Commun Nonlinear Sci Numer Simulat 68 (2019) 31-40

Contents lists available at ScienceDirect

Simulation

Commun Nonlinear Sci Numer Simulat

journal homepage: www.elsevier.com/locate/cnsns

Research paper

Abundant exact solutions to the discrete complex mKdV )
equation by Darboux transformation S

Li-Yuan Ma?, Hai-Qiong Zhao", Shou-Feng Shen®*, Wen-Xiu Ma¢®%€

A Department of Applied Mathematics, Zhejiang University of Technology, Hangzhou 310023, PR China

b Department of Applied Mathematics, Shanghai University of International Business and Economics, Shanghai 201620, PR China
¢Department of Mathematics and Statistics, University of South Florida, Tampa, FL 33620-5700, USA

d College of Mathematics and Systems Science, Shandong University of Science and Technology, Qingdao, Shandong 266590, PR China
¢ International Institute for Symmetry Analysis and Mathematical Modelling, Department of Mathematical Sciences, North-West
University, Mafikeng Campus, Mmabatho 2735, South Africa

ARTICLE INFO ABSTRACT
Artidf? history: In this paper, an N-fold Darboux transformation is constructed for the discrete complex
Received 10 March 2018 modified Korteweg-de Vries equation of focusing type, in terms of determinants. Through

Revised 4 June 2018
Accepted 27 July 2018
Available online 29 July 2018

the obtained one-fold and two-fold Darboux transformations, a variety of new exact solu-
tions, including an anti-dark soliton solution, a breather solution, a periodic solution, and
a two-soliton solution, are derived from a nonzero constant and plane-wave seed solution.
Via numerical simulation, a new kind of dynamical behavior of the two-soliton solution
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1. Introduction

The complex modified Korteweg-de Vries (cmKdV) equation

g ZQXxx:t6|Q|ZQx, (1.1)

has a wide range of physical applications in the propagation transverse-magnetic waves in nematic optical fibers [1] and
few-cycle optical pulses [2]. There are many other achievements for this model (1.1) including the inverse scattering trans-
form, conserved quantities, stability of solitary wave solutions, numerical simulations, symmetry constraints, Darboux trans-
formation (DT), and various kinds of solutions (see, e.g., [2-11]). Recently, the following discrete version of (1.1), proposed
in Refs. [12,13],

d
% = (1+elqnl®)[dn+2 — An-2 + 2a8-1 — 201 + €Gn(qR_1Gns1 — AN-1Tpy1)

+603(@a 1 — AN-1) + €ldns1*dni2 — €lan-1Pan-2]. (1.2)

has attracted a great deal of attention. Here gy is a complex-valued function of a spatial integer variable n € Z and a tempo-
ral continuous variable t € R, and g, denotes the complex conjugate of g,. The cases of ¢ = +1 correspond to the focusing
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and defocusing cases, respectively. One can check that under the transformation
x = nh, T=2h%, qu(t) = hq(x, 1), (1.3)

the discrete cmKdV Eq. (1.2) yields the cmKdV Eq. (1.1) with the 2-nd order preecision O(h?) as h— 0.

The discrete cmKdV Eq. (1.2) can be viewed as the discrete coupled mKdV system researched in [14] by setting g, =
an +iby. Indeed, Eq. (1.2) is integrable in the sense of discrete Lax pairs obtained by using Ablowitz-Ladik’s formulation
[15]. For the discrete cmKdV* equation, namely, (1.2) with &€ = 1, the authors of Ref. [16] have studies some types of exact
solutions derived by an one-fold DT. When the spectrum parameter A is a double eigenvalue, a w-shaped rational soliton and
a rogue wave solution are obtained from a nonzero seed solution. For other cases of A, a space-periodic breather solution
has also been constructed.

DT is a powerful tool for constructing exact solutions to integrable systems, both in the continuous and discrete cases.
Usually, N-soliton solutions can be presented in terms of particular determinants (see, e.g., [17]), including the Wronskian
and Grammian determinants, through iterating a DT. In this paper, we will construct an N-fold DT in terms of determinants
for the discrete cmKdV™* Eq. (1.2). Through the obtained one-fold and two fold DTs, with a nonzero constant and plane-wave
solution as a seed, a variety of new exact solutions including an anti-dark soliton, a breather solution, a periodic solution
and a two-soliton solution, are derived. Via numerical simulation, a new dynamical property of the two-soliton solution
generated from the two-fold DT is explored.

