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Abstract Based on generalized bilinear forms, lump
solutions, rationally localized in all directions in the
space, to dimensionally reduced p-gKP and p-gBKP
equations in (2+1)-dimensions are computed through
symbolic computation with Maple. The sufficient and
necessary conditions to guarantee analyticity and ratio-
nal localization of the solutions are presented. The
resulting lump solutions contain six parameters, two
of which are totally free, due to the translation invari-
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ance, and the other four of which only need to satisfy
the presented sufficient and necessary conditions. Their
three-dimensional plots with particular choices of the
involved parameters are made to show energy distrib-
ution.
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1 Introduction

Integrable equations possess soliton solutions—
exponentially localized solutions in certain directions
[1]. They can also possess positon solutions—a kind of
periodic solutions [2]—and complexiton solutions—
combinations of solitons and positons [3]. The Hirota
bilinear forms [4] play an important role in presenting
solitons, positons and complexitons.

In contrast to soliton solutions, lump solutions are
a kind of rational function solutions, localized in all
directions in the space. Particular examples of lump
solutions are found for many integrable equations such
as the KPI equation [5–8], the three-dimensional three-
wave resonant interaction equation [9], the B-KP equa-
tion [10], the Davey–Stewartson II equation [7] and the
Ishimori I equation [11]. There are general searches
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for rational function solutions to the KdV equation, the
Boussinesq equation and the Toda lattice equation (see,
e.g., [12–14]), systematically through the Wronskian
and Casoratian determinant techniques for integrable
equations [15,16]. Generalized bilinear forms are also
used to compute rational function solutions to the gen-
eralizedKdV,KP andBoussinesq equations [17–19]. A
natural question arises what kind of lump solutions can
exist for nonlinear partial differential equations which
possess generalized bilinear forms.

The (3+1)-dimensional generalized KP and BKP
(gKP and gBKP) equations are as follows [20]:

uxxxy + 3(uxuy)x + utx + uty − uzz = 0, (1.1)

and

uty − uxxxy − 3(uxuy)x + 3uxz = 0. (1.2)

Under the transformation u = 2(ln f )x , they become
the Hirota bilinear equations

(D3
x Dy + Dt Dx + Dt Dy − D2

z ) f · f = 0, (1.3)

and

(Dt Dy − D3
x Dy + 3Dx Dz) f · f = 0, (1.4)

respectively. Here, Dt , Dx , Dy and Dz areHirota bilin-
ear derivatives [4], which have connections with Kac–
Moody algebras and quantum field theory [21]. For the
above bilinear gKP and gBKP equations, resonant soli-
tons are presented, forming linear subspaces of solu-
tions [20], and three-wave solutions are computed by
using the multiple exp-function method [22].

In this paper, we would like to consider the fol-
lowing two generalized bilinear equations in (3+1)-
dimensions, called the (3+1)-dimensional bilinear p-
gKP and p-gBKP equations:

(D3
p,x Dp,y +Dp,t Dp,x +Dp,t Dp,y −D2

p,z) f · f = 0,

(1.5)

and

(Dp,t Dp,y −D3
p,x Dp,y +3Dp,x Dp,z) f · f = 0, (1.6)

with p being an arbitrarily given natural number, often
a prime number, and the generalized bilinear operators
being defined by [23]:

(Dn1
p,x1 · · · DnM

p,xM f · g)(x1, · · · , xM )

=
M∏

i=1

( ∂

∂xi
+ α

∂

∂x ′
i

)nif (x1, · · · , xM )g(x ′
1, · · · , x ′

M )

× ∣∣
x ′
1=x1,··· ,x ′

M=xM

=
M∏

i=1

ni∑

li=0

αli

(
ni
li

)
∂ni−li

∂xi ni−ii
f (x1, · · · , xM )

× ∂ li

∂xi li
g(x1, · · · , xM ), (1.7)

where n1, · · · , nM are arbitrary nonnegative integers,
and for an integer m, the m-th power of α is computed
as follows:

αm = (−1)r(m), if m ≡ r(m) mod p

with 0 ≤ r(m) < p. (1.8)

The choices for powers in (1.8) just give a rule to take
the signs: +1 or −1. When p = 2k, k ∈ N, the two
generalized bilinear Eqs. (1.5) and (1.6) simplify to the
two Hirota bilinear Eqs. (1.3) and (1.4), respectively.

