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Riccati equation mapping methods. Consequently, we establish several sorts of new families of complex
soliton wave solutions such as hyperbolic functions, trigonometric functions, dark and bright solitons,
periodic solitons, singular solitons, and kink-type solitons wave solutions of the P-NLSE. Using the men-

Keywords: tioned methods, the results are displayed in 3D and 2D contours for specific values of the open parame-
P-NLSE ters. The obtained findings demonstrate that the implemented techniques are capable of identifying the
Optical solitons exact solutions of the other complex nonlinear evolution equations (C-NLEEs) that arise in a range of
The AEM method applied disciplines.

The REM method
© 2021 Shanghai Jiaotong University. Published by Elsevier B.V.

This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

1. Introduction

In the field of engineering, optics and mathematical physics, the nonlinear evolution equation has attracted more attention of several
researchers for its wide-range of characteristics [1-6,6-16]. The nonlinear Schrédinger equation is a subpart of the nonlinear evolution
equation and it is applied in many fields such as plasma physics, chemical kinematics, fluid mechanics, elastic media, solid-state, quantum
mechanics, bio-genetics, nonlinear optics, and hydrodynamics [17-34]. A solitary wave or soliton is produced by eliminating the dispersive
and nonlinear effects in the medium propagating at constant velocity without changing its shape [35-42]. Most recently, optical solitons
have demonstrated significant effects in the telecommunications industry. The P-NLSE evaluates the propagation of optical solitons in non-
linear optical fibers and other telecommunication systems. For the past few years, to find the solitons of P-NLSE and exact solutions in the
form of solitary waves, several mathematicians and scientists have been studied broadly and they established the effective and powerful
approaches such as modified Kudryashov method [43], Hirota’s method [44-53| and direct algebraic method [54,55] which discuss the
interaction between lumps waves and also the mixed soliton solutions [56-59], residual power series method [60-62], sine-cosine method
[63,64], Fan sub-equation method [65,66], inverse scattering method [67-69], homotopy Perturbation scheme [70,71], Bicklund transform
method [72-76], the unified method [77,78], sine-Gordon approach [79,80] and simple equation method [81].
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In this paper, the extended modified auxiliary equation mapping (AEM) method and the generalized Riccati equation mapping (REM)
method [82,83] are employed to study the P-NLSE [84] which reads

i + ot piax + Bl — iy px — (P )y — o (I]*)ep) = 0, (1)

where «, 8, y, 8, o are constants. Here, i = u(x,t) refers to the wave profile while the coefficient of group velocity dispersion term,
the coefficient of nonlinearity, the coefficient of inter-modal dispersion, the self-steepening term for short pulses and the coefficient of
nonlinear dispersion term are stated by the parameters «, 8, ¥, § and o, respectively. In optics, Eq. (1) is commonly used as a useful
model for optical pulse propagation in nonlinear fibers. Furthermore, it is the simplest model for the propagation of the a laser beam in a
medium with a Kerr nonlinearity.

The structure of this paper is designed as follows: The mathematical analysis to the Eq. (1) is developed in Section 2. The geometrical
behavior of the solutions is demonstrated in Section 3. Finally, the conclusions are extracted in Section 4.

2. Mathematical analysis

Consider
wx, ) =Q&)e? ¢ =x—At, 6=—wix+ wot, (2)

where A, wy and w; are real constants.
Plugging the transformation given by Eq. (9) into Eq. (1) and from the real and imaginary parts, respectively, we get,

aQ’ — (wo +aw? + w1 Y)Q+ (B —8w)Q3 =0, (3)
and

2
A=—Qaw; +7), 8=—§U. (4)

2.1. The AEM method

By applying the AEM method on Eq. (3) and by balancing " with Q3, we obtain n=1. Therefore, the general solution will take the
form Cheemaa et al. [82]

- by ')
Q(;)—ao+a1¢(§)+¢(§)+d1¢(§), (5)
where ¢ (¢) satisfying the following auxiliary ordinary differential equation with its derivatives:
() =3¢ () +F20(8) +F19(5)% (6)
8(0) =205 (C) + 2200+ 119 (E), 7)
¢" (&) = (6F39()* +3F200(5) +F1)9'(C), (8)

where ag, ai, by, dq, F 1, F2 and f 3 are constants to be determined later.

