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1 Introduction

It is well known that the study on exact solutions of nonlinear evolution equations
(NLEESs) is always one of the central themes in fluids, fiber optics and other fields [1].
Recently, there has been paying more attention to some generalized NLEEs because of
their wide range of applications in various physical fields. It is of importance and practi-
cal significance to systematically investigate integrable properties and various exact an-
alytic solutions to those NLEEs, both constant-coefficient and variable-coefficient. In the
past decades, different solution methods have been developed in a variety of directions.
Various kinds of exact solutions such as solitons, cuspon, positons complexitons and
quasi-periodic solutions have been presented for NLEEs. Available solution methods
include the inverse scattering transformation [1], the Hirota direct method [2], Lie group
method [3], Darboux transformation and Biacklund transformation [4,5] and the algebro-
geometrical approach [6]. The Hirota direct method is one of the most powerful analytic
tools for solving soliton problems of NLEEs. If a bilinear representation is known for
a given NLEE, one can find its soliton solutions, bilinear BT and some other integrable
properties [7-9] directly.

Based on the Bell polynomials, the Hirota bilinear method has also been developed to
obtain explicit periodic wave solutions based on the Riemann theta functions. In 1980s,
Nakamura proposed a direct method to construct a kind of quasi-periodic wave solu-
tions for nonlinear equations in his essay [10], where the periodic wave solutions of the
KdV equation and the Boussinesq equation were obtained by means of the Hirota direct
method. The presented method only depends on the existence of Hirota bilinear forms,
rather than relies on the Lax pairs and their induced Riemann surfaces for the consid-
ered equations. Recently, this method has been extended to investigate the discrete Toda
lattice, (2+1)-dimensional Bogoyavlenskiss’s breaking soliton equation and the asym-
metrical Nizhnik-Novikov-Veselov equation by Fan and Hon [11-14]. One of the authors
(Ma) constructed one- and two- periodic wave solutions for a class of (2+1)-dimensional
Hirota bilinear equations and a class of trilinear differential operators used to create
trilinear differential equations [15-19]. Zhang et al. [20] constructed periodic wave so-
lutions of the Boussinesq equation. Chen et al. [21, 22] obtained a Maple package to
construct bilinear forms, bilinear Backlund transformations, Lax pairs and conservation
laws for Korteweg-de Vries-type equations. One of our authors (Tian) and his collabora-
tors [23-27] presented soliton solutions, Riemann theta function periodic wave solutions
and integrabilities of some nonlinear differential equations, discrete soliton equations
and supersymmetric equations, etc.

In this paper, we focus on a (3+1)-dimensional generalized Calogero-Bogoyavlenskii-
Schiff (gCBS) equation

up—hy (utty +uyv) —houitt, — M3ty —hytyy, +hstix +hevy +hyw, —hgu,w =0, (1.1a)
uy:vx, (1.1b)

Uy =Wy, (1.10)
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where u=u(x,y,z;t) and h; (i=1,2,---,8) are all arbitrary constants. Under h; =0, h3 =0,
hs =he¢=hy;=0and v=y=0, Eq. (1.1) can be reduced to the classical (24 1)-dimensional
CBS equation

Uy —hotthy —hgtlyy, —hgti,w =0, (1.2a)
Uy, =Wy, (1.2b)

which can be written in the potential form,
ut—hzuuz—h4uxxz—hguxa;1uz:0. (1.3)

Eq. (1.3) admits singular solutions, exact analytical soliton-like solutions, quasi-periodic
wave solutions, periodic-like solutions and a Lax representation by taking different val-
ues of the coefficients hy, hy and hg. It is also integrable by the one-dimensional inverse
scattering transform and Painléve test [28-31]. Recently, more and more people are in-
terested in studying some generalized nonlinear evolution equations [32-38], resulting
from their more widely applications in many physical fields [39-54]. To our knowledge,
Riemann theta function periodic wave solutions for Eq. (1.1) have not been studied via
binary Bell polynomials.

The main purpose of this paper is to systematically construct a bilinear formalism,
soliton solution and some Riemann theta function periodic wave solutions of Eq. (1.1)
by means of the Bell polynomials method. Moreover, we present asymptotic behaviors
of the periodic wave solutions by establishing two interesting theorems and derive a
relationship between the periodic wave solutions and the soliton solutions, which shows
that the former solutions tend to the latter solutions under certain conditions.

The rest of the paper is organized as follows. In Section 2, some basic characters of
the Hirota bilinear operator and binary Bell polynomials are briefly introduced. Then by
virtue of the properties of binary Bell polynomials, we construct a bilinear representa-
tion of Eq. (1.1). In Sections 3 and Section 4, the soliton solutions and the Riemann theta
function periodic wave solutions of Eq. (1.1) are will investigated, respectively. In Sec-
tion 5, we further analyze asymptotic behaviors of one-periodic and two-periodic wave
solutions to the gCBS equation, by making a limiting procedure, which is used to strictly
show that under a small amplitude limit, the periodic wave solutions tend to the known
soliton solutions. Finally in Section 6, a few conclusions and remarks are presented.

2 A bilinear representation and its binary Bell polynomials

In this section, a bilinear form of Eq. (1.1) will be constructed. It will be easy to obtain
multisoliton solutions when we get a bilinear form of a nonlinear equation. To make our
presentation to be easily understood, we give the definition of bilinear operators D,, D,
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D, and D; as follows:
DY DyD:D;] f(x,y,z,t)-g(x,y,2,t)
=(0x—0x)"(9y —0y)"(0:—02)° (0 — )P f(x,y,2,t) - (', , 2 1) . 2.0)

x=x"y=y' z=2't=t'
In particular, when the Hirota operators act on exponential functions, we can get a concise
formula

Dy DyD;Df e -e% = (ky —k2)" (01— 02)" (h —2)* (w1 —wp)Pef1 722, 2.2)

in which ¢; =k;x+p;y+1liz4+wit+¢;, i=1,2 with k;, p;, I; w; and ¢; being constants. More-
over, we have a general formula

G(Dx,Dy,D;,Dy)ebt -e2 = G (ky —ko,01 — 2,11 — o, w1 —wp) e 72, (2.3)

in which G(Dy,Dy,D,,D;) is a polynomial of D,, D,, D, and D;. This formula is very
important in constructing one-, two- and N- periodic wave solutions to a given nonlin-
ear differential equation. In what follows, we simply recall some necessary notations
on multi-dimensional binary Bell polynomials, for details please refer, for instance, to
Lembert and Gilson’s work [55-57].