With symbolic computation with Maple, we will do
a search for positive quadratic function solutions to the
dimensionally reduced bilinear p-gKP and p-gBKP
equations from taking z = x or z = y in Eqs. (1.5)
and (1.6). To search for quadratic function solutions,
we begin with

f = g2 + h2 + a9, g = a1x + a2y + a3t + a4,

h = a5x + a6y + a7t + a8, (1.9)

where ai , 1 ≤ i ≤ 9, are real parameters to be deter-
mined. In the two-dimensional space, a sum involv-
ing one square does not generate exact solutions which
are rationally localized in all directions in the space,
through the dependent variable transformations u =
2(ln f )x or u = 2(ln f )xx . Noting that the generalized
bilinear equations

P(Dp,x , Dp,y, Dp,z, Dp,t ) f · f = 0

with a given polynomial P but different values of p ≥ 2
have the same set of quadratic function solutions, and
the resulting quadratic function solutions will generate
the same set of lump solutions to the corresponding
nonlinear p-gKP and p-gBKP equations with different
values of p. Because of the same set of solutions, our
discussion will focus on the case of p = 3. The suffi-
cient and necessary conditions to guarantee analyticity
and localization of the corresponding rational function
solutions will be explicitly presented. A few conclud-
ing remarks will be given at the end of the paper.
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2 Lump solutions to the reduced p-gKP equations

2.1 Reduction with z = x

When p = 3, the (3+1)-dimensional bilinear p-gKP
Eq. (1.5) reduces to the following generalized bilinear
equation in (2+1)-dimensions:

Bp-gKPx ( f ) := (D3
3,x D3,y + D3,t D3,x

+D3,t D3,y − D2
3,x ) f · f

= 2(3 fxx fxy − ft fx + ft x f + fty f − ft fy

+ fx
2 − fxx f ) = 0, (2.1)

under z = x . Through the link between f and u:

u = 2(ln f )x , (2.2)

the reduced bilinear p-gKP Eq. (2.1) is transformed
into

Pp-gKPx (u) = 9

8
u2uxv + 3

8
u3uy + 3

4
uuxxv

+3

4
ux

2v + 3

4
u2uxy + 9

4
uuxuy + 3

2
uxxuy

+3

2
uxuxy − uxx + utx + uty = 0, (2.3)

where uy = vx . The transformation (2.2) is also a char-
acteristic one in establishing Bell polynomial theories
of integrable equations [24,25], and the actual relation
between the reduced p-gKP Eq. (2.3) and the reduced
bilinear
p-gKP Eq. (2.1) reads

Pp-gKPx (u) =
[ Bp-gKPx ( f )

f 2

]

x
. (2.4)

Therefore, if f solves the reduced bilinear p-gKP
Eq. (2.1), then u = 2(ln f )x will solve the reduced
p-gKP Eq. (2.3).

For Eq. (2.1), a direct symbolic computation with
f in (1.9) leads to the following set of constraining
equations for the parameters:
{
a1 = a1,

a2 = a12a3 − a1a32 + 2 a1a5a7 − a1a72 − a3a52

a32 + a72
,

a3 = a3, a4 = a4, a5 = a5,

a6 = −a12a7−2 a1a3a5+a32a5−a52a7 + a5a72

a32 + a72
,

a7 = a7, a8 = a8,

a9 = 3(a12 + a52)2[(a1 − a3)a3 + (a5 − a7)a7]
(a1a7 − a3a5)2

}
,

(2.5)

which needs to satisfy the conditions

a3a7 �= 0, a1a7 − a3a5 �= 0, (2.6)

to make the corresponding solutions f to be well
defined. The condition

(a1 − a3)a3 + (a5 − a7)a7 > 0, (2.7)