Inserting Eq. (5) into Eq. (3) with the aid of Eq. (6) and collecting the coefficients of ¢’*¢p/, (k=0,1, j=0,1,2,3,...,n) yields an
algebraic system of equations in the assumed parameters and the coefficients exists in Eq. (3). Solving this system of algebraic equations
yields different sets of values represented by the following families.

Family 1:

i\/—oza)% —yw; — Wy

g = )
,/San 7/3
a = af2 b1 =0
2/8w; - B/—aw? —yo; —wy
2w+ yo +o oaF?
d— 0. Fie (aw? + yw 1),F3=— 2 _
o 8(aw? + ywi + wp)

Putting all these values into Eq. (3) with the help of Eq. (6), the solutions of Eq. (1) are obtained in the following forms

-2 - 1+ etanh[ly ,
a1 (2) :|: (wo + w1 (y +awr)) —ar1(1+€etanh[5/F1( +$0)])]e’9, (10)
28w — By/~w1(y +awr) —wo
where ¢ =x+ aw; + y)t, & is an integration constant, 0 = —w1Xx+ wpt, F1 >0, € =+1 and F, =2 /F{F3.
inh[/F(( )] E
) |:—4(cuo+a)1(y+aa)1))+(l+Mah rl)i|e“’ an
1.2 = )
4,/8w1 - B/—w1(y +awr) —wy
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where ¢ =x+ Qaw; + y)t, & is an integration constant, = —w{X+ wgt, F1 >0, F3>0, F,=-2/F1f3 and € and « are any combi-
nation of +1.

p+sinh[F 1({+50)]
28w — B/~ (y +awr) —wo

where ¢ =x+ Qaw; + Y)t, & is an integration constant, @ = —w X + wgt, p is an arbitrary constant, f ; > 0 and € and « are any combi-
nation of £1.

—2(wo + w1 (Y +awy)) —a(1+ £ S sl li| i0 (12)
e,

H13(8) = |:

Family 2:
e Y& 0 b0, YOV 2@t yen o) (13)
V2B~ 20, N R @
Putting the values of Family 2 into Eq. (3) with the help of Eq. (6), the solutions of Eq. (1) are obtained in the following forms
Yra(C) = [l\/&(e secl3vT1(¢ + &) P2 +2r1/T3(1 +etanh[3 /71 (S + SO)])Z)i|ei97 (14)
2v2,/-8w;1 + BF2(1 + e tanh[3/F1(¢ +&0)])

where ¢ =x+ Qaw; + Y)t, & is an integration constant, 0 = —wix+wgt, F1 >0, € =£1, F =2/F1F3.

iva(2e(1+k cosh[ 3T 1(L + &) + ((k + cosh[1 /T 1(¢ +&)] + e sinh[1/T71(¢ +§0)])27T)i|
2v2,/=8w1 + Bk + € cosh[ 1 F7(¢ + &)1 ((k + cosh[1/FT( +&0)] + € sinh[ 171 (¢ + &)])
xel?, (15)

where ¢ =x+ (2aw; + Y)t, & is an integration constant, 6 = —w1X+wgt, 1 >0, € =1, F, =-2/F1F3, and € and « are any combi-
nation of +1.

B ivoF1 €(—1— /1 + p*« cosh[/F1(¢ +&o)] + psinh[/F1(¢ + &)])
m16(l) = || ————=—=] x ———
2B —2./8w; (p+sinh[3/F1(¢ + &0)])?

e/ T+ +cosh[VF (L +E0)]\2
+(1+ psinh[J/7 1 (€ +20)] )‘/ﬁﬁﬂeﬁ

H15(8) = |:

, 16
= (16)
where ¢ =x+ (2aw; + y)t, & is an integration constant, 6 = —w1X + wgt, p is an arbitrary constant, f ; > 0 and € and « are any combi-
nation of +1.