2. Darboux transformation in terms of determinants

In this section, we construct an N-fold DT by virtue of determinants for the discrete cmKdV+ Eq. (1.2). Eq. (1.2) admits
the following Lax pair

Eon =Un@n, @nt =Va@n, @n= (@n1, §0n,2)Ta (2.1)

where the shift operator E is defined by E¢, = ¢, and the matrices U, and V; take the forms

A n
Up=|-eq A1),

An()‘")\'71~ Qn) Bn()"7)\'719 Qn)
Vi =|—-eBa(A" 1A qp) An(AL A q) ] (2.2)
with
1 M- 2 % 2 ok * 2 42
An(A A7 Gn) = ———— + A7 (Eqngy- — 1) = A7 (Eqqn-1 = 1) — 26Gndy_1 + GadN’4

+e(1+elqn-11*)qnqy_o + €1+ €1qnl*) i1 qy_s.
B, A", qn) = A3qn + A1 + A[(1+ €19nl*)qns1 + €475 1 — 24n]
+A7(1 +elgn-1®)an-2 + €371 — 2qn-1]-
One can directly verify that the discrete zero curvature condition Uy = (EVy)Un — U,Vi of the linear spectral equations
(2.1) yields (1.2).
The N-fold DT can be written as
@n[N] = To[N]en, (2.3)

where the Darboux matrix T,[N] is
N N
N (N-2k) y N—2k (N=2k+1) y N—2k+1
AN+ kZ] T,; A 121 T A +
— k=

T.[N] = (2.4)

(_1)N+1 % T;I;J—Zk+l)*)¥fN+2k71 (_1)N (}\'N + % Tn(I;J—Zk)*)LNJer)
k=1 k=1

Assuming that qp is a solution of the discrete cmKdV+ Eq. (1.2) and for j =1,2,...,N, (p,(,j) = (<p,§’l) (p,(lj%)T is an eigenfunction

() ()=
n2 » ~%Pni1

(A;‘.)*1. Furthermore, two column vectors in Tn[N]()\j)((p,sj), wn(f)) are linearly dependent when det T,[N](4;) = 0. Therefore,
T,f_’\ll’zk) and T;’Z’Zk“) can be determined by

N N
N (N—2k) 9 N-2k () (N=2k+1) 4 N-2k+1 )
(Aj+2rn,1 A )W(zﬁz , )¢o
k=1

k=1

of the linear problems (2.1) with A = A;, one can check that w,(lj)) =(p )T is also the eigenfunction when A =
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(o9 s St oy - (S v tost - 25)
k=1 k=1
Under the above transformation (2.3), one can prove that the new linear problems
E@n[N] = U[N]@n[N].  @n:[N] = Va[N]@a[N], (26)
where
Un[N] = Ty 1 [NIURT; ' [N]. - Va[N] = (T [N] + To[NIVi) T [N], (2.7)

has the same form as the linear eigenfunction Eq. (2.1), except that qn, g} in Uy, V; are replaced by qu[N], gi[N] in Un[N],
Vn[N], respectively.
The relation between a new potential g;[N] and the old potential g, is

N = ~anTy 1) = Ti0s s (2.8)
where
_ Q1[N] _ Q5[N]
N _ 54 N1y _ S8
Tn,l - Q[N] ’ Tn,Z Q[N] ’ (29)
with
N _ 1) _ 1 _ a 2 M) 1.Q
M Z<p,(,21; MZ*?/’% M Zf%fi x]:i(p%% Ag j‘pé;) Ag jgo’g'z%
Ay Pn A ey Ay e PR ! Ay ey Ay @0
W R g i
. MO S R T R g

AV~ 0N 20D OGN Bl ) MRl —(ag) Mgl

()‘TV)N%%)* _()‘TV)N_I(pr(JVI)* ()‘TV)N_Z(prSI,VZ)* _O\E)N—?,(olﬂ)* . ()\;«V)—N+2¢$‘;)* _(AT\I)_N+1¢£’,\11)*

N,2)

It is noted that, here, the expression of {[N] and $2,[N] can be gotten easily, if one replaces (A’;’wéll),)»fpn‘], ,

MM ()N, (k;)—Nquz)*, -+, (A)NoM*)T for the first and second column in Q[N], respectively.