guarantees the positiveness of f , and the condition

(a1
2 − a5

2)(a1a7 + a3a5) − 2a1a5(a1a3 − a5a7) �= 0,

(2.8)

guarantees the localization of u in all directions in the
(x, y)-plane. The parameters in the set (2.5) generate
a class of positive quadratic function solutions to the
reduced bilinear p-gKP Eq. (2.1):

f =
(
a1x + a12a3 − a1a32 + 2 a1a5a7 − a1a72 − a3a52

a32 + a72

y + a3t + a4
)2

+
(
a5x − a12a7 − 2 a1a3a5 + a32a5 − a52a7 + a5a72

a32 + a72

y + a7t + a8
)2

+3(a12 + a52)2[(a1 − a3)a3 + (a5 − a7)a7]
(a1a7 − a3a5)2

, (2.9)

and the resulting class of quadratic function solutions,
in turn, yields a class of lump solutions to the reduced
p-gKP Eq. (2.3) through the transformation (2.2):

u = 4(a1g + a5h)

f
, (2.10)

where the function f is defined by (2.9), and the func-
tions of g and h are given as follows:
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g = a1x

+a12a3 − a1a32 + 2 a1a5a7 − a1a72 − a3a52

a32 + a72
y

+a3t + a4, (2.11)

h = a5x

−a12a7 − 2 a1a3a5 + a32a5 − a52a7 + a5a72

a32 + a72
y

+a7t + a8. (2.12)

In this class of lump solutions, all six involved parame-
ters of a1, a3, a4, a5, a7 and a8 are arbitrary, provided
that the three conditions (2.6), (2.7) and (2.8) are sat-
isfied, which guarantee the definedness, positiveness
and localization in all directions in the space for the
solutions, respectively.

2.2 Reduction with z = y

When p = 3, the (3+1)-dimensional bilinear p-gKP
Eq. (1.5) reduces the following generalized bilinear
equation:

Bp-gKPy ( f ) := (D3
3,x D3,y + D3,t D3,x + D3,t D3,y

−D2
3,y) f · f

= 2(3 fxx fxy − ft fx + ft x f + fty f − ft fy

+ fy
2 − fyy f ) = 0, (2.13)

under z = y. Through the link between f and u defined
by (2.2), the reduced bilinear p-gKPEq. (2.13) is trans-
formed into

Pp-gKPy (u) = 9

8
u2uxv + 3

8
u3uy + 3

4
uuxxv + 3

4
ux

2v

+3

4
u2uxy + 9

4
uuxuy + 3

2
uxxuy

+3

2
uxuxy − uyy + utx + uty = 0,

(2.14)

where uy = vx . The actual relation between the
reduced p-gKP Eq. (2.14) and the reduced bilinear
p-gKP Eq. (2.13) reads

Pp-gKPy (u) =
[ Bp-gKPy ( f )

f 2

]

x
. (2.15)

Therefore, if f solves the reduced bilinear p-gKP
Eq. (2.13), then u = 2(ln f )x will solve the reduced
p-gKP Eq. (2.14).

For Eq. (2.13), a direct symbolic computationwith f
defined by (1.9) yields the following set of constraining
equations for the parameters:
{
a1 = a22a3 − a2a32 + 2 a2a6a7 − a2a72 − a3a62

a32 + a72
,

a2 = a2, a3 = a3, a4 = a4,

a5 = −a22a7 − 2 a2a3a6 + a32a6 − a62a7 + a6a72

a32 + a72
,

a6 = a6, a7 = a7, a8 = a8,

a9 = 3(a12 + a52)(a1a2 + a5a6)(a32 + a72)

(a2a7 − a3a6)2

}
,

(2.16)

which needs to satisfy

a3a7 �= 0, a2a7−a3a6 �= 0.