Let f=f(x1,x2,--+,x,) be a C® function in multiple variables. Multi-dimensional Bell
polynomials are defined by

Yooy, (F) = Yo oo, (Frigs 1 fie,) =€ T -0k, (2.4)

in which fi 4, ... 1, :8?1 - -aﬁgr (0<I;<m;, i=1,2,---,r). Taking r=1, Bell polynomials read

’

n! 51 . B L
Ynx(f)EYn(fL”',fn):Zsll-”Sn!(l!)Sl---(n!)sn 1 Tn n—};ksk, (2.5a)
YX(f):fx/ sz(f):fZX+f3%/ YSX(f):f3x+3fo2x+f5?r““ (2.5b)

To make a link between the Bell polynomials and the Hirota D-operators, we need to
introduce multi-dimensional binary Bell polynomials [56]:

= — Ullxl,m,lrxr/ ll++lr ls Odd,

%1)(1"”,”7)(7 (U,CU) Ynl,.”’nr (f) ‘fl]xlr“‘,lrxr { a]llxlr”’,lrxr’ ll + e +lr ls even, (2.6a)
D (0,0) =0y, Dhe(0,0) =02 +war, Dri(V,wW) =00+ Wiy, (2.6b)
%X(Urw) = U3y +3wa2x+v;3¢/“‘, (2.60)

which inherit clear recognizable partial derivative structures of the Bell polynomials.
The link between # -polynomials and the Hirota bilinear derivatives Dy!---DY'F-G
that we need can be given through the identity [56]:

Dhoxy, ez, W=INF/G, w=InFG)=(FG)~'D}!l---D}¥'F-G, (2.7)
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where F and G are both the functions of x and . Taking F = G, the identity (2.7) becomes

PZD;;.-.DQ;P-P:@(o,qzzlnP):{ 0 bt dsodd, o, )

Puixy ez, (4), M14---+n, is even,

where the P-polynomials can be characterized by an equally recognizable even-part par-
titional structure

P2x(Q) ={q2x, Px,t(ﬂ) =qxt, Pax (Q) = 4x +3q§x, (2.9a)
PSx,y(Q) = q3x,y+3q2quy/ P6x<q) = Q6x+15q2xq4x +15q%x,' Tt (29b)

The binary Bell polynomials %, y, ... n,x, (U,w) can be separated into P-polynomials and
Y-polynomials

(FG) 'DJ - DU F-G=%2, .m0, (0,0) | o=inF/ G o=InFG

=31, e, (U/U+Q) ’v:lnF/G,w:lnFG

ny ny r
= Z Z H ( Z]> Pllxlr”'zlrxr <q>Y(n1—ll)x1,~~~,(n,—l,)x,<U)' (210)

ny+---+n,=evenly =0 1,=0i=0

The key property of the multi-dimensional Bell polynomials

Ynlxlr”‘r”rxr (U) |U:]IUIJ = lp”lxlz‘”rnrxr /l/]’ (211)

implies that the binary Bell polynomials %, x, ... n,x, (U,w) can still be linearized by means
of the Hopf-Cole transformation v=In1, thatis, y = F /G. The formulae (2.10) and (2.11)
will then provide the shortest way to the associated Lax system of nonlinear equations.

In the following, we construct a bilinear form of Eq. (1.1) by using an extra auxil-
iary variable instead of the exchange formulas and then, get multi-soliton solutions to
Eq. (1.1).

Theorem 2.1. Under the following transformation,
u=2(Inf)re, v=2(Inf)yy, w=2(Inf)s, (2.12)
Eq. (1.1) is bilinearized into the following bilinear equation
9(Dy,Dy,Dy,D;) = (DyDy—h3D3Dy—hy DD, +hsD3+heDy+h7D2) f-f =0,  (2.13)
if and only if hy =3h3, hy =hg =3hy.

Proof. Inorder to detect the existence of a linearizable form of Eq. (1.1), we need to choose
an appropriate transformation. Let

u=c(t)qex, v=c(t)qxy, wW=c(t)qsz, (2.14)
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where c=c(t) is a function to be determined, which makes a connection between Eq. (1.1)
and P-polynomials. Combining the transformation (2.14) and Eq. (1.1), we can obtain a
new form

ct(£)qax +c(£)Gax s — 1 [ (F) G2xGor,y + ¢ (£) G35 x,y] — 2 (£) Goxas -
- h3c<t)q4x,y _h4c(t)q4x,z +h5C(t)fJ3x +h6c<t)%c,2y +h7c(t)Qx,Zz _h8C2<t)q3xQx,z =0. (2.15)

By setting c(t) =1, hp =hg and integrating (2.15) with respect to x, we have
E (Q) = qx,t - hquxQx,y - h2q2xQx,Z - h3q3x,y - h4q3x,z +h5%cx +h6qyy + h7qzz = 19/ (216)

where 9=19(y,z,t) is an integration constant. Then according to the formula (2.9) and set-
ting h;=3h3, hp=3hy, (2.16) can be transformed into a combination form of P-polynomials

E(q)=Pu(q) _h3p3x,y(51) _h4p3x,2(51)+h5p2x(Q)+h6P2y(51)+h7P22(51) =9. (2.17)

Particularly, when ¢ =0, Eq. (2.17) will be simplified as follows

E(q)=Pu(q) _h3p3x,y(51) _h4p3x,2(51)+h5PZX(Q)+h6P2y(‘1)+h7p22(51) =0. (2.18)

Referring to the property (2.11) and making use of the change as follows:

g=2(Inf)<=u=c(t)gxx=2(Inf) 1y, (2.19a)
g=2(Inf)<=v= (t)qu: (Inf)xy, (2.19b)
g=2(Inf) <= w=c(t)qx: =2(Inf) 4. (2.19¢)
Eq. (1.1) can be cast into the bilinear representation as shown in Z (2.13). O

3 Soliton solutions

3.1 Soliton solutions of gCBS equation

In this section, we will consider soliton solutions to Eq. (1.1) through the use of the Hirota
bilinear method.

According to the Hirota bilinear theory, Eq. (1.1) has the following one-soliton solu-
tion

=2[In(14e€")]xx, v1=2[In(1+e€")]yy,, wi=2[In(1+e")]s, (3.1a)

n=px+vy+oz— i (—hap®v—hgpPo+hsp® +hev* +hy0°) 45, (3.1b)

where y, v, 7, 6 are all arbitrary real constants.
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(d)

(f)

Figure 1: (Color online) Propagation of the one solitary wave for the gCBS (1.1) via expression (3.1) with suitable
parameters: u=1,v=1, 0=1, =1, h3=—1, hy=2, h5=1, hg=2, hy=1 with z=t=0. (a) Perspective view of
the wave. (b) The overhead view of the wave. (c) The corresponding contour plot. (d) The wave propagation
pattern of the wave along the x-axis. (e) The wave propagation pattern of the wave along the y-axis. (f) The
wave propagation pattern of the wave along the t-axis.

