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This study investigates higher-order localized waves for coupled variable-coe±cient fourth-

order nonlinear Schr€odinger equations, which are used to describe the simultaneous propagation

of optical pulses in an inhomogeneous optical ¯ber. Based on the seed solutions and Lax pair, the
Nth-order localized wave solutions are constructed. The interactions of rogue waves with

dark{bright solitons are graphically analyzed via numerical simulation. The results are helpful

for studying localized wave phenomena in nonlinear optics.
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1. Introduction

It is well known that nonlinear science is fundamental to understanding many nat-

ural phenomena.1{5 In recent years, with the advancement of modern science and

technology, increasingly more scholars have focused on the dynamics of nonlinear

evolution equations, which have been con¯rmed to describe many nonlinear phe-

nomena.3,6{9 In addition, the nonlinear evolution equations have been used to de-

scribe the propagation of multiple waves in nonlinear optical ¯bers, such as in

optics,10 oceanography,11 Bose{Einstein condensates, etc.12,13 However, when con-

sidering inhomogeneous optical ¯bers, variable-coe±cient nonlinear Schr€odinger

(NLS) equations are considered to be more precise than constant-coe±cient

ones.13{15 With heightened attention from scholars, variable-coe±cient equations

have been widely used to describe solitons, breathers, and rogue waves.16,17

Propagation of the ultrashort pulses in a long-distance and high-speed optical

¯ber transmission system can be governed by the fourth-order NLS equation. For the

higher-order e®ects on optical ¯bers, the following coupled variable-coe±cient

fourth-order NLS equation is investigated. This equation is applied to describe the

simultaneous propagation of nonlinear waves in an inhomogeneous optical ¯ber18,19:
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where q1ðx; tÞ and q2ðx; tÞ represent the complex envelopes of two ¯eld polarization

components, the subscript x indicates the partial derivatives with respect to the

normalized propagation distance, and t represents the retarded time. Moreover, �ðtÞ
denotes the group velocity dispersion (GVD) coe±cient, �ðtÞ is related to the self-

phase modulation (SPM) coe±cient, �1ðtÞ is the fourth-order dispersion coe±cient,

��ðtÞ ð� ¼ 2; . . . ; 7Þ denotes the cubic nonlinear coe±cients, �8ðtÞ is the quintic

nonlinear coe±cient, and � represents the complex conjugate.

Several studies have been conducted on Eq. (1). For instance, Wang et al.20 derived

the two- and three-soliton solutions and graphically displayed the elastic and inelastic

interactions. Lan21 obtained the Lax pair and gave three di®erent types of rogue

waves. Xu et al.22 obtained the soliton solutions via the Riemann{Hilbert method, and

analyzed the dynamic behaviors of the one- and two-soliton solutions. Zhou et al.23

investigated the vector breather waves and higher-order rogue waves via the Darboux-

dressing transformation.

However, the localized waves for Eq. (1) have not been discussed. In this study, the

localized wave solutions are obtained via the generalized Darboux transformation, and

the dynamic characteristics are discussed via numerical simulation.
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The remainder of this paper is prepared as follows. In Sec. 2, the generalized

Darboux transformation is constructed, and the higher-order localized wave solu-

tions are derived. In Sec. 3, via numerical simulation, the evolution plots of the

higher-order localized waves are obtained, and the interactions between them are

graphically analyzed. The conclusion is provided in Sec. 4.

