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1. Introduction

Solitary wave solutions of nonlinear partial differential equations (PDEs) play an important role in a variety of science and
engineering applications. Various efficient methods have been used to study soliton solutions of PDEs, such as the inverse
scatter method [ 1], the Lie group method [2], the Darboux transformation [3], the multi-variable separation method [4] and
the Hirota bilinear method [5] and so on [6,7]. Recently, lump solutions, another kind of rational solutions, have attracted
much attention in nonlinear science fields. Lump solutions are found to be localized in all directions of the space. Lump
solutions have been investigated in fluids [8,9], plasmas [10], and optic media [11]. The Darboux transformation [12-14]
and the Hirota bilinear method [ 15-28] are the effective direct methods to construct lump solutions. Particular examples of
lump solutions are given for many integrable equations, such as the Kadomtsev-Petviashvili (KP) equation [15,16], the KP-
Boussinesq equation [17,18] and the generalized KP equation [ 19]. Besides, interaction solutions among solitons and other
kinds of complicated waves are studied by the localization procedure related with the nonlocal symmetry and the consistent
tanh expansion method [29-31]. Like these interaction solutions, mixed lump-kink [26-28] and lump-soliton [32-34]
solutions to nonlinear evolution equations have been studied by combining a positive quadratic function with an exponential
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function. Lumps and their interaction solutions are rarely given in multi-component nonlinear systems. The examination of
interaction solutions for multi-component equations is an especially intriguing topic. In this paper, we shall focus on lumps
and their interaction solutions of the two-component modified dispersive water wave (mDWW) equation.

The (2+1)-dimensional mMDWW equation reads [35]

Uyt + Uxxy — 2Wyx — z(uuy)x =0, (1

Wy — Wy — 2(Uw)y = 0.

It can describe the nonlinear and dispersive long gravity waves traveling in two horizontal directions on shallow waters of
uniform depth. Abundant localized excitations are obtained with the help of the Painlevé - Bicklund transformation and the
multi-linear variable separation approach [36]. The multiple soliton solutions and fusion interaction phenomena are derived
by means of the Backlund transformation and the Hirota bilinear method [37].

This paper is organized as follows. In Section 2, we try to get lump solutions of the mDWW equation by the standard Hirota
bilinear method. It cannot get lump solutions from a bilinear form of the mDWW equation that we will present. In Section 3,
we introduce a pair of quartic-linear forms of the mDWW equation to get lump solutions. Some novel lump solutions are
derived by solving a pair of quartic-linear forms of the mDWW equation. In Section 4, by adding an exponential and two
exponential terms to the quadratic function, interaction solutions between a bi-lump and one line-soliton solutions, and a
bi-lump and two line-soliton solutions are obtained, respectively. Section 5 is a simple summary and discussion.

2. Study on lump solutions based on a bilinear form

Based on Painlevé analysis, the Painlevé - Backlund transformation of the mDWW equation reads

Up Wo w1
u=—+1u, w=—+ — + wy, (2)
¢ ¢
where ¢ is an arbitrary function of variables x, y and t, and the pair of functions u; and wj is also a solution of the mDWW
equation. By substituting (2) into (1) and balancing the coefficients ¢ ~* and ¢4, we get

Up = ¢x, wo = —@xPy, (3)
Gathering the coefficients ¢ 3 and ¢ 3, we obtain
D¢ + Pxx
= —, = — . 4
Uy 26, w1 ¢xy (4)

By substituting (3) and (4), the transformation (2) and the seed solution u; = w, = 0, the following equation is yielded

zay(fpd’xt — Gty — PPrx + ¢X¢XX> —0. (5)

$2
It can be easily seen that ¢ satisfies the bilinear form

Ox — Ppx — PPxxx + Pxp = 0. (6)
To get lump solutions of the mDWW equation, we take a quadratic function for ¢

¢ =g>+h®+a, (7)

& = mX + axy + ast + g,
h = asx + agy + a;t + ag.

By substituting (7) into (6) and balancing the different powers of x, y and t, we get the solutions for the parameters
a; =0, as =0, or a, =0, ag = 0. (8)

Therefore, we cannot obtain any non-trivial lump solution by using the above standard bilinear form (6).
3. Rational solutions form a pair of quartic-linear forms

In order to get non-trivial quadratic function solutions, we try to select a different seed solution for u; and w;. We assume

U= % + Q¢ + dxx w— ¢x¢y ¢xy

, + 22 )
¢ 2¢« #? ¢
with the seed solution
u = M , =0 (10)

2¢x
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Fig. 1. Profile of the solution u in (16). (a) 3-dimensional plot with the time t = 0, (b) the corresponding density plot.