Furthermore, in a similar way, the two-soliton solution is given by

f=1+eN e entntin (3.2b)

1

1
Ni=uix+viy+0iz— V_ (—h3y?1/l- —h4}1?0’i —|—h5]¢lZ +h61/1-2 —|—h7(71-2)t+5l-, (3.20)

where y;, vj, 0;, 6; are all real constants and

numerator
A12

exp(Az) = (3.3)

" "Adenominator’
Al2

where A" = (g —pp ) (w1 —w2) —ha (1 —p2)? (V1 —v2) —ha(p1—p2)* (01 —02) +-hs (1 —
p2)? +he (v —v2)? +hy (01 —02)2, AJGOMINT = (g 4 pp) (w1 +w2) —h3 (p1+pi2) (V1 +v2) —
hy(p1+12)3(014+02) +hs (w1 +p2) % +he(v1 +12)?+h7 (01 +02)%. The relationships of the co-
efficients are w; = hap?v; +hap?o; —hspi—hep; "v? —hyu; 10?2, i, vi, 0; and &; (i=1,2) are
free constants.
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Figure 2: (Color online) Propagation of the two solitary wave for the gCBS (1.1) via expression (3.2) with
suitable parameters: y1 =1, pp=—-15, 11 =2, 1p,=-1, =1, 0o =2, 51 =0, 6, =0, h3=0.5, hy=—1, h5 =1,
hg=—1, hy=—1.5 with z=t=1. (a) Perspective view of the wave. (b) The overhead view of the wave. (c)
The corresponding contour plot. (d) The wave propagation pattern of the wave along the x-axis. (e) The wave
propagation pattern of the wave along the y-axis. (f) The wave propagation pattern of the wave along the
t-axis.

From the soliton solutions (3.1) and (3.2), we present Figs. 1 and 2 to show the propa-
gation situations of solitary waves.

Fig. 1(a) shows a three-dimensional space graph of one-soliton solution with small ex-
cited state. It implies that the amplitude of the excited state is limited. Fig. 1(b) represents
a three-dimensional density graph of one soliton solution. It shows that the one-soliton is
a line-soliton solution. The Figs. 1(d), (e) and (f) show the wave propagation of the wave
along x-axis, y-axis and t-axis, respectively. These figures represent the one-soliton wave
propagation with the same amplitude.

Fig. 2(a) shows a three-dimensional space graph of two-soliton solution with small
excited state. It implies that the amplitude of the excited state is limited. Fig. 2(b) repre-
sents a three-dimensional density graph of two soliton solution with M-type. Its surface
pattern is two-dimensional, i.e., there are two phase variables 7; and #,, which shows
that the two-soliton wave admits two-independent spatial one-soliton wave in two in-
dependent horizontal directions. The Fig. 2(f) shows the wave propagation of the wave
along t-axis. The figure shows the two-soliton wave propagation along t-axis with three
wave crests.
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3.2 The reduction of soliton solutions of gCBS equation

Next, we construct the soliton solutions of the (2+1)-dimensional CBS equation (1.3) by
considering the reduction of the soliton solutions of the gCBS equation (1.1).

In the following analysis, we mainly study the relationship between (1.1) and (1.3).
Under hy =0, h3 =0, hs =hg =h7 =0, v=y =0 and the condition h; = hg =3h4 provided in
Theorem 2.1, we have the following results:

For the one-soliton solution, we have 77 = ux+0z+hsp?ct+6 from the solution (3.1)
of Eq. (1.1). Then the one-soliton solution of Eq. (1.3) is given by

uy=2(Inf)re, f=1+exp(y)=1+exp(ux+oz+hyp’ct+o). (3.4)
For the two-soliton solution, we obtain #; = p;x +0;z+hy ylz(TiH—cSi, and
(11— p2) (w1 —wa) — (11 — 2)*(01 —2)
(11 +p2) (w14 w2) — (1 +p2)3 (01 +02)

From the solution (3.2) of Eq. (1.1), we obtain the two-soliton solution of Eq. (1.3) as
follows

exp(Ap)= with w;=p?c;, i=12. (3.5

ur=2(Inf)yy, f=14eN el 4eNntntai (3.6)

For the three-soliton solution, similarly we obtain 77; = y;x+0iz+hy y%ait—l—(si, and
(i) (wi—w)) = (pi—p)* (0 —07)
exp(Aij) = S S
(i) (witw;) = (pi+p;)3(0i+0;)

Then, the soliton solutions of the (2+1)-dimensional CBS equation (1.3) are the special
cases of the soliton solutions for the gCBS equation (1.1).

with w;=w?0;, i,j=1,23. (3.7)

4 Periodic wave solutions

In order to construct multi-periodic wave solutions to Eq. (1.1), firstly, we introduce the
following multi-dimensional Riemann theta function of genus n

19(6):19(‘:/7) — Z eni(nr,n)+2ni<§,n), (4.1)

nezZN

where n=(ny,---,ny)T €ZN denotes the integer value vector and complex phase variable
&=(&,,&n)T€CN. Moreover, for the two vectors f=(f1,---,fn)T and g=(g1,---,gn)7,
their inner product is defined by

(f,.8)=figi+fog2+-+fngN- (4.2)

The —it = (—it;;) is a positive definite and real-valued symmetric N x N matrix, which
can be called the period matrix of the theta function. The entries 7;; of T can be seen as
free parameters of the theta function (4.1). Under these conditions, the Fourier series (4.1)
converges to a real-valued function with an arbitrary vector ¢ € CV.
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Remark 4.1. Constructing periodic wave solutions can use an algebra geometric method,
the matrix 7 is usually constructed by a compact Riemann surface I' of genus N € IN. In
this paper, taking the matrix T to be pure imaginary matrix, i.e., the matrix —it real
valued, yields the Riemann theta function periodic wave solutions of Eq. (1.1).

4.1 One-periodic wave solutions

To construct the multiperiodic wave solutions of Eq. (1.1), we should consider a more
generalized form of the bilinear equation (2.13) by introducing one more widely avail-
able. Suppose that Eq. (1.1) satisfies the nonzero asymptotic condition u — ug as |&| —0,
we can find the solution of Eq. (1.1) of the form as follows

u=1o+292Ind(¢), (4.3)

where ug is a constant solution of Eq. (1.1) and phase variable ¢ is of the form ¢ =
(&1,-,8n)T, Ei=kix+piy+liz+wit+e;, i=1,2,---,N. Combining Eq. (1.1) and (4.3), we
can obtain the bilinear equation by integrating with respect to x as follows

X(Dery/DZ/Dt)MC) 0(6)
= (DD} —h3D3Dy —h3ugD3Dy —hyD3D; —hsuoD3D;
+hsD3+heDj+h7D2+4c) 8() - 8(8) =0, (4.4)

where ¢ =c(y,z,t) is an arbitrary integration constant. For the bilinear equation (4.4), we
are interested in its multi-periodic solutions in terms of the Riemann theta function 9(¢).