(2.17)

Noting the expression of a9 in (2.16), the positiveness
of f needs a1a2 + a5a6 > 0, which is equivalent to

(a2 − a3)a3 + (a6 − a7)a7 > 0, (2.18)

thanks to (2.17). The localization of f needs a1a6 −
a2a5 �= 0, which equivalently requires

(a2
2 − a6

2)(a2a7+a3a6)−2a2a6(a2a3 − a6a7) �= 0.

(2.19)

The parameters in the set (2.16) lead to a class of posi-
tive quadratic function solutions to the reduced bilinear
p-gKP Eq. (2.13):

f =
(a22a3 − a2a32 + 2 a2a6a7 − a2a72 − a3a62

a32 + a72

x + a2y + a3t + a4
)2

+
(
−a22a7 − 2 a2a3a6 + a32a6 − a62a7 + a6a72

a32 + a72

x + a6y + a7t + a8
)2

+3(a12 + a52)(a1a2 + a5a6)(a32 + a72)

(a2a7 − a3a6)2
, (2.20)

where a1 and a5 are defined as in (2.16), and the
resulting class of quadratic function solutions, in turn,
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yields a class of lump solutions to the reduced p-gKP
Eq. (2.14) through the transformation (2.2):

u = 4(a1g + a5h)

f
, (2.21)

where the function f is defined by (2.20), and the func-
tions of g and h are given as follows:

g = a22a3 − a2a32 + 2 a2a6a7 − a2a72 − a3a62

a32 + a72
x

+a2y + a3t + a4, (2.22)

h = −a22a7 − 2 a2a3a6 + a32a6 − a62a7 + a6a72

a32 + a72
x

+a6y + a7t + a8. (2.23)

In this class of lump solutions, all six involved parame-
ters of a2, a3, a4, a6, a7 and a8 are arbitrary, provided
that the conditions in (2.17), (2.18) and (2.19) are sat-
isfied.

3 Lump solutions to the reduced p-gBKP
equations

3.1 Reduction with z = x

When p = 3, the (3+1)-dimensional bilinear p-gBKP
Eq. (1.6) reduces to the following generalized bilinear
equation:

Bp-gBKPx ( f ) :=(D3,t D3,y−D3
3,x D3,y+3D2

3,x ) f · f

= 2( fty f − ft fy − 3 fxx fxy − 3 fx
2 + 3 fxx f )=0,

(3.1)

under z = x . Through the link between f and u defined
by (2.2), the reduced bilinear gBKP Eq. (3.1) is trans-
formed into

Pp-gBKPx (u) := −9

8
u2uxv − 3

8
u3uy − 3

4
uuxxv

−3

4
ux

2v − 3

4
u2uxy − 9

4
uuxuy − 3

2
uxxuy

−3

2
uxuxy + 3uxx + uty = 0, (3.2)

where uy = vx . The actual relation between the
reduced p-gKP equation and the reduced bilinear p-
gKP equation reads

Pp-gBKPx (u) =
[ Bp-gBKPx ( f )

f 2

]

x
. (3.3)

Therefore, if f solves the reduced bilinear p-gBKP
Eq. (3.1), then u = 2(ln f )x will solve the reduced
p-gBKP Eq. (3.2).

For Eq. (3.1), a direct symbolic computation with f
in (1.9) yields the following set of constraining equa-
tions for the parameters:

{
a1 = a1, a2 = a2, a3 = −3(a12a2 + 2 a1a5a6 − a2a52)

a22 + a62
, a4 = a4,

a5 = a5, a6 = a6, a7 = 3(a12a6 − 2 a1a2a5 − a6a52)

a22 + a62
, a8 = a8,

a9 = a13a23 + (a12a62 + a1a2a5a6 + a22a52)(a1a2 + a5a6) + a53a63

(a1a6 − a2a5)2

}
, (3.4)

which needs to satisfy a determinant condition

a1a6 − a2a5 =
∣∣∣∣
a1 a2
a5 a6

∣∣∣∣ �= 0. (3.5)

When a9 > 0, i.e.,

a1
3a2

3 + (a1
2a6

2 + a1a2a5a6 + a2
2a5

2)(a1a2 + a5a6)