Substituting (9) into (1), we get the following two quartic-linear equations

PPiDury + Pedibxy — Dby + Dby d? — PP DxPrxy — PP Bray (11)
+ ¢¢x¢xx¢xxy + ¢3 ¢xxy + ¢3 ¢xxy - ¢¢3x¢xy - ¢f ¢xx¢xy + ¢¢x¢xy¢xxx = O’
OxPL Py + PriyPy — D2 Drebry — 2002 Duebye + 2DxPrubr Pye (12)

+4xbyPidx — 20Dy — 30 bubry + 265 Proabry — 3bxPabrey
- 4¢x¢xx¢xy¢xxx + 2¢§ ¢xx¢xxxy + ‘,753 ¢xy¢xxxx - ¢3 ¢xxxxy + 3¢3x¢xy =0.
We want to find a solution ¢ which satisfies (11) and (12) simultaneously. It seems more complicated to solve (11) and (12)

than one equation (6). Actually, we can get some kinds of lump solutions by solving (11) and (12). To obtain lump solutions,
a quadratic function solution to (11) and (12) is similarly defined by

¢ =g +h +ao, (13)
g =X+ ayy + ast + ag,
h = asx + agy + a;t + ag,

where g; (1 < i < 9) are constant parameters to be determined. Substituting the expression (13) into Eqs. (11) and (12) and

vanishing the coefficients of different powers of x, y and t, we can get the relationship among the parameters which satisfy

(11) and (12) simultaneously. The relationship for the parameters reads
asa aga
a1:—56, a3:_67’ (14)
a a

which needs to satisfy a, # 0, ag > 0to guarantee the well-definedness, the positiveness and the localization of the resulting
solution. The parameters in the set (14) yield the positive quadratic function solution (13) as

asa asa
¢ = (== x+ay — =Tt +a) + (0 + ey + art +as) + ao. (15)
2 2
The rational solution of (11) and (12) can be generated through the transformation: (9)
2ash — 2%% %‘Fag — %% g + azh
u= " w t g powsrh (16)
¢ 2ash — %g 2ash — z‘f—z%g
4(—"0g + ash)(axg + ash)
w = ¢2 ,
where g = —%x + ay — ®7t +as and h = asx + agy + a;t + as. To describe this kind of rational solutions, we select
the parametersa, = 1,a4 = 3,as = 1,a5 = 1,a; = —3, ag = 2, ag = 6. The solution for u and w is shown in Figs. 1 and

2. It exits a singularity for the solution u. The kind of the solution u is different from usual lump solution. A special rational
solution of u and a bi-lump of w are given in Figs. 1 and 2, respectively. The characteristics of these rational solutions are
different from ones of lumps by calculations of the bilinear form [15-19].
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Fig. 2. Profile of the solution w in (16). (a) 3-dimensional plot with the time t = 0, (b) the corresponding density plot.

4. Interaction solutions between lumps and soliton solutions
4.1. Between lumps and one line-soliton solutions

Interaction solutions between lumps and other type solutions can be obtained by combining the quadratic function with
other type functions. In order to find interaction solutions between lump solutions and one line-soliton, we assume an
interaction solution as a sum of a quadratic function and an exponential function
¢ =g° + h* + ag + ky exp(koX + k3y + kst + ks), (17)
& = mX + axy + ast + g,
h = asx + agy + a;t + ag,

with ki (i =1, 2, ..., 5) being five undetermined real parameters. By substituting (17) into Eqs. (11) and (12) and vanishing

the different powers of x, y and t, we obtain the following four sets of constraining relations for the parameters.
Case L.

asa 3a?as + 3asa? — 2azasazk ko(az £ kya
4y = 35, 5 = 305 572 3472, ks = 0, ks = 2(az 25), (18)
az 2kza7 ds
which should satisfy the constraint conditions
k2{15(17 ;é 0, k] > 0, ag > O, (19)

to guarantee that the corresponding solution ¢ is positive, analytical and localization in all directions in the (x, y)-plane.
Substituting (17) into (9) and combining the parameters relations (18), we get a class of interaction solutions of the mDWW
equation (1):

Ut =

2,2
Mg + 2ash + kik; exp(f) . asg + ash + G2 (L £ ky) exp(f) + % +a3

¢ 2030 g + 2ash + kikz exp(f)
2[28% g + 2a5h + kiko exp(f)l(axg + agh)  228% 4 2a5ag
wh=—" 2 +— : (20)
¢ ¢
where
¢ = g%+ h* 4 ag + ky exp(f), (21)

asds
g = a—x+a2y+a3t+a4,
7

3a3as + 3asa3 — 2a3a4a7k;

h = asx + agy + a;t +
5 6y 7 2k2a§

)

k + k
f=kyx+ ka(ar £ kzds) - 2a5)t +ks.
5
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Case II.