Let us first give the one-, two-fold DT of the discrete cmKdV+ Eq. (1.2). As N =1, the one-fold Darboux matrix T,[1] is
written as

R
T[1] = T ~7T TS0 |- (2.10)
where
—1,,(1) (1)
M M) o %1 )»1%,1(1)
* * x\—1 *
A‘lﬁn.l(l)* (pn(,12)* )‘1‘/’n,2 ()“1) Pn.2
7D A7 00"~ © _
n1 = o) @ | m2 = o a i
M g M g?i(’s]) (p’(?%
* * * * *
M@y —Pni M@y —Pni

Suppose qp is a solution and (p,(ll) = ((pé}f,(pls_lz))T is an eigenfunction of the linear problems (2.1) with A = Aq. Then

w,g” = (<p,5‘12)*, —(p,ﬂ?l)*)T is also the eigenfunction when A = ()q)*. Assume that detT,[1](A{) =0, then two column vec-

tors in Tn[l](k1)(go,§1), wn(l)) are linearly dependent. So gy[1] is exactly expressed as
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Mo P+ 12 1210lh 1) MM = Dele

a1l = —@uT ) - T, = n+ . (211)
TR R PIe P o) T A2 (M Rle P+ o) 12)
By means of (2.8) in the form of fourth-order determinant as N = 2, we have
Wl2] = —anT, ) ~ T (212)
where
_ Q1[2] _ (2]
T2 - 24 =D _ _ 2.1
v Top B T ey 21
with
-2,(1) -1,,(1) 1) (D)
e ST A S
)‘27 (p(ri,)l )"5 qoni% (pn]} }‘2(011,2 H
Q2] = k’{zw,bz)* —wé;)* <p,§,22)* —<A1>*1¢,§21)* :
)‘329011.2 _)"E(pn,l (pn,z _(’\3)_1%,1
and
(1) -1, (1) 1 (1)
Mg Mg ay oy
}”gwn,l(l) )"5 (pni% (p(nl)l )\2(/)”,2 H
Qi[2] = (,\’;)7290,2.22)* 7,\7@%21)* q;%* 7(A;)f1¢§21)* :
()“5)_29011.2 _)‘§¢n,1 (pn,Z _(AZ)_l¢n,1
-2.,(1) (1 (1 1
M Meg ey e
)‘2_ wq,l A%(pn,]] (pnl,l )‘Z(pn.Z )
Q2] = A*1‘2<p,§22)* (A:)—%pé%* (p%* _(A;f)—npég :
)"Ez(pnl)* ()‘3)72%,2* ¢n,2* _(Az)il(pn,l*
3. Exact solutions from one-fold DT
In this section, we construct a few types of exact solutions through the one-fold DT obtained in Section 2.
3.1. Solutions with a constant background
For the seed solution ¢, = p, p € R, solving the linear spectral equations (2.2) yields
_aA(lH%)t 4 aA(HA{):
o =e t(A" +e A B, (31)
1 7uA(]+)\%)t 34 aA(lAJrA%)t
o) = 75° T oAy re T B+ A-AD) ), (3.1)
where
C1-A+ A2 1+ A+
- 2A1 ’ - 2A1 ’ (3.2)

A=A -1)2-4p2A2, a= (A —-1)2+2p%A%
To illustrate the dynamical behavior of g,[1], we consider the following special cases.
Case 1: Anti-dark soliton and breather solution
Suppose that |)»% — 1| > 2|pr1]. As A>0, B>0, A R, inserting (3.1) into Eq. (2.11), we get an anti-dark soliton solution
(A2 +1)(A%+2p%A%) + (A — 1)((A3 +2p?A3 — 1) cosh& — Asinh§)
2022203 + 1) + (A = 1)((A2 +2p2A2 — 1) cosh& — Asinh§&)

aA(1+23)
)\4

qnl1]=—-p

(3.3)

aA(1+12)

_ B
where § =nlnz + T T
1A

t. This means that g,[1] is a solitary wave with the velocity v = —

M-1)3/1+p2—
2232

, which travels to the

4
left. The amplitude is |qn[1]|mex = 5 PATHD The dynamical profile of this anti-dark soliton solution is described

in Fig. 1(a) when A = /3, p = 1/2.
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(a) Anti-dark soliton solution (b) Breather solution

Fig. 1. (a): Anti-dark soliton solution (3.3) with A; = +/3, p = 1/2; (b): Breather solution (3.4) with A; = 2i, p = 1/2.