Family 3:

_ Vw0 — w1 (Wi +y)
2,/(—,3+8a)1)

Vw0 — w1 (aw; +y)

d] ,a1:0, b1=0,

F2=0, F3=0, o=~ , (17)
2JF1y/ (=B +dw1)

Using the obtained values in (17) in Eq. (3) with the help of Eq. (6), we get the solutions of Eq. (1) in the following forms

<— 2 —esec[y/T1(¢ +&)*(=1+sinh[/F1(¢ + 50)])>\/—w0 —w(aw; +y)
m17(8) = e,

4y/=P + w1 (1 + e tanh[ 3 V71 (¢ +&)])
(18)
where ¢ =x+ (2Qaw; + y)t, & is an integration constant, 6 = —wx+wpt, F1 >0, € =+1 and f 5 =2/F1F 3.
(1+ h[VI1(E+60)])

_(1 - <§+co:hi%<ciéo>1>?Az>>\/_wo —or@orty) |

n18(8) = e’ (19)

2 —ﬂ+5&)1

where ¢ =x + (2aw; + y)t, & is an integration constant, 8 = —w1x+ wpt, F1 >0, F,=-2/F1F3 and € and k are any combination of
+1.

(p+sinh[VF 1 (5 +60)]) (po/1+p*k€+€ cosh[ VT 1(§ +&o) [+sinh[VF 1 (£ +60)])

1
2/—B + 8w .

Where ¢ =x+ Qaw; + y)t, & is an integration constant, 6 = —w1x + wpt, F 1 > 0, &y, p are arbitrary constants and € and « are any
combination of +1.

- (1 € (14+4/14p*k cosh[VF 1 (5 +&)]-psinh[VF 1 (£ +&0)]) )
6

H19(8) = (20)
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(8) (h) (i)

Fig. 1. i (. t):a=2, B=025 y=2 w =175 Fr=-1, 6 =075 wy=05 & =13, €=15.1In(g)-(i) t = 1.

Family 4:

_LY2VATs g g, o,
Véwr - B

a0=0’F2=07 F1=

aq

aw? + ywi + wo

o (21)

Similarly, by using the obtained values in Eq. (21) and inserting them in Eq. (3) with the help of Eq. (6), we get the solutions of Eq. (1) in
the following forms

(22)

Véwr — BF;

where ¢ =x+ Qawq + p)t, & is an integration constant, 0 = —w1Xx+wot, F1 >0, € =+1 and F =2 /F{F3.

V2J/a(1+€etanh[3VF1 (¢ +E)DF1VFs | 4
H110(8) =| - e,

ﬁ(] + e sinh[ V71 (£+60)] ) ﬂ\/ﬁ
K+cosh[F 1(C+&0)] F 3 .
min(g) = — - x el (23)

Véwr - p
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\ Yy -3 \-2 -1 1 2/ 3 / /
-3 -2 -1 1 2 3
\ B " )

-6 -3 -2 -1 1 2 3

(8) (h) (i)

Fig. 2. pi1s3(x,t): =15 f=-125 y =-025 w1 =075 Fy=-1, 0 =2, wy=05, & =-13, €=13, k=1, p=0.92. In (g)-(i), t = 1.

where ¢ =x+ (2aw; + y)t, & is an integration constant, 6 = —w{x+ wqt, F1 >0, F3>0, F,=-2/F1f3 and € and k are any combi-
nation of +1.

e/ T+p?i+cosh[ VF 7T (£+&0)]
B _«/Z/&(l o e VI
H1.12(8) = © -

Vowr — BF

where ¢ =x+ (2aw; + Y)t, & is an integration constant, 8 = —w1x + wgt, p, & are arbitrary constants and € and « are any combination
of +1.

2.2. The REM method
According to the REM method, Eq. (3) has the formal solution [83]
g1
X, t) = +8+ . 25
wx.t) =g19(5) + & @) (25)

where gy, g1, g_1 are constants and ¢ (¢) satisfies the following ODE

(&) =m +mP) +mdp* (). (26)

where 11, 1, and n3 are arbitrary constants.
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(c)

Il

0.25[% T T T
0.20 I
0151
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0.051
0.00 -
3 -2 -1 0

(d) (e) (f)

\!\\/M ! / ) \']N BYATARR AN //\\A/X//\/\/
v 4 v

\/ -10 \/ v ;

-15 -3 -2 -1 1 2 3

(8) (h) (i)

Fig. 3. w16(x,t): =065 =135 y =-1.15 w1 =075 fF,=-125 0=25, wy=049, § =13, e=-1, k=073, p=1.In(g)-(i), t = 1.

Substituting Eq. (25) into Eq. (3) with the aid of Eq. (26) and collecting the coefficients of ¢!, (i=0,1,2,---,n) to zero, yields a system
of algebraic equations in the assumed parameters and the coefficients of Eq. (3). Solving this system via Mathematica Software, the values

of the constants gy, g1, g_1 and wq are obtained as mentioned below, ¢ = x + (2aw; + y)t and 6 = —w1x + wpt.
Case 1

go— YA V2dems
V2 /8w — B Sowor— B 7

1
wo = 5 (—ans +4amns - 2y - 2a0}).

