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A B S T R A C T   

In this work, under consideration is a (2 + 1)-dimensional generic model, known as the Hirota- 
Maccari system, which was studied in plasma physics, fluid dynamics and fiber optics commu
nication systems. The article aims to extract novel soliton solutions of this model with the aid of 
symbolic computation. Three robust and versatile integration tools of the exp( − Ω(χ))-expansion, 
the first integral, and the sine-Gordon expansion methods are used to extract dark, bright, and 
singular solitons solutions. Constraints conditions are explicitly presented for the resulting so
lutions.   

1. Introduction 

Nonlinear evolution equations (NLEEs) have gained much attraction in the study of physical sciences due to important applications 
in many physical phenomena. Different exact solutions of NLEEs, which are obtained through numerous mathematical tools, are useful 
in many physical fields such as biology, organic chemistry, fluid mechanics, population dynamics, space technology, engineering 
methodology, hydrodynamics, theory of Bose–Einstein condensates, computer engineering, solid state physics and applied mathe
matics. Among the most important solutions of NLEEs are soliton solutions [1–3]. On one hand, those solutions can be constructed 
through the Hirota bilinear method, the multiple exp-function method, the nonlinear superposition principle, the inverse scattering 
transform, and the Riemann-Hilbert approach [4–14]. On the other hand, they possess elastic interactions and arises from a balance 
between nonlinear and dispersive effects. 

Recently, the main goal for many researchers is to find exact and approximate solutions of NLEEs with the help of various tech
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niques. Indeed, explicit solutions have a great impact in different engineering and scientific fields such as fluid mechanics, nonlinear 
optics, plasma physics and solid state physics [15–40]. Many strong techniques have been developed to procure approximated and 
exact solutions of NLEEs such as exp( − ϕ(ξ))-expansion method [41,42], the modified extended tanh-function method [43,44], new 
extended direct algebraic method [45,46], the (G

′

/G)-expansion method [47,48], the modified simple equation method [49], the trial 
equation method [50], the sine-Gordon expansion method [51,52], and the first integral method [53,54]. 

The (2+1)-dimensional Hirota-Maccari system is a special type of NLEEs given by [55,56] 

isτ + sxy + isxxx + s r − i|s|2sx = 0,
3rx + (|s|2)y = 0,

which explains the dynamical behaviors of the femto-second soliton pulse in single-mode fibers, where s = s(τ, x, y) and r = r(τ, x, y)
describe the complex and the real scalar fields, respectively. Both dependent variables s and r depend upon independent variables τ, x 
and y, where x, y and τ, respectively, denote spatial and temporal variables. Many authors have obtained exact solutions of the Hirota- 
Maccari system. For example, Malik et al. [57] obtained generalized traveling wave solutions of the system by using (G

′

/G)-expansion 
method, and Demiray et al. [58] demonstrated the solutions of above system, with the aid of Extended trial equation and generalized 
Kudryashov methods. Sulaiman et al. [59] used extended sinh-Gordon equation to explore several exact solutions of the nonlinear 
fractional Hirota-Maccari equation with a truncated M-fractional derivative. Yu et al. [60] by means of Hirota bilinear method and E. 
Fan [61] by a new unified algebraic method computed the solutions of Hirota-Maccari system. Complex hyperbolic-function method 
technique is used by C.L. Bai and H. Zhao [62] to elaborate the exact solutions for the same system. 

The present work focuses on studying the integrating aspect of the Hirota-Maccari system. The process is based on three well- 
known integration tools: the exp( − Ω(χ))-expansion, the first integral, and the sine-Gordon expansion methods. Those methods are 
extremely helpful in extracting a wide class of soliton solutions, which are applicable in different fields of natural sciences. 

The principal advantage of the techniques implemented in this study over all the other methods is that they provide further new 
computable solutions, including additional free parameters. Most of the obtained solutions in literatures are taken via these applied 
approaches as a particular case, and more importantly, we receive some new solutions as well. The recommended computational 
methods here are uncomplicated, outspoken, consistent, and minimizing the computational work size, which give Their wide-range 
applicability. With all these properties, our studies are effectiveness and influence to deal with other nonlinear partial differential 
equations arising in different fields of science and deserve future research. 

2. Overview of the applied integration tools 

Herein, three integration gadgets namely the exp( − Ω(χ))-expansion, the first integral, and the sine-Gordon expansion methods are 
introduced. 

Let us consider a nonlinear partial differential equation (PDE), 

Ξ
(
υ,Dτυ,Dxυ,D2

τ υ,Dxτυ,D2
xυ,…

)
= 0, (1)  

where Ξ is a polynomial in the arguments. By means of the variable transformation 

υ(x, τ) = Γ(χ), χ = x − κτ, (2)  

where κ is a constant, Eq. (1) is converted to 

Ξ1(Γ,Γ
′

,Γ′′

,Γ′′′

,…) = 0, (3)  

where Ξ1 is in general a polynomial function of the arguments and Γ
′

= dΓ
dχ. 