+a5
3a6

3 > 0, (3.6)

the corresponding quadratic function f , defined by
(1.9), is positive. Now the parameters in the set (3.4)
generate a class of positive quadratic function solutions
to the reduced bilinear p-gBKP Eq. (3.1):

123



W. X. Ma et al.

f =
[
a1x+a2y − 3(a12a2+2 a1a5a6−a2a52)

a22 + a62
t+a4

]2+
[
a5x + a6y+3(a12a6 − 2 a1a2a5 − a6a52)

a22 + a62
t + a8

]2

+a13a23 + (a12a62 + a1a2a5a6 + a22a52)(a1a2 + a5a6) + a53a63

(a1a6 − a2a5)2
, (3.7)

and the resulting class of quadratic function solutions,
in turn, yields a class of lump solutions to the reduced
p-gBKP equation in (3.2) through the transformation
(2.2):

u = 4(a1g + a5h)

f
, (3.8)

where the function f is defined by (3.7), and the func-
tions of g and h are given as follows:

g = a1x + a2y

−3(a12a2 + 2 a1a5a6 − a2a52)

a22 + a62
t + a4, (3.9)

h = a5x + a6y

+3(a12a6 − 2 a1a2a5 − a6a52)

a22 + a62
t + a8. (3.10)

In this class of lump solutions, all six involved para-
meters of a1, a2, a4, a5, a6 and a8 are arbitrary, pro-
vided that the solutions are well defined and positive,
i.e., if the conditions in (3.5) and (3.6) are satisfied.
That determinant condition (3.5) precisely means that
two directions (a1, a2) and (a5, a6) in the (x, y)-plane
are not parallel, which is essential in formulating lump
solutions in (2+1)-dimensions by using a sum involving
two squares.

3.2 Reduction with z = y

When p = 3, the (3+1)-dimensional bilinear p-gBKP
Eq. (1.6) reduces the following generalized bilinear
equation:

Bp-gBKPy ( f ) := (D3,t D3,y − D3
3,x D3,y

+3D3,x D3,y) f · f

= 2( fty f − ft fy − 3 fxx fxy − 3 fx fy + 3 fxy f ) = 0,

(3.11)

under z = y. Through the link between f and u defined
by (2.2), the reduced bilinear p-gBKP Eq. (3.11) is
transformed into

Pp-gBKPy (u) := −9

8
u2uxv − 3

8
u3uy − 3

4
uuxxv

−3

4
ux

2v − 3

4
u2uxy − 9

4
uuxuy − 3

2
uxxuy

−3

2
uxuxy + 3uxy + uty = 0, (3.12)

where uy = vx . The actual relation between the
reduced p-gBKP Eq. (3.12) and the reduced bilinear
p-gBKP Eq. (3.11) reads

Pp-gBKPy (u) =
[ Bp-gBKPy ( f )

f 2

]

x
. (3.13)

Therefore, if f solves the reduced bilinear p-gBKP
Eq. (3.11), then u = 2(ln f )x will solve the reduced
p-gBKP Eq. (3.12).

For Eq. (3.11), a direct symbolic computationwith f
defined by (1.9) yields the following set of constraining
equations for the parameters:
{
a1 = −a5a6

a2
, a2 = a2, a3 = 3 a5a6

a2
, a4 = a4,

a5 = a5, a6=a6, a7 = −3 a5, a8 = a8, a9 = a9
}
,

(3.14)

where

a2 �= 0 (3.15)

and all the other parameters are arbitrary. The parame-
ters in this set lead to a class of positive quadratic func-
tion solutions to the reduced bilinear p-gBKPEq. (3.1):

f = (−a5a6
a2

x + a2y + 3 a5a6
a2

t + a4
)2

+(
a5x + a6y − 3 a5t + a8

)2 + a9, (3.16)

and the resulting class of quadratic function solutions,
in turn, yields a class of lump solutions to the reduced
p-gBKP equation in (3.12) through the transformation
(2.2):

u = 4(a1g + a5h)

f
, (3.17)
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(a)

(b)

(c)