=0

Case II
8 = VL g1= __«/7«/57)1 g1 =0
«/Z/&o] —/3 \/5601 —ﬁ

1
Wy = E(—an% +4ann3 — 2y w; — 20w?).

From Case I, the solutions of Eq. (1) are obtained in the following sorts:
Family 1: when 1,2 — 41113 > 0 and 73713 # 0 (9113 # 0).

JE—4 .
M21(8) = |:g0 - g—l(\/ n3 —4nin3 tanh [MC} +n2>]e’0.

213
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H22(8) = |:g

H23(8) = |:go -5

x (sinh[y/n3 — 4mns¢] £ i))]eie.

M24(8) = [go i

M2s5(8) = |:g0

&1

213

1
2m3

213

_ &
4n3

(2)

24
( T coth [_M

5 §:|)+772)i|€i9-

(h)

<772 +y/n} - 47)177353Ch[\/71§ - 4771773§]

(i)

Fig. 4. uis(x.0):a=2 B =065 y=195 w =115 fi=1, 0 =045 wy=075 & =225 =1, k =1.In (g)-(i), t = 1.

(nz + /2 — 4minseschly/n2 — 4nins¢ 1(£1 + cosh[/n2 — 4, m(]))]e“’

(\/ n - 4n1n3<tanh [

V3 —4mns

4

§:| + coth |:

437
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4

;}) +2n2):|ei9.
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o2/ N/ N\ ; \ /

-3 -2 -1

[N
©

(2) (h) (i)

Fig. 5. wa6(x.t): @=035 p=0.5 y=-1, o=1, 11=02, ny=15 n3=-1, w1=0.75, A=1, B=2.In (g)-(i), t = 0.5.

_g A/ (A2+B2) (03 —4n113)—A(y/n3—4nin3 (cosh[/n3—4mn3¢1) n
! Asinh(y/nZ—4n113¢)+B 2

H26(8) = TR +80 |e?, (35)
_g1 (_ (BT=A2) (3 —4m113)+A(/ 13 =473 (coshl /13 —dm ¢ ) 772)
H 2 _ .
127 (¢) = A ) g0 |e”. (36)

213

where A and B are arbitrary constants such that B2 — A2 > 0.

2g111 (cosh[/n3 — 4mn3¢]) P
H28(8) = |8 + NN ev. (37)
L /3 — 4nins sinh(¥=25—"20) — mp (cosh[y/n3 — 4mnsd)) |
[ 2g1m sinh (VIS £ 1.
M29(8) = | 8o+ e ¢ (38)
V/n3 = 4nns(cosh[/n3 — 4n113Z]) — nz sinh (Y21R ) |
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(d) (e) (f)

/ 1.89725

2
1.89735
1 1
1.89730
x % ,
\ 2 3

(g) (h) (i)

Fig. 6. pao(x,t): a=1, B=025 y=2, o=1, m=1, m=2, n3=-2, v1=175.In(g)-(i), t=1.

o 0(@) = | g0+ 2g1m1(cosh[/n3 — 4n1n3¢])
’ | /3 —4mnssinh(y/nF - 4minst) — na(coshly/nF — 4minst D) £iy/ng - 4mns
€i9. (39)
() _g . 2g171 sinh[ Y ¢ o
2,11 =18 : .
| /3 —4mmns(coshly/n3 — 4mns¢]) — masinh(y/n3 — 4minsg £ /n3 — 4mmns
4gyn; sinh[ V2 0 g) w
H2.12(8) = i + 8o |€".
| 211 sinh(¥X27MB.0) (@) + 20/n3 — 43 (92) — /03 — 41

Family 2: when nZ — 41793 < 0 and 1,73 # 0(113 # 0).

213

/214 .
Ha13(0) = [g - ﬁ(— o A tan V22T g +772>:|619~ (40)
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H2.14(8) =

H215(8) =

H216(8) =

M2,17(¢) =

H2.18(¢) =

(g) (h) (i)

Fig. 7. pon(x,t): a=150, f=025 y=1, o=-1, m=1, n=-2, n3=-2, w;=175.1n (g)-(i), t =0.