20
15
knl 1]l
L
0.5
0

Fig. 2. Periodic solution (3.5) with A; = v2, p = 1/2.

As A.yeCand Im A>0. Let A; =il (I #0,1). By using (2.11) and (3.1), a breather solution is given by

(2 = 1)((A2% = 2I2p?) cos(nm) +i(I> + 1) Asin(nm)) — (1> + 1) (8 cosh& + Asinh &)
2p212(I2 — 1) cos(nm) + (12 + 1) (S cosh& + Asinh &) ’

qnl1]=p (3.4)

2
where & =nln|8| + %ﬁ‘)t and 8 =12 +2p212 + 1. The dynamical profile of this breather solution (3.4) is shown in
1
Fig. 1(b) for the parameter A; = 2i, p = 1/2. We can see that when n is odd, i.e, n=2m+1,me Z, we get |qn[1]|max =
4 4 4 empy Y
¢"-Dy 1;"’22”(” 1) When n is even, i.e., n = 2m, there exist a local maximum values |gn[1]] = == 1;;52“’(” D and

b
two local minimum values that approach zero.
Case 2: Periodic solution
Suppose that |A2 —1| < 2|pA;| and A eR. For this case, let A =i, where Q=,/4p2)2 — (A2 —1)2, n=nargA—

HQ(;AT%)t and argA = —arctan H% Using (2.11) and (3.1), we obtain a periodic solution
1 1
A2 +1)(Q2-20%222) + (A2 = 1) ((A2 +2p%22 — 1) cos(2n) — A sin(2
qn[1]=p(1 )( P22%) + (A2 = 1)((A3 +2p?A% — 1) cos(2n) 2n)) 35)

20222 (A2 +1) + (A3 = 1)((A3 +2p2A2 — 1) cos(2n) — Asin(27))

with the period Tspgce = \Jﬂ and Tjjme = ﬁ in space and time, respectively. When A; = v/2, p = 1/2, the dynamical
1

profile of periodic solution (3.5) is shown in Fig. 2. Tspgce = n/arctan% ~ 9.76406, T;ime = 47” ~ 4.18879.
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1.0 1.0
oglall 1t

(¢) Periodic solution

Fig. 3. (a): Breather solution of discrete cmKdV+* Eq. (1.2) with k=mw/2, 11 =1+1i,p =1/2, 01 = 1, f; = 1; (b): Anti-dark soliton solution with k =7, A; =
2i,p =1/2,01 = 1, B1 = 1; (c) Periodic solution with k=7, A1 =2i,p =1, =1, 6, = 1.

3.2. Solutions with a plane-wave background

Let us start with a plane-wave solution g, = pe!"*W) where the dispersion relation satisfies w = 4(1 + p2)[-1+ (302 +
1) cosk]sink, p € R. Solving the linear spectral equations (2.2), we get eigenfunctions

acA

c(aA—)»‘l‘b)t ach
o =e i (ouA” + e’ B”),

) 1 -ikN- C(mz;:%t n ik 2 S on ik 2
¢n’2=me 1 a;A"(e" — A — A7)+ Biet B Ee"+ A -A7) ).
where
ek — A 422 ek £ A+ A2 _ _
A + A7 B— + A+ A7 A=\/(k%_elk)2_4pz)\'%elk’