The exp( − Ω(χ))-expansion method 

Step 1. Assume that 

Γ(χ) =
∑S

l=0
μl(exp( − Ω(χ)))l

, (4)  

where μl are unknowns and Ω(χ) is a solution of the auxiliary linear ordinary differential equation 

Ω
′

(χ) = exp( − Ω(χ)) + c2exp(Ω(χ)) + c1, (5)  

where c1 and c2 are arbitrary constants. 
Step 2. Eq. (5) exerts different solutions classified into the following situations (see, for example, [37]): 
Situation 1. When c2

1 − 4c2 > 0, c2 ∕= 0. 
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Ω1(χ) = ln

⎛

⎜
⎜
⎝

−
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
c2

1 − 4c2
√

tanh

( ̅̅̅̅̅̅̅̅̅̅
c2

1 − 4c2
√

2 (χ + A)

)

− c1

2c2

⎞

⎟
⎟
⎠.

Situation 2. When c2
1 − 4c2 < 0, c2 ∕= 0. 

Ω2(χ) = ln

⎛

⎜
⎜
⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4c2 − c2

1

√
tan

( ̅̅̅̅̅̅̅̅̅̅
4c2 − c2

1

√

2 (χ + A)

)

− c1

2c2

⎞

⎟
⎟
⎠.

Situation 3. When c2
1 − 4c2 > 0, c2 = 0. 

Ω3(χ) = − ln
(

c1

cosh(c1(χ + A)) + sinh(c1(χ + A)) − 1

)

.

Situation 4. When c2
1 − 4c2 = 0, c2 ∕= 0 and c1 ∕= 0. 

Ω4(χ) = ln
(

−
2(c1(χ + A)) + 2

c2
1(χ + A)

)

.

Situation 5. When c2
1 − 4c2 = 0, c1 = c2 = 0. 

Ω5(χ) = ln(χ +A),

where A is the constant of integration. 
Step 3. The value of S in Eq. (4) is determined by the balancing principle for Eq. (3). Substituting Eq. (4) into Eq. (3) yields a set of 

algebraic equations in μl by equating each coefficient of every power of exp(− Ω(χ)) to zero. Substituting the values of these constants 
in Eq. (4), we obtain exact traveling wave solutions of Eq. (1). 

The first integral method 

Step 1. Consider Eqs. (1)-(3). 
Step 2. Let Λ = Λ(χ) be a new independent variable which satisfies 

Γ(χ) = Θ(χ), Λ(χ) = Θ
′

(χ).

Step 3. By using the previous relation, Eq. (1) can be transformed to 

Λ(χ) = Θ
′

(χ), Λ
′

(χ) = Υ(Θ(χ),Λ(χ)).

where Υ is a polynomial. Applying the division theorem to the last system of ODEs, Eq. (3) is reduced to a first integral ODE which can 
be solved to find solutions of Eq. (1). 

The sine-Gordon expansion method 

Consider the sine-Gordon equation 

uxx − uττ = a2sinu, (6)  

where u = u(x, τ) and a ∕= 0. 
Step 1. Eq. (2) transformed Eq. (6) to 

Γ′′

=
a2

1 − κ2 sinΓ. (7)  

Eq. (7) can be integrated to 

[(Γ
2

)′ ]2
=

a2

1 − κ2sin2
(Γ

2

)
+ A0, (8)  

where A0 is the integration constant. 
Setting A0 = 0, Γ

2 = ℘(χ) and ω2 = a2

1− κ2, Eq. (8) can be written in the form 

W.-X. Ma et al.                                                                                                                                                                                                         



Chinese Journal of Physics 72 (2021) 475–486

478

℘
′

= ωsin(℘). (9)  

For ω = 1, we have 

℘
′

= sin(℘), (10)  

which leads to 

sin℘ = sin(℘(χ)) = 2ρexp(χ)
ρ2exp(2χ) + 1

|ρ=1 = sech(χ), (11)  

cos℘ = cos(℘(χ)) = ρ2exp(2χ) − 1
ρ2exp(2χ) + 1

|ρ=1 = tanh(χ), (12)  

where ρ ∕= 0 is the integration constant. 
Step 2. Let the general solution of Eq. (1) be in the form 

Γ(χ) =
∑N

i=1
tanhi− 1(χ)[Bisech(χ)+Aitanh(χ)] + A0. (13)  

With the aid of Eqs. (11) and (12), Eq. (13) is transformed to 

Γ(℘) =
∑N

i=1
cosi− 1(℘)[Bisin(℘)+Aicos(℘)] + A0. (14)  

The homogeneous balance rule gives the value of N. 
Step 3. Inserting Eq. (14) into Eq. (3), and equating the coefficients of every power of sin(℘)cos(℘) to zero gives a bunch of 

nonlinear algebraic equations in A0, Ai, Bi. By solving the resulting algebraic system of A0, Ai, Bi and substituting their values in Eq. 
(14), a variety of exact solutions for Eq. (1) are established. 