asdg apag axag
ag=—-——— a=—-——-", g = T—, ko = ks =0, (22)
as as ae

which should satisfy the constraint conditions

a0ag ;ﬁ 0, 1(1 > 0, ag > 0, (23)

to guarantee that the corresponding solution ¢ is positive, analytical and localization in all directions in the (x, y)-plane. By
using the parameters relations (22) and the transformation (9), the second class of interaction solutions between rational
solutions and one line-soliton to the mDWW equation (1) reads

2,2
Skt | gsh  —EEg+ath+ T+l

1l )
u = + N (24)
¢ 2usaﬁg + 2ash
I 2(—%g + ash)[2axg + 2ash + kiks exp(f)]
w = e )
where
¢ =g° +h* + a9 + ky exp(f), (25)
:—%x—i— y—%tj:aza8
a a Ag

3atas + 3asa? — 2aszazazk
h= asx + agy + art + 3% 505 30407k,

2k a2 '
f = k3y —+ k5,
Case IIL.
asa ara a
a-l:—is 6, (]3:—27 4—:|:2 k3:0, (26)
a ap Qg

which should satisfy the constraint conditions
adg 7+— 0, kl >0, dg > 0, (27)

to guarantee that the corresponding solution ¢ is positive, analytical and localization in all directions in the (x, y)-plane. By
using Eqs. (17) and (26) and the transformation (9), the third class of interaction solutions is

k aZa?
w 2”5”6g + 2ash + kik; exp(f) N azagg + azh + (ks + k3) exp(f) + 5%6 + aZ

" 20506 285% o 4 Dash + kiky exp(f)
2(—25%g + 2ash + kik, exp(f)](a2g + agh)
m_ 2 =
w ¢2 ’ (
where
¢ = g%+ h? + ag + ky exp(f), )
a a,a:
g = ——X+ay — ﬁtiﬁ’
2 2 Gs

h = asx + agy + a;t + ag,
f = kzX + k4t + k5.

The parameters are selectedtobea, = 1,a5 = 1,a5 = 1,a; = 1,a3 = 1,a9 = 3,k = 3,k = 1,kq4 = 3, ks = 2 in case
[II. The symbol of “ £+ " in (26) takes as *“ — " to plot Figs. 3 and 4. The interaction solution between a lump and a one-kink
soliton of u is presented in Fig. 3. The interaction solution between a bi-lump and a stripe soliton of w is plotted in Fig. 4.
Case IV.
asdg apdag 1(4(15 asdg asaék4 azkzkg

m=—— Wm=x——, @=——+—+—"—, k=0, kg=-— , (30)
ay dg kz a (.12](2 asdg
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Fig. 4. Profile of the solution (28). (a) 3-dimensional plot with the time t = 0, (b) the corresponding density plot.

which should satisfy the constraint conditions
k2(12(15(16 7& O, k1 > O, dg > 0, (31)

to guarantee that the corresponding solution ¢ is positive, analytical and localization in all directions in the (x, y)-plane. By
using Egs. (17) and (30) and the transformation (9), the fourth class of interaction solutions is

a2a2
v —Z‘E%g + 2ash + kiky exp(f) M+ % + a2
= + :
¢ —zfgj%g+2a5h+k1k2 exp(f)
v (—25%g 4 2ash + kiks exp(f))(2a:g + 2ash)
w = ¢52 N (E;:Z)
where
¢ =g* +h*+ a9 + ky exp(f), (33)
asa a a,a
g=—ﬂx+ y—ﬂtzl: 28
ap a; dg
ksas  asag  asaik
h—05X+GGJ’+<45 == 526 4)t+¢18,
kz a) azkz
axkyk
f=lkpx— 22534 4 ks,
asde

apdag k4a5 asdg (15(16’(4 k] kz a2k3
M=—-—— " )
g+ ( kz + a kz ) ( ) exp(f)

h 02 (y — 222
a; 2 as0g
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Fig. 5. Profile of the solution (32). (a) 3-dimensional plot with the time t = 0, (b) the corresponding density plot.
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Fig. 6. Profile of the solution (32). (a) 3-dimensional plot with the time t = 0, (b) the corresponding density plot.