8 V=15 44 "
g — z—m(\/—n§+4nm3cot[f§]+nz ev.

g+ 2% ( — M2 + /=03 +4mns secly/—n3 +4ninsL ] x (£1 +sin[y/-n} + 4771173{]))}"9-

%~ %(’IH\/—ni +4mns escly/—n3 + 4mns¢ 1 (£1 + cos( —”§+4"1"3§)))]ei0’

4 4

_gl (iJ(BZ—A2)(—n§+4n1ns)—A(J—n§+4n1ns(COS(\/—n§+4mn3§))) _ 772)

Asinh(y/-n3+4n1n30)+B .
+80 |€?,

213

440

V= 4 V-3 +4nns ,
o (Vs [—"2 i "”’3@} ~ coth {—"2 T '“”3:]) 217)]
3
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0.25f]

0.151

0.10

0.05F

0.00 "

-3 p

(2) (h) (i)

Fig. 8. ny13(x,t): a=1, B=25 y=1, 0=-2, 11=0.5 n=-2, n3=1, w1=175.1In(g)-(i), t =1.

_g _ 2B -A) (g +Amns)+AG/ 13 +4m s (cos(/—n+Amnsg))) 1
! Asinh(y/=n2+4m136)+B 2 ,
+ 80 8“9,

H2,19(8) = 205

where A and B are arbitrary constants such that B2 — A > 0.

2gimi(cos(/—n3 +4mnsf)) o (44)
. —_ 2 :
V=15 +4minssin [Mf] + n2(cos(y/—n% +4nin3¢))

2gim1 sin [_v—"z;‘*m"s ;]
. _n2
—n3 +4mn3 (cos ( -ni+ 4,71,73;)) —yysin [ﬁg n22+4n1n3 C]

() = | 20 2g1m1(cos(y/—n3 +4min3¢)) o (46)
’ /=% +4nin3(x£1 + sin[\/—n3 + 47138 ]) + n2(cos(y/—n3 + 4mn3l))

441
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i 28 sin [ Y20 | ,
M223(8) = | &+ : o
V1% +4nns(cos(y/—n3 +4mnsl)) — mysinly/—nZ +4ninsg ] £ /—n3 +4mns
i 4y sin[ Y220 ] (cos(y/—nZ + Aminsd)
H224(C) = —ra + 8o
| —2m1 sin[ Y=~ ] (cos(y/=nF + 4mnsg)) + 2/ =03 + 4mns (92) — \/—n3 + 4mins
xet?, (47)
Family 3: when 1y = 0 and 7,713 # 0.
81C11)2 ] i0
= - - ev, 48
#aas() [go n3(c1 — sinh(72¢) + cos[n2£ ) (48)
giM2(sinh(12¢) 4+ cos(m28)) |
= — - ev, 49
#226(0) [go n3(c1 + sinh(112¢) + cos(720)) (49)
where c; is an arbitrary constant.
Family 4: when 3 #0and 9, =n; =0
_ __ & |,
M227(8) = [go ot Tl3f]e , (50)

. where ¢, is an arbitrary constant.
We mention that the general solutions of Eq. (1) can be obtained by the same techniques that was used in Case II but it will not be
stated here.

3. Discussion and results

To demonstrate a set of new traveling wave solutions for Eq. (1), Mathematica 11.0 is employed to visualize the behavior of solitons
with the aid of the 3D, 2D and contour plots for the various sets of parameters. We mention that in all Figs. 1-8: (a) and (d) represent
the real part of the solution, (b) and (e) represent the imaginary part of the solution, and (c) and (f) represent the absolute value of the
solution.

4. Conclusions

In this article, we have been employed the AEM and the REM methods to acquire exact and solitary wave solutions for the P-NLSE
which is crucial for analyzing pulse propagation in optical fiber-based communications systems. A collection of different structures for
these solutions were retrieved in the form of bright, dark, singular soliton, hyperbolic functions and trigonometric functions solutions that
were investigated in Figs. 1-8. Our results demonstrated that the proposed methods are concise, effective and can be employed on other
nonlinear evolution equation. Moreover, we visualize the physical behavior for some of the obtained results in 3D, 2D and counter plots
by choosing appropriate values of the free parameters existed in these solutions. This research could be useful for future research in terms
of solution technique and precision, especially in solving the C-NLEEs, which have a high level of efficacy in the nonlinear arena.
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