Remark 4.2. The constant c=c(y,z,t) may be taken to be zero in the construction of soliton
solutions. But in our present periodic case, the nonzero constant c plays an important role
and must not be dropped since elliptic functions generally do not satisfy equations with
zero integration constants such as (2.13).

In [23], the authors proposed two key theorems to construct Riemann theta function
periodic wave solutions for nonlinear equations by virtue of a multi-dimensional Rie-
mann theta function. Now using the results of [23], we can directly obtain some periodic
wave solutions for Eq. (1.1).

Theorem 4.1. Suppose that 9(&,7) is a Riemann theta function for N=1 with {=kx+py+I1z+
wt+e. Eq. (1.1) admits a one-periodic wave solution

u=1uo+292Ind (¢, 1), (4.5)

with
_ bian—brap _ biay —bran
w c

= , €= , (4.6)
a11a22 —Aa124a21 a12az1 —a11a22
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where
- 2,21 2n? w 212
a1 =— Z len“m ko™, a;p= Z e, (4.7a)
n=—oo n=—oo
400 ) +o0 )
Iy = — Z 47_[2(2”_1)2]{@211 72n+l’ Ay = Z p21’1 72n+1, (47b)
n=—o0 n=—o0
—+o0
b= Y ((256h3 itk 04256y Tt k31) (14 1o ) +16hsn? k>
n=-—oo
+16hen? 7% 0* +16hyn* 7*1%) o>, (4.7¢c)
ERSY
b=y ((16h3n4(2n—1)4k3p+16h4n4(2n—1)4k31)(1+u0)+4h5n2(2n—1)2k2
n=—o0
+ahe 2 (2n—1)20% 4 4hy T2 (20— 1)212) 22—, (4.7d)

and the other parameters k, p, 1, T, € and ug are free.

Proof. We consider the following one-Riemann theta function #(¢) with N=1 for con-
structing the one-periodic wave solution of Eq. (1.1),

8(8)=0(¢,1)= —iio eninzr+27rin§, (4.8)

Nn=—o0

where the phase variable { =kx+py+Iz+wt+¢ and the parameter satisfies Im(7) > 0.

The Riemann theta function (4.8) satisfying the bilinear equation (4.4) yields a suffi-
cient conditions for obtaining periodic wave solutions. By substituting function (4.8) into
the left of Eq. (4.4) and using the property (2.3), one can get

X(Dx,Dy,Dz,Dt)ﬂ(g)'ﬁ(C): Z Z g(Dx’Dy,DZ’Dt)eﬂimZT+2nim§.eninzr+2ﬂi(m+n)§
Mm=—oon=—00
=Y ) $(27ri(n—m)k,Zni(n—m)p,Zni(n—m)l,27ri(n—m)a))e"i(m2+”2)T+27Ti(m+”)§

Mm=—o00n=—00

=Y { Y 92”(27ri(2n—m’)k,Zni(Zn—m’)p,Zni(Zn—m’)l,Zni(Zn—m’)w)e”["2+(”m’)z]r}ehim’g

m'=—o0 | n=—00

£y 2m"e S =t 4.9)
m'=—o0

In the following, we compute each series . (m’) for m’ € Z. By shifting summation index
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by n’=n—1, one has the fact that

Lm)y=Y .Z(27‘[i(2n—m’)k,27'ci(2n—m’)p,Zﬂri(Zn—m’)l,27‘fi(2n—m’)w)e"i[”:z*("*m/)zh
=Y Zni2n’ —(m'—2)lk,2mi[2n' — (m' —2)]p,2mi[2n" — (m' —2)]1,27i(2n" — (m' —2))w)
n=—o0

% eni{n/er[n/f(m’fZ)]z}T.e2ni(m/71)r

> (' — Z(0)emim't m'’ is even
=Z(m' —2)e¥ M VT=... = £ T om ez 4.10
( ) Z(1)em™m 1T ! s odd, (210)

This implies that ZL(m'),meZ are completely dominated by Z(0)and .Z(1). If Z(0) =
Z(1) =0, then it follows that .Z(m’) =0,m’ € Z and thus the theta function (4.8) is an
exact solution to Eq. (4.4), i.e., £ (Dy,D,,D,,D;)8(&) - 9(¢) =0. Noticing the specific form
of (4.4), a one-periodic wave solution can be obtained, if we require

+o00 .
nrik,dnrip,dnmil Anmiw)e 2"1720, (4.11a)
£ (dnrik,dntip,dn il 4 21

n=—oo

+oo ;
Y 2(2mi(2n—1)k2mi(2n—1)p,27i(2n—1)1,27i(2n—1)w)e -2 HD™T =0, (4.11b)

n=—o0

Combining (4.4) and (4.11a), (4.11b), we obtain

20)= Y (—167T2n2kw —256h3 k3 0 — 256 h3ug i ntk3 p — 256 hy Tt k3l

n—=—oo

— 2564110 T4 3] — 16h5 T2k — 1656 20202 — 16h; 221> +c) AT (4.12a)

2=y (—47‘(2(2n—1)2kw—16h37'c4(2n—1)4k3p—16h3u07'c4(2n—1)4k3p

n=—oo
—16hyt* (2n—1)431 —16hguor* (2n —1)*K31 — 4hs? (2n —1)2k* — 4hgt* (2n—1)202
—4h7ﬂ2(2n—1)212+c) i@ =2n+1)7 (4.12b)

With the same constants in the system (4.7), Egs. (4.12a) and (4.12b) can be reduced into
a linear system about the frequency w and the integration constant c as follows

ain A w b
= . 413
<a21 ”22><C> <b2> 19
Now solving this system, we obtain a one-periodic wave solution to Eq. (1.1)

u=1uo+292Ind (& 1), (4.14)

from which we can get the vector (w,c)”, and the theta function ¢(¢) can be obtained
from (4.8). The other parameters k, p, I, T, € and u are free. O
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4.2 Two-periodic wave solutions

Theorem 4.2. Suppose that 9(¢,T) is a Riemann theta function for N =2 with §; =kix+p;y+
liz+wit+e¢; (i=1,2). Eq. (1.1) admits a two-periodic wave solution as follows

u=1g+202Ind(&1,&,7), (4.15)

where w1, wa, Uy, ¢ satisfy the system as follows

H(wy,wa,ug,c)T =b, (4.16)
in which
H=(hjj)axa, b=(b1,ba,b3,bs)7, (4.17a)
I’lﬂ = —47‘[2 Z <21’l —9i,k> (21’11 —91'1)%1'(71), (417b)
(1’11,)’12)622
hp=—4m" Y (2n—0,k)(2n,—67)Si(n), (4.17¢)
(1’11,)’12)622
I’li3 = Z (—16h37T4 <2n—6i,k>3<2n—91,p>
(1’11,)’12)622
—16hy 7 (2n—0;,k)3 (2n—6;,1))3;(n), (4.17d)
b= Y (16h3n4<2n—ez-,k>3<2n—9i,p> +16hy 7t (20— 0, k)3 (2n—6;,1)
(HI,HZ)EZZ
+4hs T (20— 0;, k)2 +4he 7T (20— 6;,0)% + 4hy 7 (21 — 01-,Z>2> Si(n), (4.17e)

2 _gl2 2 _g2)2 (2
hiyy= Z %i(VI)/ %i<n) — p’;1+(”1 6;) pgz+(”2 07) pg1”2+(”1 0;)(na 91')’ (4.17f)
(7’11,7’12)622

7Tl Tr)
7

o1 =M o e o3=e2mm2 =134 (4.17g)

and 91' = (911,912)T, 91 = (O,O)T, 92 = (1,0)T, 93 = (0,1)T, 94 = (1,1)T, 1= 1,' .. ,4 and ki, Pir li, TZ']',
g; (i, j=1, 2) are free parameters.