The parameters are selectedtobea, = 1,a3 = 2,a5s = 1,a5 = 1,a; = 1, a3 = 1, a9 = 3, k1 =3,k = 1, kg = 3, ks = 2
in case IV. The symbol of “ & " in (30) takes as “ — " to plot Figs. 5 and 6. The special interaction solution between a rational
and a one-soliton of u is plotted in Fig. 5. The bi-lumps soliton catch up with a one-stripe soliton is given in Fig. 6.

4.2. Between lumps and a pair of line soliton solutions

For interaction solutions between lumps and a two-stripe solitary, we use a quadratic function with two exponential
functions. Based on the quartic-linear form, the interaction solution of Egs. (11) and (12) is defined by

¢ = g> + h* + ag + ky exp(f) + ke exp(—f), (34)
g = ;X + @y + ast + aa,
h = asx + agy + a;t + ag,
f =kox + kay + kgt + ks.
By substituting (34)into (11)and (12) and collecting the coefficients of x, y, t, the following two sets of constraining relations
for the parameters are yielded by solving the algebraic equations.

Case I.

as0g Qedz
a=—-——-, a3 = ———, ky =kq =0, (35)
a a

which should satisfy the constraint conditions

a; 75 0, k] > 0, ag > 0, k5 > 0, (36)
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to guarantee that the corresponding solution ¢ is positive, analytical and localization in all directions in the (x, y)-plane. By
using Egs. (34) and (35) and the transformation (9), the first class of interaction solutions is

2,2
2 _ 947 9% 2
— 2059 5 | Dach a2g+a7h+ 2 +at

I __ a

u = + >
¢ —%g +ash
| A="%Cg +ash)(ag + ash)
w = ¢2 5 (37)
where
¢ =g° +h* + ag + ky exp(f) + ke exp(—f), (38)
asdg asay
E=——X+mmy— —t+da,
a; a;
h = asx + agy + a;t + as,
f=ksy+ks.
Case II.
asa aga
4G =——2, a3 = ———, ks =0, (39)
a a

which satisfy the same constraint conditions (36) to guarantee that the corresponding solution ¢ is positive, analytical and

localization in all directions in the (x, y)-plane. By using Egs. (34) and (39) and the transformation (9), the second class of
interaction solutions reads

ﬂzﬂz 2
M+ 57 + a3
)

ull = ﬂ 4
¢ N '
2N(a agh
w]] _ ( 2g+ 6 ), (40)
4)2
where
¢ =g° + h* + ag + ky exp(f) + ke exp(—f), (41)
as0dg asay
=——X+my— ——t+d,
a a
h = asx + agy + a;t + ag,
f = kox + kat + ks,
205(15
N=-— p g + 2ash + kqk; exp(f) — kakg exp(—f),
2
aga k k
M= —=Tg +arh+ - (ke + k) exp(f) — - (ka + k) exp(~f).
2
The parameters are selectedasa, = 2,a4 = 3,a5 = 1,a5 = —2,a7; = 2,a3 = —2,09 = 6, k1 =2, ky = —1, kg = =3, ks =

—2, k¢ = 2. The special interaction solution between a rational and a soliton solution of u is shown in Fig. 7. The bi-lumps
catch up with a two-stripe soliton is given in Fig. 8.

5. Conclusion

In summary, some novel interaction solutions between lumps and stripe solitons of the mDWW equation are considered
in this paper. First, we construct a bilinear form of the mDWW equation by the truncated Painlevé series. The positive
quadratic function is used for finding lump solutions. However, we fail to obtain lump solutions due to the trivial parameters
in (7). Then, we construct a pair of quartic-linear forms of the mDWW equation by selecting a different seed solutionin (10).
Some novel interaction solutions between lumps and soliton solutions are studied by solving the pair of quartic-linear forms
of the mDWW equation. A bi-lump, a lump in a one-kink soliton background, the interaction solution between a lump and a
one-stripe soliton, the interaction solutions between a bi-lump and a two-stripe soliton are studied in detail. In this paper, we
select the seed solution (10) to get the quartic-linear forms of the mDWW equation. Some novel lumps and their interaction
solutions are obtained with the quartic-linear forms of the mDWW equation. We can also select the seed solution

_ ¢yt ¢xxy lon ¢xy Pux ¢xy

u, = 0, wa _— = —— — ,
b P < b2
to yield different multi-linear forms of the mDWW equation. We can study lumps and their interaction solutions by solving
different multi-linear forms. In addition, we find a new idea to get lump solutions by solving the quartic-linear forms of the
mDWW equation. We can explore lumps and their interaction solutions by multi-linear forms of the nonlinear differential
equations, which are not usually given by their bilinear forms.

(42)
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Fig. 8. Profile of the solution (40). (a) 3-dimensional plot with the time t = 0, (b) the corresponding density plot.
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