3. Applications and discussions 

The Hirota-Maccari system can be written as 

isτ + sxy + isxxx + s r − i|s|2sx = 0, (15)  

3rx +
(
|s|2
)

y
= 0, (16)  

where, s(τ, x, y) and r(τ, x, y) represent respective scalar complex and real fields. x, y and τ, respectively, are spatial and temporal 
coordinates. 

To solve Eqs. (15) and (16), we suppose 

s(τ, x, y) = Γ1(χ)exp(iψ(τ, x, y)), (17)  

r(τ, x, y) = Γ2(χ), (18)  

where χ, has the form 

χ = x + y + ωτ. (19)  

The amplitude portion of the soliton wave is given by Γl(χ) (l = 1,2), while ω is the velocity profile of the soliton. Moreover, the phase 
component ψ(τ, x, y) bears the subsequent definition 

ψ(τ, x, y) = px + qy + κτ, (20)  

where p, q, and κ are arbitrary constants. Substituting (17) and (18) into (15) and (16) respectively, the real and imaginary components 
yield 

3(1 − 3p)Γ′′

1 + 3
(
p3 − pq − κ

)
Γ1 + (3p − 1)Γ3

1 = 0, (21)  

Γ2 = −
1
3
Γ2

1, p ∕=
1
3
. (22)  
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3.1. The exp( − Ω(χ))-expansion method 

Here, Eq. (21) is solved via the exp( − Ω(χ))-expansion method. 
Balancing Γ′′

1 with Γ3
1 in Eq. (21) yields S = 1. So, the supposed solution becomes 

Γ1(χ) = A0 + A1exp( − Ω(χ)). (23)  

By applying step 3 introduced by this method in Section 2, we get a system of polynomial equations which can be solved to present the 
following sets 

SET 1: 

A0 = ±

̅̅̅
3
2

√

c1, A1 = ±
̅̅̅
6

√
, c2 =

1
4

(
2(p3 − pq − κ)

− 1 + 3p
+ c2

1

)

SET 2: 

A0 = 0, A1 = ±
̅̅̅
6

√
, c1 = 0, c2 =

− p3 + pq + κ
2 − 6p  

From SET 1:(1)When c2
1 − 4c2 > 0, c2 ∕= 0. 

s(τ, x, y) =

̅̅̅
3
2

√

⎡

⎢
⎢
⎢
⎢
⎣
± c1 ±

− 2p3 + 2pq + 2κ + c2
1 − 3pc2

1

( − 1 + 3p)c1 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

( − 2 + 6p)( − p3 + pq + κ
)√

tanh

[ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− p3 + pq + κ
− 2 + 6p

√

(E + χ)
]

⎤

⎥
⎥
⎥
⎥
⎦

×exp(iψ(τ, x, y)),

r(τ, x, y) = −
1
2

⎡

⎢
⎢
⎢
⎢
⎣
± c1 ±

− 2p3 + 2pq + 2κ + c2
1 − 3pc2

1

( − 1 + 3p)c1 +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
( − 2 + 6p)( − p3 + pq + κ)

√
tanh

[
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− p3+pq+κ
− 2+6p

√

(E + χ)
]

⎤

⎥
⎥
⎥
⎥
⎦

2

. (24) 

(2) When c2
1 − 4c2 < 0, c2 ∕= 0. 

s(τ, x, y) =

̅̅̅
3
2

√

⎡

⎢
⎢
⎢
⎢
⎣
± c1 ∓

− 2p3 + 2pq + 2κ + c2
1 − 3pc2

1

(1 − 3p)c1 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

( − 2 + 6p)(p3 − pq − κ
)√

tan

[ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

p3 − pq − κ
− 2 + 6p

√

(E + χ)
]

⎤

⎥
⎥
⎥
⎥
⎦

×exp(iψ(τ, x, y)),

r(τ, x, y) = −
1
2

⎡

⎢
⎢
⎢
⎢
⎣
± c1 ∓

− 2p3 + 2pq + 2κ + c2
1 − 3pc2

1

(1 − 3p)c1 +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
( − 2 + 6p)(p3 − pq − κ)

√
tan

[
̅̅̅̅̅̅̅̅̅̅̅̅̅
p3 − pq− κ
− 2+6p

√

(E + χ)
]

⎤

⎥
⎥
⎥
⎥
⎦

2

. (25)  

(3) When c2
1 − 4c2 > 0, c2 = 0. 

s(τ, x, y) = ±

̅̅̅
3
2

√

c1coth
[

1
2

c1(E + χ)
]

× exp(iψ(τ, x, y)),

r(τ, x, y) = −
1
2

c2
1coth2

[
1
2
c1(E+ χ)

]

. (26)  

(4) When c2
1 − 4c2 = 0, c2 ∕= 0 and c1 ∕= 0. 