2Aq ’ 2Mq ’

a=e*(1-223) + e (-2 + A7) + 21 (1 +2p%) (1 + 23e%™),

b= e‘“"(l + 6p2 + 6/04) _ (-l + 263”{)(1 + 2,02) + zeik, c= e—2ik’

d= eik(] + 2p2)(2 + e3ik) _ 263”( _ (] + 6,02 + 6,04)
Then, substituting (3.6) into (2.11), we can derive gn[1] of the discrete cmKdV* equation. Here we omit the expres-
sion because it is too long and complicated. For this case, assume that A = (A% —e*)2 —4p222eik. When A >0, ie.,
|22 — ek > 2| pAqei/?|, if we choose k=7 /2,41 =1+i,p =1/2,0q = 1, f1 = 1, a breather solution of the discrete cmKdV~+
Eq. (1.2) is obtained. If the parameters is given by k =7, A =2i,p =1/2, 271 =1, ; = 1, we get an anti-dark soliton solu-

tion. When A <0, ie., |A2 —e| < 2|pA;e*/2|, if we take k=7, A1 = 2i, p = 1,1 = 1, B; = 1, a periodic solution is derived.
The dynamical profiles of these two solutions are displayed in Fig. 3.

Remark 1. We also can construct rogue wave solutions by the Darboux transformation. For example, we have

; 203 A
_ i(kn+wt+k) n
qnl1] = pe (1 - —1 = —Bn), (3.7)
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(a) (b)
Fig. 4. The rogue wave solution q,[1] with the parameters p =2, k=1,s = —2u5

7 -

where

Ar=2n(1+pH)A+46+1)p2) +p/1+ 020 +26+ 1A +202)) + 1+ p2) (A +2p(p + (1 +/1+ p2))
+20(/1+ 024201+ p% + p/1+ p2))(M? +52) +25(0 (B +4p*)/1+ p2 + (1 + p2) (1 +4p?))
+8(1+ ,02)[((1 +0)A+4m+s+1Dp2) +p/1+p2(0+2(n+s+ 1)1 +2p%)))

(—cosk+ (143p?cos2k)) —ip(/1+ p%2+20(1+ p?+ py/14 p2)) (=1 +2(2+3p?) cosk) sin k]t

+16p(1+ p2) (V14 p2+2p(1 + p2 + py/ 1+ p2))[-2(1 +6p*(1 + p?)) cosk + cos 2k
+(1+20%)(2+9p*(1+ p*) —2c0s3k) + (1 +3p>(1 + p?)) cos 4k]t?,

Bi= (1+4202(n+s+ DA +p>)+2(n+s+1Dp/1+p2(1 + (n+s5+1)p?)
+8p(1 +,02)<‘/1 + 024201+ p%+p/1+p)(n+5s+ 1))((1 +3p?) cos 2k — cos k)t

+160%(1 4 p*)(1 + p* + py/1+ p?)[-2(1 + 6p*(1 + p?)) cosk + cos 2k
+(1+20%)(2+9p*(1+ p?) — 2c0s3k) + (1 +3p(1 + p?)) cos 4k]t>.

If we choose the parameters p =2,k=1,s= —#, this rogue wave solution is exhibited in Fig. 4. The hight peak is

|gn[1]lmax = o (3 +4p2) = 38 and the lowest is |qn[1]| i, = 0.352941. The peak amplitude of the rogue wave solution is at
least three times the background p.

4. Two-soliton solution from two-fold DT

In this section, we study the dynamical behavior of the exact solution g,[2] (2.12) of the discrete cmKdV™* Eq. (1.2) via
numerical simulations. Because the expression of gn[2] is very long and complicated, we consider a constant background,
i.e,, a seed solution g, = p, p € R. We take the eigenfunctions (p;]; (k, j=1,2) as follows

ajAj(HA})r

PR = LGP 48 ()
i _ 2,4 AN . 24 n
Y1 =€ i oz]Aj + Bje i Bj ,

41
1 _ﬂJAj(1+)L}2.)l ( )

: ajAj(1+)L§)t
() _ P

+3pt ;
oY) = e GAT1 - A=A+ Be T B+ A;-2D) ),

where A;, B;, A;, g; is given by (3.2) with the corresponding spectrum parameter A;. Then, upon inserting (4.1) into (2.12) and
(2.13), the obtained exact solution qn[2] of the discrete cmKdV™* equation presents a two-soliton solution.