Proof. By taking N=2, the two-Riemann theta function 9(&,{,7) is of the form

9(&,T)=8(1,80, 1) = Y emimm+2miln) (4.18)

nez?

where the variables n = (n1,1n,)T € Z2, = (¢1,&) €C?, & =kix+piy+liz+wit+e;, i=1,2,
and —it is a real-valued and positive definite symmetric 2 x 2 matrix, which can be taken
of the form

11 T2 2
T= , Im(m1)>0, Im(1)>0, T170—T <O. 4.19
< & T ) (t11) (T22) 1122 — Tip (4.19)
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In order to get some sufficient conditions for the theta function (4.18) to satisfy the bilinear
equation (4.4), we substitute the function (4.18) into the left of Eq. (4.4) and obtain

g(DXIDyIDZIDt)ﬁ<CllCZIT) 'l9<6116211—)
Y. ZQni(n—m,k),2mi(n—m,p),2mi(n—m,l),2mi{n—m,w))
mncZ?
« eZni(g,m+n>+ni(<rm,m>+(rn,m))

=Y { Y Z(2ni2n—m' k), 2mi(2n—m',p),27i(2n—m',1),27i(2n —m’',w))
m'eZ? \nezZ?
eni[(r(n—m’),n—m’)+(Tn,n)] } eZni(@,m’)

Z m1, 2711 (&m') Z g 27T1 (gm'’ >, m =mn. (4.20)

m'eZ m'cZ2

Shifting index n as n’ =n —51-]-, j=1,2, we can compute that

L(m') =L (m),m)
=Y Z@ri(2n—m' k), 2rni(2n—m',p),2mi(2n—m',1),27mi(2n—m',w))

necz?

% eni[(r(nfm’),nfm@+(Tn,n)]

=) ¢ <2mz 21— (m}—26;)) k,,ZmZ [2n]— (m}—26;;) p1,27t12 20— (m;—26)]1;,
nez? i=1 i=1 i=1

277 Z 20— (m)— 251‘]‘)]601‘) oA Tkt [(n4-83) (my-647) + (=} —=03) (=1, —yj) i
i=1

P(m! —2 ml 2 (m - m+2nimymy i1
- %m/l /,mZ)eZNi(m’lfl)T +2mim! T ' ] ’ m’,n/EZZ, (4.21)
ZL(m,mh—2)e 2~ 12, j=2,

with §;; representing Kronecker’s delta. It implies that Z(m'), m' € Z? are completely
dominated by four functions .Z(0,0), .Z(1,0), .£(0,1) and .Z(1,1). We can show that if
Z(0,0)=2(1,0)=2(0,1)=2(1,1) =0, then .Z (), m}) =0 for all m,m} € Z? and thus
the theta function (4.18) is an exact solution to Eq. (4.4). Noticing the specific form of
Eq. (4.4), two-periodic wave solutions can be obtained if the following system holds

Y Z(2mi(2n—64,k),2mi(2n—04,0),27i(2n—04,1),27i (2n —6;,w))

nez?

« eni[(T(nfBI),nfel)+<Tn,n>} :0, (4.2221)
Y L(2mi(2n—02,k),2mi (2n—6,,0),27i (20— 0,,1),271i (21 — 62, w))
nez?

xeni[(r(n—ﬂz),n—ez)+<Tn,n>} =0, (4.22b)
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Y Z(2mi(2n—03,k),2mi(2n—03,0),27i(2n —03,1),27i (2n —63,w))

nez?
o e (T(1—63),n—03)+(Tn,n)] -0, (4.22¢)
Y L(2mi(2n—04,k),27i (20— 04,0), 271 (21— 04,1),271i (21 — 64, w) )
nez?2
s e (1—64),n—04)+(Tn,n)] =0, (4.22d)

where 6;,= (61,6)T, 0, =(0,0)T, 6, =(1,0)T, 6= (0,1)7, 0, =(1,1)T,i=1,2,3,4.
Combining Egs. (4.4) and (4.22a), (4.22b), (4.22¢), (4.22d), we obtain

Y [4m*(2n—0;,k) (2n—6;,w) —16h37* (2n—0;,k)* (2n—0;,p)
nez?
—16h3uor* (2n—6,,k)%(2n—6;,0) —16hy7e* (21 —6;,k)° (2n—06,,1)
— 16h4u07t4 <2Tl — 91,k>3 <21’l — 91',Z> —4:”15 7'[2 <21’l — 9i,k>2 —4h6 7'[2 <21’l — 9i/P>2

— 4hy 2 (20— ;1) 2+ |t =B n=B)H(tnm] — o j=12 3 4, (4.23)

These equations can be written as a new form, under the above notation (4.17), given by

hi1 hia hiz hig w1 b
hy1 hyp  hys  hy wo by

= . 424
h31 hz hzz hz ug b3 (4.24)
hgt hy haz ha c by

Now solving the above system, we can obtain a two-periodic wave solution of Eq. (1.1),
u=19+202In0(&1,&,7), (4.25)

where #(§1,82,7) and parameters w1,ws,ug,c are determined by Egs. (4.18) and (4.25),
respectively. The other parameters k;, p;, I, €;, T;j are free. O

The figures of the one-periodic wave solution (4.5) and the two-periodic wave solu-
tion (4.15) are presented in Figs. 3-6. By taking the appropriate parameters, we can plot
different figures, which can help us analyze the properties and propagation of the peri-
odic wave solutions well. The Figs. 3(a), (b) and (c) represent a three-dimensional space
graph of the one-periodic wave solution with different labels. The Figs. 3(d), (e) and (f)
show the wave propagation of the wave along x-axis, y-axis and t-axis with the same
amplitude, respectively. It shows from (d), (e) and (f) that the one-periodic wave solution
admits different fundamental periods in x-axis, y-axis and t-axis, respectively.