Fig. 1 The 3d plots of the lump solutions via (2.10). Parameters
adopted here are: a1 = 4, a2 = −12/5, a3 = 2, a4 = 0, a5 = 6,
a6 = 86/5, a7 = 1, a8 = 0 and a9 = 4563/4

where the function f is defined by (3.16), and the func-
tions of g and h are given as follows:

g = −a5a6
a2

x + a2y + 3 a5a6
a2

t + a4, (3.18)

h = a5x + a6y − 3 a5t + a8. (3.19)

In this class of rational function solutions, all six
involved parameters of a2, a4, a5, a6, a8 and a9 are
arbitrary, provided that the solutions are well defined,
i.e., if the condition (3.15) is satisfied. Under the con-
dition (3.15), the determinant condition, which guar-
antees that two directions (a1, a2) and (a5, a6) in the
(x, y)-plane are not parallel, is equivalent to

a5 �= 0. (3.20)

Therefore, the conditions on the parameters

(a)

(b)

(c)

Fig. 2 The 3d plots of the lump solutions via (2.21). Parameters
adopted here are: a1 = −68/13, a2 = 4, a3 = 3, a4 = 0,
a5 = 184/13, a6 = 8, a7 = 2, a8 = 0 and a9 = 41625/13

a2a5 �= 0, a9 > 0, (3.21)

will guarantee analyticity and localization of the solu-
tions in (3.17) and thus present lump solutions to the
reduced p-gBKP equation in (3.12).

4 Concluding remarks

Based on the generalized bilinear formulation and
Maple symbolic computation, we presented positive
quadratic functions solutions to the (2+1)-dimensional
reduced bilinear p-gKP and p-gBKP equations, and
thus, lump solutions to the (2+1)-dimensional reduced
p-gKP and p-gBKP equations associated with p = 3.
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(a)

(b)

(c)

Fig. 3 The 3d plots of the lump solutions via (3.8). Parameters
adopted here are: a1 = 1, a2 = 3, a3 = 96/25, a4 = 0, a5 = 5,
a6 = 4, a7 = −378/25, a8 = 0 and a9 = 14950/121

The results actually work for all other values of p ≥ 2
as well [26]. The representatives of the considered
reduced generalized bilinear equations and their corre-
sponding nonlinear differential equations with p = 3
were computed explicitly as in the set of Eqs. (2.1),
(2.13), (3.1) and (3.11) and the set of Eqs. (2.3), (2.14),
(3.2) and (3.12), respectively. The 3d plots of the pre-
sented lump solutions with some special choices of the
involved parameters can be found in Figs. 1, 2, 3 and 4,
which show energy distribution.

We point out that resonant solutions, in terms of
exponential functions, to generalized trilinear differen-
tial equations have been systematically analyzed [27].
It would be very interesting to determine when there
exist positive polynomial solutions including quadratic

(a)

(b)

(c)

Fig. 4 The 3d plots of the lump solutions via (3.17). Parameters
adopted here are: a1 = −3, a2 = 2, a3 = 9, a4 = 0, a5 = 6,
a6 = 1, a7 = −18, a8 = 0 and a9 = 4

function solutions to generalized multi-linear equa-
tions. This kind of polynomial solutions will generate
lump solutions to the corresponding nonlinear equa-
tions through u = m(ln f )x or u = m(ln f )xx , where
m is a constant related to themulti-linearity of the asso-
ciated multi-linear equations. Rogue wave solutions
could be generated as well in terms of positive poly-
nomial solutions, being a particularly interesting class
of exact solutions with rational function amplitudes.
Such wave solutions are used to describe significant
nonlinear wave phenomena in both oceanography [28]
and nonlinear optics [29], which received a great deal

123



Lump solutions to dimensionally reduced p-gKP and p-gBKP equations

of recent attention in the mathematical physics com-
munity. To explore more soliton phenomena, it would
be very interesting to consider multi-component and
higher-order extensions of lump solutions,more impor-
tantly in (3+1)-dimensional cases and fully discrete
cases.
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