As the parameters are A; =3, A, =2, p=1/2, 07 =1,81 =1, a3 =1, B, =1, the discrete two-soliton solution ¢,[2]
contains a anti-dark solitary wave (£; wave) and a w-shaped solitary wave (£, wave), which is depicted in Fig. 5. This
is a new and interesting property of the discrete nonlineazr cmKdV+ equation. It is shown that g,[2] consists of two left
—aj:l(il;xf)(j =1, 2). For the above parameters, the velocities of the soli-
i A

tary waves £ and &, are vy &~ 4.785 and v, ~ 7.987. Fig. 6 describes the evolution of the two-soliton solution |q,[2]| of the

travelling solitary waves with the velocities v; =



38 L-Y. Ma et al./Commun Nonlinear Sci Numer Simulat 68 (2019) 31-40
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1 lgal21l
50

20 "5

Fig. 5. Two-soliton solution gs[2] with A =3, A, =2,p=1/2,01 =1, =10, =1, = 1.

35
50 b
2 30 3 25
20F 25 3 20F
£ 20 Bl
lanf21l [an[21l lanl2]l 15
10F 5 3 10F
1.0 Bl
0.5 1 0.5 [
0.5
0.0t 0.0
0 20 40 60 80 -40 -20 0 20 40 -80 -60 -40 -20 0
n n n
(a) t=—5 (b) t=—1/2 (c)t=5

Fig. 6. Evolution plot of two-soliton solution |g,[2]| with parameters Ay = v3, A, =2, p=1/2,a; =1, 81 = 1,2, = 1, B, = 1. It consist of two left travelling
waves, keeping velocities and amplitudes unchanged.

4
3

2 g1l
1

Fig. 7. Two-soliton solution ga[2] with A; = 2,4, =2,¢{V =1,¢V = 2,c¢® = 1,2 = 2.

discrete cmKdV* Eq. (1.2). We can see that it presents an elastic collision. The amplitudes of the solitary wave £; and &,

4_ 2_ 4
are || = GIEDVIOZPUHD « 0,657 and |,| ~2.733.
1

Suppose that p = 0, and the eigenfunction ‘P,Sj,z (k,j=1,2) in (4.1) reduces to

o) = (DG ) _ (D€, (42)
At

where &§(A;) =nln(A;) + WAL, W (L) = L5~ —)»}3 +A172. By using the two-fold DT, we get the two-soliton solution

qn[2]. If we choose parameters A; = 2,4, =2,c\" =1,c" = 2,¢!® = 1,¢f? = 2, where ¢}’ = 1c{?, the two-soliton solu-

tion gn[2] is shown in Fig. 7. The velocities are v; = ,%(1‘ =1,2), which implies that this two-soliton consists of two
J

left travelling waves. We can see it possesses an elastic interaction property. Fig. 8 describes the evolution of the two-soliton
solution |gn[2]] of the discrete cmKdV* Eq. (1.2).
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Fig. 8. Evolution plot of two-soliton solution |q,[2]].

Fig. 9. Three-soliton solution gs[3] with 4; = 2,4, =243 =3,c" =1,c¢{" = 2,c¢? =1, =2,c¢P =1, = 2.

4l ] 4l ]
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2f ] 2f 1
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1+ 4
| h ] x
0 h 0 L
-60 -40 -20 0 20 40 60 80 -200 -150 -100 -50 0 50
n n
(c)t=0 (d)t=6

Fig. 10. Evolution plot of three-soliton solution |g,[3]|.

Remark 2. Similarly, we can analyze the the dynamic property of three-soliton solution by the Darboux transformation.
However, the exact expression of qn[3] is omitted due to its complexity. For example, we can see that the three-soliton
solution displayed in Figs. 9 and 10 is a left travelling wave and keeps elastic collision.
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5. Conclusions and discussions

In this paper, we have constructed the N-fold DT in terms of determinants for the integrable discrete cmKdV™* equation.
The obtained N-fold DT (2.9) amends the results in Ref. [16]. Through one-fold DT, we have derived a few kinds of new
exact solutions, including the anti-dark soliton solutions, the breather solutions and the periodic solutions, from a nonzero
constant and plane-wave seed solution. We have also studied the dynamical property of the two-soliton solution via nu-
merical simulation, and showed that the two-soliton solution includes an anti-dark solitary wave and a w-shaped solitary
wave, a new and interesting solution phenomenon for the discrete nonlinear cmKdV+* equation. Through some complicated
and tedious computation, we can present higher-order soliton solutions in terms of determinants analogously.
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