The propagation of the symmetric and asymmetric two-periodic wave solution (4.15)
is presented in Figs. 4-6. The Fig. 4(a) shows a three-dimensional space graph of the two-
periodic wave solution and it also shows that the symmetric two-periodic wave solution
is periodic in two directions. Furthermore, it implies that the two-periodic wave solution
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Figure 3: (Color online) A one-periodic wave of the gCBS (1.1) via expression (4.5) with suitable parameters:
k=2, p=1,1=1, t=i, h3=2, hy=1, h5=2, hg=3, hy=4 and ¢=0. This figure shows that the one-periodic wave
solution is one-dimensional. Perspective view of the real part of the periodic wave Re(u) with: (a) t=z=0.
(b) t=y=0. (c) y=2z=0. Wave propagation pattern of the wave along with: (d) the x-axis. (e) the y-axis.
(f) the t-axis.

is actually one dimensional and it degenerates to a one-periodic wave solution. The
Figs. 5 and 6 show that the asymmetric two-periodic wave solution is spatially periodic
in two directions, but it need not be periodic in either the x or t directions.

Remark 4.3. Under the condition i1 =0, h3=0, hs =hs=h7 =0, v=y=0 and hy =hg=3hy,
one can obtain the quasi-periodic wave solutions of (1.3) from ones of (1.1). Since the
expressions of the solutions are relatively large, we omit them here.

5 Asymptotic properties of the periodic waves

In the following, we analyze relations between the one- and two-periodic wave solutions
(4.5), (4.15) and the one- and two-soliton solutions (3.1), (3.2) to Eq. (1.1).

5.1 Feature and asymptotic properties of one-periodic waves

The one-periodic wave solution (4.5) has the following properties.



964 C.Y.Qin, S. F. Tian, L. Zou and W. X. Ma / Adv. Appl. Math. Mech., 10 (2018), pp. 948-977

N\

Figure 4: (Color online) A symmetric two-periodic wave of the gCBS (1.1) via expression (4.15) with suitable
parameters: % = % = % and IZ0] :0, kl =p01= ll :0.1, k2 =p2= 12 :03, T11 = i, T2 :OSI, T2 :Zi, h3 = —1,
hy=2, hs5 =4, hg=6, hy =8, ¢1 =0, ep =0 with z=1. This figure shows that two-periodic wave solution is
almost one-dimensional. (a) Perspective view of the real part of the periodic wave Re(u). (b) The overhead
view of the wave. (c) The corresponding contour plot. (d) The wave propagation pattern of the wave along
the x-axis. (e) The wave propagation pattern of the wave along the y-axis. (f) The wave propagation pattern

of the wave along the t-axis.

(i) It has two fundamental periods 1 and 7 in the phase variable ¢.

(ii) There is a single phase variable ¢. Its speed parameter is given by

biar, —bra
w— 1422 — 2412 . G.1)
1142 —a124z1

(iii) The one-periodic wave has only one wave pattern and it can be viewed as a parallel
superposition of overlapping one-solitary waves, placed one period apart (see Fig. 3).

Now we further study asymptotic properties of the one-periodic wave solution (4.14),
we have to use the solutions of the system (4.13). Because both the coefficient matrix and
the right-side vector of the system (4.13) are power series about g, its solution (w,c)?
should also be a series about . We can solve the system (4.13) via a small parameter
expansion method and a general procedure described as follows.
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Figure 5: (Color online) A asymmetric two-periodic wave of the gCBS (1.1) via expression (4.15) with suitable
parameters: |l # b =1 and ug=0, k; =1, ks =05, py =1, pp=04, 1 =1, =04, 711 =i, 712 =051, T =2i,
hy=—1, hy=2, h5=4, hg=6, hy =8, ¢1=0, e, =0 with z=1. (a) Perspective view of the real part of the
periodic wave Re(u). (b) The overhead view of the wave. (c) The corresponding contour plot. (d) The wave
propagation pattern of the wave along the x-axis. (e) The wave propagation pattern of the wave along the
y-axis. (f) The wave propagation pattern of the wave along the t-axis.

The system (4.13) can be rewritten as the following power series

( e )=A0+A1@+A2KJZ+"', (5.2a)
a1 a2
w 2
( . ):X0+X1p+X2p -, (5.2b)
b
(b; ):B0+B1p+B2p2+---. (5.2¢)
Substituting Egs. (5.2a)-(5.2¢) into Eq. (4.13), we have the following recursion relations
AopXo=By, AoX,+A1X,_1++A,Xo=B,, n>1, neNN. (5.3)

Assuming that the matrix Ay is reversible, one can obtain

n
Xo=A, 'Bo, Xn:A51<Bn—ZAiBn_1>, n>1, neN. (5.4)
i=1
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If two matrices Ag and A; are not invertible, and read

01 0 0
the required result can be obtained as follows
1 2 T 1 T

0— 87T2k Po ’ 1— 87T2k 1P1 7ty -6a

T

— ( 20Bun-EAX, )"~ (Bua T AKX )

X7’l ( ( +1 2 ) 87-[(2]( +1 =2 +1 ) , (Bn_t'_l—z?zzAanil)(l) > ,

n>2, neN, (5.6b)

in which V) and a(?) denote the first and second component of a two-dimensional vec-
tor «, respectively. In the following, we will present the relationship between the one-
periodic wave solution (4.5) and the one-soliton solution (3.1).

Theorem 5.1. If the vector (w,c)T is a solution of the system (4.13) and for the one-periodic wave
solution (4.5), we set

U v o O+mT
=0, k=-— =-—, l=5—, &= 7
4o =0, 2’ P 2ni 2’ °T o 5.7)

where u, v, o and 6 are determined by Eq. (4.5), then we have the asymptotic properties as follows

(&, t)—1+eT, when p—0, (5.8)

which implies that the one-periodic wave solution (4.5) tends to the one-soliton solution (3.1) via
a small amplitude limit, that is (u,p) — (u1,0).

Proof. Based on the system (4.7), the functions aij, b;,i,j=1,2 can be rewritten as the series
about p

a1y = —3272k (P48 2P ), (5.9a)
alz:1+2(p2+p8+~-~+p2"2+'“), (5.9b)
a2 = —872k(p+9p%++ -+ (2n—1) 22" 2Ly, (5.9¢)

a22:2(@+@5+...+@2"2*2”+1_|_...), (5.9d)
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t

Figure 6: (Color online) A asymmetric two-periodic wave of the gCBS (1.1) via expression (4.15) with suitable
parameters: ,’%;ﬁ% #L and ug=0, ky =2, k=3, p1=2, pp=4, h =2, =5, 711 =i, 712 =051, T =2i, h3=—1,
hy=2, h5=4, hg=6, h; =8, 1 =0, e, =0 with z=1. (a) Perspective view of the real part of the periodic wave
Re(u). (b) The overhead view of the wave. (c) The corresponding contour plot. (d) The wave propagation

pattern of the wave along the x-axis. (e) The wave propagation pattern of the wave along the y-axis. (f) The
wave propagation pattern of the wave along the f-axis.

