let a; # 0 and ay # 0. Figure 5 displays the dynamics of the second-order rogue
waves and breathers. Based on the parameters, the periods of the breathers decrease

2450031-9
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with the increase of the value of o(t). Figures 5(c) and 5(f) reveal that the second-
order rogue waves are split into three first-order rogue waves. In addition, Fig. 5
shows that the amplitude of ¢;[2] is lower than that of ¢[2].

4. Conclusion

This study investigated the coupled variable-coefficient fourth-order NLS equation,
which describes the simultaneous propagation of nonlinear waves in an inhomogeneous
optical fiber. Via Taylor expansion and the limit formula, the generalized Darboux
transformation was constructed. Based on the seed solutions and the Lax pair, the
first- and second-order localized solutions were given. There are several free para-
meters, namely a;, a,, o(t), and v,(t), that influence the propagation shape of the
localized waves. The effects of these parameters for Eq. (1) were graphically analyzed.

Parameters a; and a, determine the type of localized waves. The interaction
between the rogue waves and the dark—bright solitons when a; # 0 and a, = 0 was
presented, as was the propagation of the rogue waves and the breathers when a; # 0
and ay # 0. Furthermore, the variable-coefficient v, (¢) was found to affect the shapes
of the solitons, the propagation direction of the solitons was parallel to the z-axis
when 7, () = 0. Besides, the shape of the solitons became bend as the increase of the
value of v, (t). Rogue waves with periodicity were revealed when the variable-coef-
ficient o(t) is a trigonometric function, and the periods of the rogue waves were found
to decrease with the decrease of the period of o(t). Parameters m; and n; influence
the separation of the second-order rogue waves. When m; -n; # 0(i = 1,2), the
second-order rogue wave can be divided into three first-order rogue waves. The
authors hope that the results will help to understand the localized waves phenomena
in nonlinear optics, and can be verified in the future experiments.

Acknowledgments

The authors sincerely thank the support offered by the National Natural Science
Foundation of China (NNSFC) through Grant Nos. 11602232 and 12372026, the
Shanxi Natural Science Foundation (SNSF) through Grant Nos. 202203021211086 and
202203021211088, the Shanxi Province Research Funding Program for Returning Stu-
dents (2022-150), and the Natural Science Foundation of Inner Mongolia. Autonomous
Region through Grant No. 2019LH01002.

ORCID

N. Song © https://orcid.org/0000-0002-0629-7015

M. M. Guo ® https://orcid.org/0009-0005-5899-4276
R. Liu ® https://orcid.org/0009-0006-3923-1457

W. X. Ma © https://orcid.org/0000-0001-5309-1493

2450031-10


https://orcid.org/0000-0002-0629-7015
https://orcid.org/0000-0002-0629-7015
https://orcid.org/0009-0005-5899-4276
https://orcid.org/0009-0005-5899-4276
https://orcid.org/0009-0006-3923-1457
https://orcid.org/0009-0006-3923-1457
https://orcid.org/0000-0001-5309-1493
https://orcid.org/0000-0001-5309-1493

Localized wave solutions to coupled variable-coefficient fourth-order NLS equations

References
1. A. Tripathy et al., Optik 281, 170817 (2023).
2. D. Yang, J. Math. Anal. Appl. 519, 126764 (2023).
3. Y. Yang, T. Wang and H. Guo, J. Math. Anal. Appl. 520, 126877 (2023).
4. C. C. Ding et al., Opt. Express 30, 40712 (2022).
5. N. Song, Y. Lei and D. Cao, Acta Mech. Sin. 38, 521500 (2022).
6. H. Rezazadeh et al., Results Phys. 49, 106452 (2023).
7. P.K. Das et al., Optik 283, 170888 (2023).
8. T. Mathanaranjan, J. Nonlinear Opt. Phys. Mater. 32, 2350016 (2023).
9. Y. H. Yin, X. Li and W. X. Ma, Nonlinear Dyn. 108, 4181 (2022).
10. R. R. Jia and Y. F. Wang, Wave Motion 114, 103042 (2022).
11. H. Wang and Y. Zhang, J. Comput. Appl. Math. 420, 114812 (2023).
12. C. C. Ding et al., Chaos Solitons Fractals 169, 113247 (2023).
13. C. C. Ding et al., Chin. Phys. Lett. 40, 040501 (2023).
14. R. M. El-Shiekh, Results Phys. 13, 102214 (2019).
15. M. S. Osman et al., J. Ocean Eng. Sci. 7, 431 (2022).
16. Z. Zhang et al., Eur. Phys. J. Plus 134, 1 (2019).
17. N. Song et al., Nonlinear Dyn. 111, 5709 (2023).
18. A. Degasperis and S. Lombardo, Phys. Rev. E 88, 052914 (2013).
19. Z.Du et al., Eur. Phys. J. Plus 135, 1 (2020).
20. M. Wang et al., Appl. Math. Lett. 119, 106936 (2021).
21. Z.Z. Lan, Appl. Math. Lett. 98, 128 (2019).
22. T.Y.Xu, S. F. Tian and W. Q. Peng, Math. Methods Appl. Sci. 43, 865 (2020).
23. X. M. Zhou et al., Int. J. Comput. Math. 98, 2504 (2021).

2450031-11



	Localized wave solutions to coupled variable-coefficient fourth-order nonlinear Schr&ouml;dinger equations
	1. Introduction
	2. Generalized Darboux Transformation
	3. Localized Wave Solutions for Eq.&nbsp;(1)
	4. Conclusion
	Acknowledgments
	ORCID
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 900
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