s(τ, x, y) = ∓

̅̅
3
2

√

c1

− 1 + c1(E + χ) × exp(iψ(τ, x, y)),
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r(τ, x, y) =
− 1

2c
2
1

( − 1 + c1(E + χ))2. (27)  

(5) When c2
1 − 4c2 = 0, c2 = c1 = 0. 

s(τ, x, y) = ±

̅̅̅
6

√

E + χ × exp(iψ(τ, x, y)),

r(τ, x, y) =
− 2

(E + χ)2, (28)  

where E denotes the integration constant. 
From SET 2: 
(1) When c2

1 − 4c2 > 0, c2 ∕= 0. 

s(τ, x, y) = ±

⎡

⎢
⎢
⎢
⎢
⎣

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− p3 + pq + κ

√
coth

[
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− p3+pq+κ
− 2+6p

√

(E + χ)
]

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 1

3 + p
√

⎤

⎥
⎥
⎥
⎥
⎦
× exp(iψ(τ, x, y)),

r(τ, x, y) = −
1
3

⎡

⎢
⎢
⎢
⎢
⎣

( − p3 + pq + κ)coth2

[
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− p3+pq+κ
− 2+6p

√

(E + χ)
]

(

− 1
3 + p

)

⎤

⎥
⎥
⎥
⎥
⎦
. (29) 

(2) When c2
1 − 4c2 < 0, c2 ∕= 0. 

Fig. 1. The soliton wave solution given by (24).  
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s(τ, x, y) = ±

⎡

⎢
⎢
⎢
⎢
⎣

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− p3 + pq + κ

√
cot

[
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− p3+pq+κ

2− 6p

√

(E + χ)
]

̅̅̅̅̅̅̅̅̅̅
1
3 − p

√

⎤

⎥
⎥
⎥
⎥
⎦
× exp(iψ(τ, x, y)),

r(τ, x, y) = −
1
3

⎡

⎢
⎢
⎢
⎢
⎣

( − p3 + pq + κ)cot2

[
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− p3+pq+κ

2− 6p

√

(E + χ)
]

(
1
3 − p

)

⎤

⎥
⎥
⎥
⎥
⎦
, (30)  

where E denotes the integration constant. 
In this section, we confine ourselves to discuss the obtained nonsingular solutions and illustrate their physical meaning. 
The dynamical property of the wave structures via the solutions given by Eq. (24) for different choices of the free parameters, is 

presented in Fig. 1. The Figs. 1(a) and (c), depict the 3D and 2D charts of the absolute value of s(τ,x,y). Moreover, r(τ, x, y) is plotted in 
Figs. 1(b) and (d). 

Fig. 1 represents the complex soliton wave solution given by Eq. (24) with the parameters p = 1.5, q = 2, κ = 1, ω = 0.5, E = 0,
and c1 = 3. We observe that in Figs. 1(a), (c) the absolute value of s(τ, x, y) is a dark soliton wave, while in Figs. 1(b), (c) r(τ, x, x) is a 
bright soliton wave. 

3.2. The first integral method 

First, we consider the following transformation 

Γ1(χ) = Θ(χ), Λ(χ) = Θ
′

(χ). (31)  

Eq. (21) takes the following form 

(3(1 − 3p))Λ
′

+ 3
(
p3 − pq − κ

)
Θ + (3p − 1)Θ3 = 0. (32)  

Or 

Λ
′

(χ) = (p3 − pq − κ)
3p − 1

Θ +
1
3
Θ3. (33)  

For non-trivial solutions Θ(χ) and Λ(χ), we assume that Π(Θ,Λ) =
∑m

j=0aj(Θ)Λj(χ) is an irreducible polynomial in C[Θ,Λ], where C is 
complex. 

Π(Θ(χ),Λ(χ)) =
∑m

j=0
aj(Θ)Λj = 0, (34)  

where aj(Θ)(j= 0, 1,2, 3,…,m) denote polynomials in the arguments and am(Θ) ∕= 0. From the division theorem, we have a polynomial 
[g(Θ) + h(Θ)Λ] existing in C[Θ,Λ] such that 

dΠ
dχ =

∂Π
∂Θ

dΘ
dχ +

∂Π
∂Λ

dΛ
dχ = [g(Θ) + h(Θ)Λ(χ)]

∑m

j=0
aj(Θ)Λj. (35)  

For m = 1, Eq. (34) becomes, 

Π(Θ,Λ) = a0(Θ) + a1(Θ)Λ = 0. (36)  

Eq. (35) becomes 

da0(Θ)

dΘ Λ +
da1(Θ)

dΘ Λ2 + a1(Θ)

[
(p3 − pq− κ)

3p− 1 Θ+ 1
3Θ

3
]

= a0(Θ)g(Θ) + [a1(Θ)g(Θ)+ a0(Θ)h(Θ)]Λ + a1(Θ)h(Θ)Λ2.
(37) 