b1 =3272{ [(16l15 1K p+ 16471 (14-100) +hsk® + g + hy 2]
+[(256h372 k3 0425614 772K31) (1 + g ) +4hsk® +4hep® +4h 12 8 + - -
+[(16h32 1tk 04161y T n*K31) (14 1) + hsnk® 4 hen?p? +hyn?1?] pz"z +.e }, (5.9¢)

by =872 { [(4h15 2K p+-4ha K1) (14 10) + hsk® + s+ iy 2o
+[(324h372 k3 0432404 77*K31) (1 + g ) +9hsk® +9hep® +9h71%] 0° + - --
+[(4h3(2n—1)* 230 +4hy(2n —1)*72K31) (1+ug) +hs (2n—1)k>
he (21— 1)20% +hy (2n =122 g2 21 (5.99)

According to Egs. (5.2a) and (5.2c), one can get

01 0 0
a0=(0 o) M= _gw 2 ) (5.10a)
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0 0
0 (5.10¢)
(32h3 7t k3 0 +32h4 K31 (14 ug) + 8hs 7w2k* +8hg T2 0%+ 8hy 212 )’ e
< (512h37t4K3 p+ 5120, T*k31) (14 1g) +32h5712k? +32hg 12 0% 4 32h7 7212 ) (5.10d)
0 ’ :

0
Bs= < (259271377430 +2592h4 K31 (1 + o) + 7205 702K2 1721202 + 72hy 212 > o (5:10e)
A3=Ay=0,---, By=B3=By=0,---. (5.10f)
Combining Eq. (5.10) and the formulas (5.6), we obtain

(—4h37‘[2k3p—4h4n2k3l)(1+u0)—h5k2—h6p2—h712
Xo= 3 , (5.11a)
0
gkx V)
X = 0 , 5.11b
’ (32712kXél) G-410)
(— 32413 72K3 p—324hy n2K31) (14-ug) + (64k2 —25k) X —Ohsk? —Ohp? —9h7 12
Xy = of 0 , (5.11c)
2567°k* Xy — 6412k X,

X1=X3=0,--. (5.11d)
With the aid of the formula (5.2b), we have

_ (—4h3 k3 p—4hy K1) (; +uq) —hsk? —hep? —h71? —i—8kX(()l) 2
( (—32413 712k3 p— 32404 71231 ) (1+-110) + (64k2 — 25k) X ") — Ohsk? — O pp? —9h712> o
k
+o(p*), (5.12a)
c =322k XV o2 + (256212 XY — 64k X (V) o* + o). (5.12b)
With the relation (5.7), we can get
c—0, 2miw—hyp®v+hyp?o —hsp—hep > —hyu'0?, when p—0. (5.13)

In order to show that the one-periodic wave solution (4.5) degenerates to the one-soliton
solution (3.1) under the limit p — 0, we first write the periodic function #(¢) in the form

9T =1+ (eznigjLeonig) o+ (e4ni§+€f4ni§> @4+._.. (5.14)

With the transformation (5.7), we can obtain
0(&,1)= 1+ef + <e‘5+625> >+ (6_26—1—635) S+ —14¢f, when p—0, (5.15)
¢=2mil—nT=pux+vy+oz+2miwt+J. (5.15b)
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From Egs. (56.13) and (5.15), we can deduce that

E—uxtvy+oz+ (hap®v+hyp?o—hsp—hep W2 —hyu~to?)t+6=n, when p—0, (5.16a)

g—>’7;§7, when o—0. (5.16b)

Combining Egs. (5.15) and (5.16), we further have
¥(&)—1+€", when p—0. (5.17)

From above analysis, we conclude that when the amplitude ©—0, the one-periodic wave
solution (4.5) just tends to the one-soliton solution (3.1). O

5.2 Feature and asymptotic properties of two-periodic waves

The two-periodic wave solution (4.15) has a similar simple characterization.

(i) Its surface pattern is two-dimensional, i.e., there are two phase variables ¢; and §»,
which implies that the two-periodic wave admits two independent spatial periods in
two independent horizontal directions.

(ii) It has 2N fundamental periods {{;,i=1,2,---,N} and {7;,i=1,2,--- ,N} in ({1,¢2) with
§1:(1,01...,0)T,...§N: (0,0,...,1)?

(iii) Assuming that k;, p;, [; satisfy the following relationship

k2 _2_ b =m (mis a constant), (5.18)
ki p1 h
we can get
wr~mwy,  Ga~my,  0(G1,82) ~8(81,mer). (5.19)

The two-periodic wave is actually one dimensional and it degenerates to the one-periodic
wave (see Fig. 4).

(iv) If the parameters do not satisfy the relationship, i.e.,
ky 02
— £ 5.20
Ero (520)

then for any time ¢, the phase variables ¢y =m; and ¢, =m; (m1,m; are constants) intersect
at a unique point. This point moves in the (x,y,z,t) plane with a constant speed as the
time ¢ changes. In Figs. 5 and 6, every two-periodic wave is spatially periodic in three
directions, but it need not be periodic in either the x, y, z or t directions.

Finally, we study the asymptotic properties of the two-periodic wave solution (4.15).
Similarly to Theorem 5.1, the relationship between the two-periodic wave solution (4.15)
and the two-soliton solution (3.2) can be established as follows.
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Theorem 5.2. If (wq,wy,uq,c)’ is a solution of the system (4.24) and for the two-periodic wave
solution (4.15), we take

TR

i 0;— i Ap
i = — & =— T

- 7 — 12 - .7 — . 7 <. ‘:1,2, 5.21

2mi’ U 2w’ Y 2wt 271i 2= o (-21)
where y;, vi, 0y, 6;, i=1,2 and A1y can be obtained from Eq. (3.3), then we have the following
asymptotic relations

— T
up—0, c—0, Ci%%, i=1,2, (5.22a)
O(&1,8,T) = 14el el M tmtAe - when o, 00 —0. (5.22b)

It means that the two-periodic wave solution (4.15) tends to the two-soliton solution (3.2) under
a small amplitude limit (u,1,02) — (11,0,0).