2. Generalized Darboux Transformation

In this section, the following Lax pair of Eq. (1) is considered [20]:
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It can be veri¯ed that the compatibility condition Ut � Vx þ UV � VU ¼ 0 is

equivalent to Eq. (1) under the constraints

�ðtÞ ¼ 2�ðtÞ; �2ðtÞ ¼ 2�1ðtÞ; �3ðtÞ ¼ 2�1ðtÞ; �4ðtÞ ¼ 6�1ðtÞ;
�5ðtÞ ¼ 4�1ðtÞ; �6ðtÞ ¼ 4�1ðtÞ; �7ðtÞ ¼ 2�1ðtÞ; �8ðtÞ ¼ 6�1ðtÞ:

The generalized Darboux transformation of Eq. (1) can be constructed as follows:
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Therefore, the generalized Darboux transformation is de¯ned as follows:
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3. Localized Wave Solutions for Eq. (1)

To construct the localized wave solutions for Eq. (1), consider the seed solutions
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and $, mj, and nj are arbitrary real constants.
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The di®erent expressions of the coe±cients can generate certain structures related

to the pulse propagation. In this section, the dynamics of the ¯rst-order localized

waves are discussed.

Considering Eqs. (5a) and (5b), when N ¼ 1, Fig. 1(a) exhibits the interactions

between the ¯rst-order rogue waves and the dark solitons, which have a constant

(a) (d)

(b) (e)

(c) (f)

Fig. 1. The ¯rst-order localized waves with a1 ¼ 1, a2 ¼ 0, and $ ¼ 1
100: (a), (d) �ðtÞ ¼ 1, �1ðtÞ ¼ 0; (b),

(e) �ðtÞ ¼ 1, �1ðtÞ ¼ t2

100; (c), (f) �ðtÞ ¼ cosð t3Þ, �1ðtÞ ¼ 0.
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velocity, when parameters �ðtÞ and �1ðtÞ are both constants. After changing the

value of �1ðtÞ to a variable-coe±cient, as shown in Fig. 1(b), the dark soliton is bent,

and presents a \V" shape. When changing �ðtÞ into a trigonometric function, peri-

odic rogue waves interact with a dark soliton. Under the in°uence of a zero-ampli-

tude background, the ¯rst-order rogue waves in the component q2½1� are not easily

observed, as shown in Figs. 1(d){1(f).

Figure 2 shows the interplay of the ¯rst-order rogue waves with a breather. Let

a1 6¼ 0 and a2 6¼ 0, where a1 and a2 are both constants. When �ðtÞ and �1ðtÞ are both
constants and �1ðtÞ ¼ 0, which is as same as the situation presented in Fig. 1(a), the

¯rst-order rogue wave interacts with the periodic breather. Let �ðtÞ be a trigono-

metric function, and the obtained evolutions of periodic rogue waves interacting with

a breather are shown in Figs. 2(b) and 2(d). Moreover, it is evident that the am-

plitude of q2½1� is higher than that of q2½1�.
Similarly, when N ¼ 2, the dynamic characteristics of the second-order localized

waves are discussed by altering the values of the free parameters a1, a2, �ðtÞ,
and �1ðtÞ.

(a) (b)

(c) (d)

Fig. 2. The ¯rst-order localized waves with (a), (c) a1 ¼ 0:6, a2 ¼ 0:2, �ðtÞ ¼ 1, and �1ðtÞ ¼ 0; (b), (d)

a1 ¼ 0:8, a2 ¼ 0:5, �ðtÞ ¼ cosð t5Þ, and �1ðtÞ ¼ 0.
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The interactions between the second-order rogue waves and dark{bright solitons

are depicted in Fig. 3. Let �ðtÞ and �1ðtÞ be constants, the values of which are the

same as those presented in Fig. 1(a). Figure 3(a) displays the evolution of the second-

order rogue waves interacting with two dark solitons. By increasing the value of

(a) (d)

(b) (e)

(c) (f)

Fig. 3. The second-order localized waves with a1 ¼ 1, a2 ¼ 0, and $ ¼ 1
100: (a), (d) �ðtÞ ¼ 1, �1ðtÞ ¼ 0;

(b), (e) �ðtÞ ¼ 1, �1ðtÞ ¼ t2

100; (c), (f) �ðtÞ ¼ cosð t5Þ, �1ðtÞ ¼ 0.
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�1ðtÞ, the second-order rogue waves interact with the K-shaped dark{bright solitons,

as shown in Figs. 3(b) and 3(e). By changing the value of �ðtÞ to a trigonometric

function, three second-order rogue waves interact with the dark{bright solitons.