Setting the coefficients of Λj(j= 0, 1,2) in Eq. (37) gives 

Λ0 : a0(Θ)g(Θ) = a1(Θ)

[
(p3 − pq − κ)

3p − 1
Θ+

1
3
Θ3
]

, (38)  
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Λ1 :
da0(Θ)

dΘ
= a1(Θ)g(Θ) + a0(Θ)h(Θ), (39)  

Λ2 :
da1(Θ)

dΘ
= a1(Θ)h(Θ). (40) 

aj(Θ)(j= 0, 1) are polynomials. So, if h(Θ)=0, Eq. (40) yields a1(Θ) = constant (we put a1(Θ) = 1). The balancing rule between the 
degrees of a0(Θ) and g(Θ) gives the degree of g(Θ) equals 1. Now, we suppose that 

g(Θ) = AΘ + B, (41)  

where A ∕= 0. From Eq. (39), we obtain 

a0(Θ) =
AΘ2

2
+ BΘ + C, (42)  

where C is integration constant. Substituting the values of a0(Θ), a1(Θ), and g(Θ) in Eq. (38) and equating the coefficients of 
Θj(j= 0, 1,2, 3), we obtain a system of algebraic equations in A, B, and C which solves to 

A = ±

̅̅̅
2
3

√

, B = 0, C = ±

̅̅̅
6

√
(p3 − pq − κ)
− 2 + 6p

. (43) 

Plugging Eq. (43) and Eq. (42) into Eq. (37), we get 

Λ(χ) = ±3κ ± Θ2 ∓ 3p(p2 − q + Θ2)
̅̅̅
6

√
( − 1 + 3p)

. (44) 

From Eq. (38), we get 

Θ = Γ1(χ) = ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− p3 + pq + κ

√
tanh

[ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− p3+pq+κ

√
(A0+χ)

̅̅̅̅̅̅̅̅̅̅
− 2+6p

√

]

̅̅̅̅̅̅̅̅̅̅
p − 1

3

√ . (45) 

Fig. 2. The soliton wave solution given by (46).  
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where A0 is integration constant. Hence, we obtain dark soliton solutions given by 

s(τ, x, y) = ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− p3 + pq + κ

√
tanh

⎡

⎢
⎢
⎣

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− p3+pq+κ

√
(A0+χ)̅̅̅̅̅̅̅̅̅̅̅̅̅̅

6

(

p− 1
3

)√

⎤

⎥
⎥
⎦

̅̅̅̅̅̅̅̅̅̅
p − 1

3

√ × exp(iψ(τ, x, y)),

r(τ, x, y) =

(p3 − pq − κ)tanh2

⎡

⎢
⎢
⎣

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− p3+pq+κ

√
(A0+χ)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅

6

(

p− 1
3

)√

⎤

⎥
⎥
⎦

3
(

p − 1
3

) , (46)  

where ( − p3 + pq + κ)
(

p − 1
3

)

> 0. 

The dynamical property of the wave structures via the solutions given by Eq. (47) for different choices of the free parameters, are 
presented in Fig. 2. The Figs. 2(a) and (c), depict the 3D and 2D charts of the absolute value of s(τ,x,y). Moreover, r(τ, x, y) is plotted in 
Figs. 2(b) and (d). 

Fig. 2 represents the complex soliton wave solution given by Eq. (47) with the same parameters used in Fig. 1 and with the same 
assumption (24), in which A0 = 0. 

3.3. The sine-Gordon expansion method 

This subsection is devoted to the sine-Gordon expansion method and its application on (21). 
Using the balancing rule between Γ′′

1 and Γ3
1 in Eq. (21) gives N = 1. Therefore, we have 

Γ1(χ) = B1sech(χ) + A1tanh(χ) + A0. (47) 

Fig. 3. The soliton wave solution given by (50).  
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With the aid of Eqs. (11) and (12), Eq. (14) can be stated as 

Γ1(χ) = B1sin(χ) + A1cos(χ) + A0. (48)  

By applying step 3 introduced by this method in Section 2, we get a system of polynomial equations in A0, A1, and B1 which can be 
solved to present the following sets. 

SET 1: 

A0 = 0, A1 = ±
̅̅̅
6

√
, B1 = 0, κ = − 2 + p3 − p( − 6+ q).

SET 2 

A0 = 0, A1 = 0, B1 = ±i
̅̅̅
6

√
, κ = 1 + p3 − p(3+ q).

From SET 1, we get the dark soliton solutions in the form 

s(τ, x, y) = ±
̅̅̅
6

√
tanh(χ) × exp(iψ(τ, x, y)),

r(τ, x, y) = − 2tanh2(χ). (49) 

Finally, from SET 2, we get the bright soliton solutions as 

s(τ, x, y) = ±i
̅̅̅
6

√
sech(χ) × exp(iψ(τ, x, y)),

r(τ, x, y) = 2sech2(χ). (50) 

The dynamical property of the wave structures via the solutions given by Eq. (50) for different choices of the free parameters, are 
presented in Fig. 3. The Figs. 3(a) and (c), depict the 3D and 2D charts of the absolute value of s(τ,x,y). Moreover, r(τ, x, y) is plotted in 
Figs. 3(b) and (d). 