Proof. The periodic wave function #(¢3,¢2,7) is expanded in the form as follows

19((:1,(:2,7) =1+ <327Ti§1 _|_e*2ﬂié'1) et <€27Ti§2 _}_6*27&@2) T2 | (e2ﬂi(§1+f§2) +e*2”i(§1+§2)>

e (m+2tat+m) L (5.23)
From Eq. (5.21), we have

8(Z1, 62, T) =1+ef ele el B2 (Re=liy oZe—brf (R2e—fi—f 2y .
S14efi el elitetn ag o) 650, (5.24)

where & = Uix +viy+0oiz+wt+9;, @;=2miw;, i=1,2. It remains to prove that
C—>O, dji—>h3y?‘vi+h4y%m—h5yi—h6yi_lv12—h7yi_laf, (fl'—)]’]l', i:1,2, as pl,p2—>0. (525)

According to the way used for the one periodic wave, we can expand each function in
{hij,b;,i=1,2,3,4} into a series with o1, (. The expansions for the matrix H, the vector b
and the solution of the system (4.24) are given by

0001 0 0 0 0
go| 0000 [ 87 0 —32mrtie 32l 2
0000 0 0 0 0
0000 0 0 0 0
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w2
up

0 0 0 0
0 0 0 0
0 —8m%ky —32h3m*k3py—32h, i3l 2 | F2
0 0 0 0
3212k 0 —5127*3 (hap1 +haly) 2
0 0 0 0|
0 0 0 0 91
0 0 0 0
0 —327‘(2k2 —5127T4k%(h3p2—|—h412) 2
0 0 0 01l
0 0 0 0 2
0 0 0 0
0 0 0 0
0 0 0 0
0 0 o0 o |12
A —A Ay 2
0 0 0 0
0 0 0 0 i .
0 0 0 o |seesto(pieneh), itj+k>3,
Ay A3 Dy 2
0 0 0 0
1 + YZ §2 + 0 g‘)% + 0 g‘)% + 0 1§22
0 0 0 Ys
0
0 j L
0 | 19203 to(phpyeh), itj+k>3,
Ye
AN R T R T e R e
w w w w 2 w
ooy | T any [t by |92 oy |91 20
"o o Ho g g
-(00) (1) (21) o(12) o(22)
w® w®
wy” wy) P
+ u(zz) P12+ ué) P19203+0(910,63), i+j+k>3,
0 0
c2 3

971

(5.26a)

(5.26b)

(5.26¢)
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where A; and Y| are, respectively, given by

A1:—87T2<k1—k2), A2:—32]’l37'(4<k1—k2)3<p1—p2)—32h47'(4<k1—kz)s(ll—lz), (5.27a)
Ay=—87*(ki+ka), Ds=—32h37*(ki+k2)?(p1+p2) —32hart* (ki +k2)? (I +12), (5.27b)

Y1 =32h3 etk 01 4320y G 1y +8hs 712K 48 7% 03+ 8y T3, (5.27¢)
Y, =32k 14K 02 4 320y T4k I + 8h5 T2 K3 4 8he 717 03+ 8y 13, (5.27d)
Y3 =512h3 74k 1 + 5120y 7k 1y +32hs 702K3 + 3206 1203 4+ 320 212, (5.27e)
Y, = 512h3 7K3 00 + 5120y k3 1 ++ 3215 702K3 + 3206 11203 + 321, 215, (5.27f)
Y5 =32h37t* (k1 —ka)3 (01— 02) +32hy 7t* (k1 — k2 ) (I — o) +8hs7t% (kg —k2)?

+8he T (01 — p2) > +8hy (I —12)?, (5.27g)
Yo =32h3 7t (ki +k2)3 (01 +p2) +32ha 7t (ky +ko )3 (I +1n) +8hs 712 (ky +- k2 )?

+8h6 7% (01 4 02) 2 +8hy 7% (I +12)2. (5.27h)

Substituting systems (5.26a)-(5.26c) into system (4.24) and comparing the same order of
01, 92 and g3, we have some relationships as follows:

c(00) = (1) — o (21) = £(2) = (3) =, (5.28a)
12— 32721 0\ 4 (—512h3 113 oy — 5121, 131 )Y = Y, (5.28b)
— 872k + (=32h3 143 py — 320y 31 Y™ =0, (5.28¢)
— 872k + (—32h3 T3 0p —32hy 3L u{™ =Y, (5.28d)
8n2k2a)§ )—i—( 32h3 k300 — 32h47't4k§lz)u(()21):0, (5.28e)
— 872k 0™+ (=32h3 13 p1 —32hy 131 )u(™ =Y, (5.28f)
¢ —327%ky ™) 4 (—512h3 1430, — 512k 131 ) u( ™ = Y, (5.28g)
— 872k 4 (=32h3 143 py — 32k 31 Ju P =0, (5.28h)
—872kpwi™ + (—32h3 T30, — 320y 3L )u™ =0, (5.281)
Mal™ =A™ 4 2ul™ = Y5, 230" + Azl + Aul"Y =Y. (5.28j)
Taking u(()oo) =0, we can show that
ug=o0(p1,02)—0, (5.29a)

c= |:167T2k1 (Y5A1_1 —|—Y6A3) _1) —|—Y3} p‘;‘

+ 167K (Ys20) 7! = YsAT ) +Ya | g3 +0(p192) 0, (5.29b)
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27tiw; = —% (8h3 70K o1+ 8ha 72K3 1y + 2h5 7TkG + 2he 7T0T + 2hy 1T ) +0( 01 02)

— hapdvy +hapdon —hspy —hepy Wi —hypy o, (5.29¢)
27w, = —é (8h37T°k3 02 -+ 8ha 73k3 1o -+ 2hs5 7Tk5 + 2he 703 + 2h7 13 ) +-0( 0102

— hap3va+hapson —hspa —heps 'va—hzps 'o3, as (p1,902)—(0,0).  (5.29d)

From the above argument, we can draw the conclusion that the two-periodic wave solu-
tion (4.15) tends to the two-soliton solution (3.2) as (p1,2) — (0,0). O

6 Conclusions and remarks

In this paper, by virtue of binary Bell polynomials, Eq. (1.1) has been systematically inves-
tigated, which could be used to describe many nonlinear phenomena in plasma physics.
We have obtained a Hirota bilinear form, soliton solutions and qusi-periodic wave solu-
tions. Moreover, the relationships between the presented qusi-periodic wave solutions
and soliton solutions were strictly established in detail. We have discussed the asymp-
totic properties of the one- and two- qusi-periodic wave solutions and verified that one-
and two- qusi-periodic wave solutions tend to the one- and two-soliton solutions respec-
tively as the amplitude p — 0.
Based on the above results, we conclude that:

(i) With the help of binary Bell polynomials, a bilinear form (2.13) has been obtained
for Eq. (1.1).

(ii) In virtue of the Hirota bilinear method and the multidimensional Riemann theta
function, we have got the one- and two-soliton solutions and one- and two-periodic
wave solutions [see Solutions (3.1), (3.2), (4.5) and (4.15)] of Eq. (1.1) and given the
graphical analysis. The figures of soliton solutions were presented in Fig. 1 and
Fig. 2. The analogues of periodic wave solutions were presented in Figs. 3-6. Fur-
thermore, the asymptotic behaviors of one- and two- qusi-periodic wave solutions
were investigated, respectively. It is of interest that we have provided the relation-
ships between the qusi-periodic wave solutions and the soliton solutions by two
theorems with the strict proofs in details.

(iii) The presented analysis is very helpful for us to do further studies on nonlinear
problems in the fields of mathematical physics and engineering.
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