Figure 4 presents the interplay of the second-order rogue waves with the

dark{bright solitons. Di®erent from Fig. 3, whenm1 ¼ 10 and n1 ¼ 10, Fig. 4 reveals

(a) (d)

(b) (e)

(c) (f)

Fig. 4. The second-order localized waves with a1 ¼ 1, a2 ¼ 0, and $ ¼ 1
100: (a), (d) �ðtÞ ¼ 1, �1ðtÞ ¼ 0,

m1 ¼ 10, and n1 ¼ 10; (b), (e) �ðtÞ ¼ 1, �1ðtÞ ¼ t2

100,m1 ¼ 10, and n1 ¼ 10; (c), (f) �ðtÞ ¼ cosð t5Þ, �1ðtÞ ¼ 0,
m1 ¼ 5, and n1 ¼ 5.
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that the second-order rogue waves are separated into three ¯rst-order rogue waves

that form a triangular structure. It is di±cult to observe the rogue waves in the

component q2½2� due to the zero-amplitude background.

Let a1 6¼ 0 and a2 6¼ 0. Figure 5 displays the dynamics of the second-order rogue

waves and breathers. Based on the parameters, the periods of the breathers decrease

(a) (d)

(b) (e)

(c) (f)

Fig. 5. The second-order localized waves with (a), (d) a1 ¼ 1, a2 ¼ 0:2, �ðtÞ ¼ 1, �1ðtÞ ¼ 0, m1 ¼ 0, and

n1 ¼ 0; (b), (e) a1 ¼ 1, a2 ¼ 0:4, �ðtÞ ¼ 1, �1ðtÞ ¼ t2

100, m1 ¼ 0, and n1 ¼ 0; (c), (f) a1 ¼ 1, a2 ¼ 0:2,

�ðtÞ ¼ 1, �1ðtÞ ¼ 0, m1 ¼ 10, and n1 ¼ 10.
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with the increase of the value of �ðtÞ. Figures 5(c) and 5(f) reveal that the second-

order rogue waves are split into three ¯rst-order rogue waves. In addition, Fig. 5

shows that the amplitude of q1½2� is lower than that of q2½2�.

4. Conclusion

This study investigated the coupled variable-coe±cient fourth-order NLS equation,

which describes the simultaneous propagation of nonlinear waves in an inhomogeneous

optical ¯ber. Via Taylor expansion and the limit formula, the generalized Darboux

transformation was constructed. Based on the seed solutions and the Lax pair, the

¯rst- and second-order localized solutions were given. There are several free para-

meters, namely a1, a2, �ðtÞ, and �1ðtÞ, that in°uence the propagation shape of the

localized waves. The e®ects of these parameters for Eq. (1) were graphically analyzed.

Parameters a1 and a2 determine the type of localized waves. The interaction

between the rogue waves and the dark{bright solitons when a1 6¼ 0 and a2 ¼ 0 was

presented, as was the propagation of the rogue waves and the breathers when a1 6¼ 0

and a2 6¼ 0. Furthermore, the variable-coe±cient �1ðtÞ was found to a®ect the shapes

of the solitons, the propagation direction of the solitons was parallel to the x-axis

when �1ðtÞ ¼ 0. Besides, the shape of the solitons became bend as the increase of the

value of �1ðtÞ. Rogue waves with periodicity were revealed when the variable-coef-

¯cient �ðtÞ is a trigonometric function, and the periods of the rogue waves were found

to decrease with the decrease of the period of �ðtÞ. Parameters m1 and n1 in°uence

the separation of the second-order rogue waves. When m1 � n1 6¼ 0ði ¼ 1; 2Þ, the

second-order rogue wave can be divided into three ¯rst-order rogue waves. The

authors hope that the results will help to understand the localized waves phenomena

in nonlinear optics, and can be veri¯ed in the future experiments.
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