Fig. 3 represents the complex soliton wave solution given by Eq. (50) with ω = 0.5. Figs. 3(a), (c) and Figs. 3(b), (d) represents 
bright soliton waves of the absolute value of s(τ, x, y) and r(τ, x, y) respectively. 

4. Conclusion 

The spotlight of this work is to retrieve dark, bright, and singular solutions of the Hirota-Maccari system. The integration of the 
system was carried out with the help of the three different approaches: the exp( − Ω(χ))-expansion, the first integral, and the Sine- 
Gordon expansion methods. The existence of these solutions is guaranteed by constraint conditions. The presented solutions would 
be helpful in observing optical solitons in nature. Our results show that the structures of the obtained wave solutions are multifarious in 
nonlinear dynamic system. In the near future, we will modify the algorithms presented here to deal with different NLEEs when their 
coefficients are variables, for exhaling nonautonomous wave solutions. 

Declaration of Competing Interest 

The authors have declared no conflict of interest. 

References 

[1] A.M. Sultan, D. Lu, M. Arshad, H.U. Rehman, M.S. Saleem, Soliton solutions of higher order dispersive cubic-quintic nonlinear schrödinger equation and its 
applications, Chin. J. Phys. 67 (2020) 405–413. 

[2] M. Ekici, A. Sonmezoglu, A. Biswas, M.R. Belic, Optical solitons in (2+ 1)-dimensions with kundu-mukherjee-naskar equation by extended trial function scheme, 
Chin. J. Phys. 57 (2019) 72–77. 

[3] M.S. Osman, A. Korkmaz, H. Rezazadeh, M. Mirzazadeh, M. Eslami, Q. Zhou, The unified method for conformable time fractional schrödinger equation with 
perturbation terms, Chin. J. Phys. 56 (5) (2018) 2500–2506. 

[4] B.Q. Li, Loop-like kink breather and its transition phenomena for the vakhnenko equation arising from high-frequency wave propagation in electromagnetic 
physics, Appl. Math. Lett. 112 (2021) 106822. 

[5] B.Q. Li, Y.L. Ma, Interaction dynamics of hybrid solitons and breathers for extended generalization of vakhnenko equation, Nonlinear Dyn. 102 (3) (2020) 
1787–1799. 

[6] Y.L. Ma, B.Q. Li, Mixed lump and soliton solutions for a generalized (3+1)-dimensional kadomtsev-petviashvili equation, AIMS Mathematics 5 (2) (2020) 
1162–1176. 

[7] Y.L. Ma, n-solitons, breathers and rogue waves for a generalized boussinesq equation, Int. J. Comput. Math. 97 (8) (2020) 1648–1661. 
[8] L. Li, C. Duan, F. Yu, An improved hirota bilinear method and new application for a nonlocal integrable complex modified Korteweg-de Vries (MKdv) equation, 

Phys. Lett. A 383 (14) (2019) 1578–1582. 
[9] W.X. Ma, Z. Zhu, Solving the (3+ 1)-dimensional generalized KP and BKP equations by the multiple exp-function algorithm, Appl. Math. Comput. 218 (24) 

(2012) 11871–11879. 
[10] N. Ackermann, A nonlinear superposition principle and multibump solutions of periodic schrödinger equations, J. Funct. Anal. 234 (2) (2006) 277–320. 
[11] R. Lin, Y. Zeng, W.X. Ma, Solving the kdv hierarchy with self-consistent sources by inverse scattering method, Physica A 291 (1–4) (2001) 287–298. 
[12] W.X. Ma, Application of the riemann-hilbert approach to the multicomponent AKNS integrable hierarchies, Nonlinear Anal. Real World Appl. 47 (2019) 1–17. 
[13] N.A. Kudryashov, Periodic and solitary waves in optical fiber bragg gratings with dispersive reflectivity, Chin. J. Phys. 66 (2020) 401–405. 

W.-X. Ma et al.                                                                                                                                                                                                         

http://refhub.elsevier.com/S0577-9073(21)00023-X/sbref0001
http://refhub.elsevier.com/S0577-9073(21)00023-X/sbref0001
http://refhub.elsevier.com/S0577-9073(21)00023-X/sbref0002
http://refhub.elsevier.com/S0577-9073(21)00023-X/sbref0002
http://refhub.elsevier.com/S0577-9073(21)00023-X/sbref0003
http://refhub.elsevier.com/S0577-9073(21)00023-X/sbref0003
http://refhub.elsevier.com/S0577-9073(21)00023-X/sbref0004
http://refhub.elsevier.com/S0577-9073(21)00023-X/sbref0004
http://refhub.elsevier.com/S0577-9073(21)00023-X/sbref0005
http://refhub.elsevier.com/S0577-9073(21)00023-X/sbref0005
http://refhub.elsevier.com/S0577-9073(21)00023-X/sbref0006
http://refhub.elsevier.com/S0577-9073(21)00023-X/sbref0006
http://refhub.elsevier.com/S0577-9073(21)00023-X/sbref0007
http://refhub.elsevier.com/S0577-9073(21)00023-X/sbref0008
http://refhub.elsevier.com/S0577-9073(21)00023-X/sbref0008
http://refhub.elsevier.com/S0577-9073(21)00023-X/sbref0009
http://refhub.elsevier.com/S0577-9073(21)00023-X/sbref0009
http://refhub.elsevier.com/S0577-9073(21)00023-X/sbref0010
http://refhub.elsevier.com/S0577-9073(21)00023-X/sbref0011
http://refhub.elsevier.com/S0577-9073(21)00023-X/sbref0012
http://refhub.elsevier.com/S0577-9073(21)00023-X/sbref0013


Chinese Journal of Physics 72 (2021) 475–486

485

[14] A.M. Wazwaz, The integrable vakhnenko-parkes (VP) and the modified vakhnenko-parkes (MVP) equations: multiple real and complex soliton solutions, Chin. J. 
Phys. 57 (2019) 375–381. 

[15] Q. Zhou, Optical solitons for biswas-milovic model with kerr law and parabolic law nonlinearities, Nonlinear Dyn. 84 (2016) 677–681. 
[16] B.Q. Li, Y.L. Ma, n-order rogue waves and their novel colliding dynamics for a transient stimulated raman scattering system arising from nonlinear optics, 

Nonlinear Dyn. 101 (4) (2020) 2449–2461. 
[17] B.Q. Li, Y.L. Ma, Extended generalized darboux transformation to hybrid rogue wave and breather solutions for a nonlinear schrödinger equation, Appl. Math. 

Comput. 386 (2020) 125469. 
[18] W.Y. Guan, B.Q. Li, Mixed structures of optical breather and rogue wave for a variable coefficient inhomogeneous fiber system, Opt. Quant. Electron. 51 (2019) 

352. 
[19] H. Bulut, T.A. Sulaiman, H.M. Baskonus, Dark, bright and other soliton solutions to the heisenberg ferromagnetic spin chain equation, Superlattice Microst 123 

(2018) 12–19. 
[20] N. Raza, A. Javid, Optical dark and dark-singular soliton solutions of (1+2)-dimensional chiral nonlinear schrodinger’s equation, Waves Random Complex 

Media 29 (3) (2019) 496–508. 
[21] W. Liu, C. Yang, M. Liu, W. Yu, Y. Zhang, M. Lei, Effect of high-order dispersion on three-soliton interactions for the variable-coefficient hirota equation, Phys. 

Rev. E 96 (2017) 042201. 
[22] N. Raza, M.R. Aslam, H. Rezazadeh, Analytical study of resonant optical solitons with variable coefficients in kerr and non-kerr law media, Opt. Quant. Electron. 

51 (2) (2019) 59. 
[23] M.S. Osman, H. Rezazadeh, M. Eslami, Traveling wave solutions for (3+1) dimensional conformable fractional zakharov-kuznetsov equation with power law 

nonlinearity, Nonlinear Eng. 8 (1) (2019) 559–567. 
[24] N. Raza, A. Javid, Optical dark and singular solitons to the biswas-milovic equation in nonlinear optics with spatio-temporal dispersion, Optik (Stuttg) 158 

(2018) 1049–1057. 
[25] N. Raza, S. Sial, M. Kaplan, Exact periodic and explicit solutions of higher dimensional equations with fractional temporal evolution, Optik (Stuttg) 156 (2018) 

628–634. 
[26] M.A. Kayum, M.A. Akbar, M.S. Osman, Stable soliton solutions to the shallow water waves and ion-acoustic waves in a plasma, Wave Random Complex (2020), 

https://doi.org/10.1080/17455030.2020.1831711. 
[27] N. Raza, A. Javid, Generalization of optical solitons with dual dispersion in the presence of kerr and quadratic-cubic law nonlinearities, Mod. Phys. Lett. B 33 (1) 

(2019) 1850427. 
[28] V.S. Kumar, H. Rezazadeh, M. Eslami, F. Izadi, M.S. Osman, Jacobi elliptic function expansion method for solving kdv equation with conformable derivative and 

dual-power law nonlinearity, Int. J. Appl. Comput. Math. 5 (5) (2019) 127. 
[29] D. Lu, M.S. Osman, M.M.A. Khater, R.A.M. Attia, D. Baleanu, Analytical and numerical simulations for the kinetics of phase separation in iron (fe-cr-x (x= mo, 

cu)) based on ternary alloys, Physica A 537 (2020) 122634. 
[30] M.S. Osman, H. Rezazadeh, M. Eslami, A. Neirameh, M. Mirzazadeh, Analytical study of solitons to benjamin-bona-mahony-peregrine equation with power law 

nonlinearity by using three methods, U. P. B. Sci. Bull., Series A 80 (4) (2018) 267–278. 
[31] Y. Ding, M.S. Osman, A.M. Wazwaz, Abundant complex wave solutions for the nonautonomous fokas-lenells equation in presence of perturbation terms, Optik 

(Stuttg) 181 (2019) 503–513. 
[32] J.G. Liu, M.S. Osman, A.M. Wazwaz, A variety of nonautonomous complex wave solutions for the (2+ 1)-dimensional nonlinear schrödinger equation with 

variable coefficients in nonlinear optical fibers, Optik (Stuttg) 180 (2019) 917–923. 
[33] M.S. Osman, D. Baleanu, A.R. Adem, K. Hosseini, M. Mirzazadeh, M. Eslami, Double-wave solutions and lie symmetry analysis to the (2+ 1)-dimensional 

coupled burgers equations, Chin. J. Phys. 63 (2020) 122–129. 
[34] C. Park, R.I. Nuruddeen, K.K. Ali, L. Muhammad, M.S. Osman, D. Baleanu, Novel hyperbolic and exponential ansatz methods to the fractional fifth-order 

Korteweg-de Vries equations, Adv. Differ. Equ. 2020 (1) (2020) 1–12. 
[35] D. Kumar, C. Park, N. Tamanna, G.C. Paul, M.S. Osman, Dynamics of two-mode sawada-kotera equation: mathematical and graphical analysis of its dual-wave 

solutions, Results Phys. (2020) 103581. 
[36] M.S. Osman, H.I. Abdel-Gawad, Multi-wave solutions of the (2+ 1)-dimensional nizhnik-novikov-veselov equations with variable coefficients, Eur. Phys. J. Plus 

130 (10) (2015) 215. 
[37] W.X. Ma, B. Fuchssteiner, Explicit and exact solutions to a kolmogorov-petrovskii-piskunov equation, Int. J. NonLin. Mech. 31 (3) (1996) 329–338. 
[38] W.X. Ma, J.H. Lee, A transformed rational function method and exact solutions to the 3+ 1 dimensional jimbo-miwa equation, Chaos Soliton. Fract. 42 (3) 

(2009) 1356–1363. 
[39] W.X. Ma, T. Huang, Y. Zhang, A multiple exp-function method for nonlinear differential equations and its application, Phys. Scr. 82 (6) (2010) 065003. 
[40] W.X. Ma, A search for lump solutions to a combined fourth-order nonlinear PDE in (2+ 1)-dimensions, J. Appl. Anal. Comput. 9 (2019) 1–15. 
[41] N. Raza, U. Afzal, A.R. Butt, H. Rezazadeh, Optical solitons in nematic liquid crystals with kerr and parabolic law nonlinearities, Opt. Quant. Electron. 51 (4) 

(2019) 107. 
[42] N. Raza, Exact periodic and explicit solutions of the conformable time fractional ginzburg landau equation, Opt. Quant. Electron. 50 (3) (2018) 154. 
[43] M.M. Khater, D. Lu, E.H. Zahran, Solitary wave solutions of the benjamin-bona-mahoney-burgers equation with dual power-law nonlinearity, Appl. Math. Inf. 

Sci. 11 (5) (2017) 1–5. 
[44] E. Tala-Tebue, Z.I. Djoufack, P.H. Kamdoum-Tamo, A. Kenfack-Jiotsa, Cnoidal and solitary waves of a nonlinear schrödinger equation in an optical fiber, Optik 

(Stuttg) 174 (2018) 508–512. 
[45] H. Rezazadeh, New solitons solutions of the complex ginzburg-landau equation with kerr law nonlinearity, Optik (Stuttg) 167 (2018) 218–227. 
[46] H. Rezazadeh, H. Tariq, M. Eslami, M. Mirzazadeh, Q. Zhou, New exact solutions of nonlinear conformable time-fractional phi-4 equation, Chin. J. Phys. 56 (6) 

(2018) 2805–2816. 
[47] A. Bekir, F. Uygun, Exact travelling wave solutions of nonlinear evolution equations by using the (g

′

/g)-expansion method, Arab J. Math. Sci. 18 (1) (2012) 
73–85. 

[48] M. Wang, X. Li, Z. Jinliang, The (g′

/g)-expansion method and travelling wave solutions of nonlinear evolution equations in mathematical physics, Phys. Lett. A 
372 (4) (2008) 417–423. 

[49] A. Javid, N. Raza, Q. Zhou, M. Abdullah, New exact spatial and periodic-singular soliton solutions in nematic liquid crystal, Opt. Quant. Electron 51 (5) (2019) 
147. 

[50] U. Afzal, N. Raza, I.G. Murtaza, On soliton solutions of time fractional form of sawada-kotera equation, Nonlinear Dyn. 95 (1) (2019) 391–405. 
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