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1. Introduction

Wronskian formulations are a common feature for soliton equations, and lead to a powerful tool to construct exact
solutions to soliton equations [ 1-4]. The resulting technique has been applied to many soliton equations such as the KdV,
MKdV, NLS, derivative NLS, KP, sine-Gordon and sinh-Gordon equations. Within Wronskian formulations, soliton solutions
and rational solutions are usually expressed as some kind of logarithmic derivatives of Wronskian type determinants and the
determinants involved are made of eigenfunctions satisfying linear differential equations. Clearly, Wronskian formulations
connect nonlinear problems with linear problems, and thus, soliton equations can be solved by means of linear theories.
There is also a discrete version of Wronskian formulations, called Casoratian formulations, for integrable lattice equations
such as the Volttera, nonlinear electrical network, and Toda lattice equations [4-6]. Besides soliton solutions and rational
solutions, the Wronskian and Casoratian techniques can be used to construct positon solutions [7-10], i.e., solutions
involving one kind of transcendental functions: trigonometric functions. More generally, a novel kind of solutions called
compelxiton solutions has been introduced and generated using such techniques for soliton equations [11,4] and soliton
equations with sources [12]. Those solutions contain two kinds of transcendental functions: exponential functions and
trigonometric functions, and they correspond to complex eigenvalues of at least one of associated characteristic problems
and usually not traveling waves [13].

One of the physically significant soliton equations is the Boussinesq equation

Uy — Uxx + (uz)xx + Uk /3 = 0, (1.1)
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which describes shallow-water waves moving in both directions [14]. It also appears in a wide variety of physical
systems [15-22], for example, nonlinear waves in the evolution of perturbations with the dispersion relation close to that
for the sound waves [15], electromagnetic waves interacting with transversal optical phonons in nonlinear dielectrics [16],
magnetosound waves in plasmas [17], magnetoelastic waves in antiferromagnets [18], often observed occurrences of thin
turbulent layers in the middle atmosphere [19,20] and Rayleigh-Bénard convection between two horizontal plates [21,
22]. For the transonic speed perturbations, by neglecting the interaction of waves moving in the opposite directions,
the Boussinesq equation (1.1) can be reduced to the KdV equation. The Eq. (1.1) itself is also a dimensional reduction
of the KP equation in the moving frame. Moreover, the Boussinesq equation (1.1) is integrable by the inverse scattering
transformation [23,24], and can be studied by the Hamiltonian method [23], the algebro-geometric methods [25] and
d-dressing method [26]. The Boussinesq equation attracts much attention of researchers in both fields of mathematics
and physics owing to its profound importance and nice mathematical properties, though its solitons may decay under
perturbations and form a singularity in a finite time [27].

We will consider the Boussinesq equation of the form

Ugr + (uz)xx + Uger = 0, (12)

and call it the Boussinesq equation I (also good Boussinesq equation). The problem here in this paper is to construct its real
solutions. Obviously, a general Boussinesq equation

Ut + a1V + a2(U2)xx + a3V = 0, (1.3)

where g;, 1 < i < 3, are real numbers and a,a; # O, is equivalent to the Boussinesq equation [ in (1.2), under the
transformation

aq as
v(x,t) = —— 4+ —u(x, J/ast),
(x, 1) 2w g (x, /ast)
in the case of a; > 0. Similarly, in the case of a; < 0, the general Boussinesq equation (1.3) is equivalent to

Ugr + (uz)xx — Ugxxx = 0, (1.4)

under the transformation
a a
v(x,t) = - —3u(x, J—ast).
2(12 a

We call the Eq. (1.4) the Boussinesq equation II (also bad Boussinesq equation).
If we take the transformation

6 _f2
u="6(nf)x = (e fx ) » (1.5)
f2
then the Boussinesq equation I in (1.2) becomes a bilinear differential equation
(D + D) of = 2(ffue — 7 + foox — Afifix + 3£3) =0, (16)

where Dy and D; are the Hirota operators [28]. Actually, we have
3(Df + DYf Of}
fz XX '
Therefore, if f solves the bilinear Boussinesq equation (1.6), then u = 6(Inf),, solves the Boussinesq equation I in (1.2).
Similarly, we have

U + (uz)xx + U = |:

—3(D? —D)f of
=]

U + (uz)xx — Uxxxx = |:

under the transformation

6 _f2
u=—6(nf)y = —M. (1.7)
f2
Therefore, under (1.7), the Boussinesq equation Il in (1.4) becomes
(D? — DYYf o f = 2(ffic — f? — ffoox + Afifix — 3f2) = 0. (18)

Such Hirota bilinear equations play an extremely important role in the field of integrable systems and solitons.

Very recently, a Wronskian formulation has been presented [29] for the Boussinesq equation (1.1). Based on the presented
Wronskian formulation, solitons, negatons, positons and complexitons including many new solutions were generated in a
direct way, along with plots of interactions of solitons moving in the same and opposite directions [29]. Interestingly, rational
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solutions do not come but we know they exists at least for the Boussinesq equation II [30]. In this paper, we aim to present
another Wronskian formulation for solutions of the above Boussinesq equation I, which particularly leads to an approach for
constructing rational solutions to the Boussinesq equation I. Our results will also show the richness and diversity of solution
structures of the considered Boussinesq equation.

The paper is organized as follows. In Section 2, a new Wronskian formulation, different from the one in [29], is presented
for the bilinear Boussinesq equation I and thus the Boussinesq equation L. In Section 3, the representative systems of
differential equations in the proposed linear conditions are solved by applying the method of variation of parameters. In
Section 4, an approach for constructing exact solutions including rational solutions is furnished, and many examples of
solutions such as rational solutions, positons and complexitons are provided. Concluding remarks are given in Section 5.

2. A Wronskian formulation

To use the Wronskian technique, we adopt the compact notation introduced by Freeman and Nimmo [1,31]:

O G gD

- <0> oV .. gD
W(gr, ¢, ) =(N—1;8) = (N—1) = . s (2.1)

© L a-

N N N
where
T 0) P ) )

=(p1,....¢n) ", ¢ =i &; =@¢i, j=1,1<i<N. (2.2)

Solutions determined by u = 6(Inf), with f = (N/—\l) to the Boussinesq equation (1.2) are called Wronskian solutions.

Theorem 2.1. Let ¢ = %1. If a group of functions ¢; = ¢i(x, t), 1 < i < N, satisfies the following linear conditions

N
P = Y _ A, 1<i<N, (2.3)

j=1

¢ =ev3im: 1<i<N, (24)
where the A;’s are arbitrary real functions of t, then f = (N/—\l) defined by (2.1) solves the bilinear Boussinesq equation (1.6).
Proof. Obviously, we always have

fi=N—-2,N),

fo=N—3,N—1,N)+ (N —2,N+ 1),

fox=(N=4N—=2N=1,N)+2(N=3,N = 1,N+ 1) + (N = 2,N +2),

fox =(N—5N—3,N—2,N—1,N)+3(N—4,N—2,N—1,N+1)
+2(N—3,N,N+1)+3(N—3,N—1,N+2)+ (N —2,N +3).

Using the conditions in (2.4) gives
fi=e[—vV3(N=3,N—=1,N) +/3(N —2,N + 1],

fu = 3(N—5N—3,N—2,N—1,N)+6(N —3,N,N+1) —3(N—-3,N—1,N +2)
~3(N—4,N—2,N—1,N+1) +3(N—2,N + 3).

Note that for a given matrix A, we have the following determinant equality:

Row(A, 1)

N
Z Row(A Dax| = Z | Col(A, 1), ..., Col(A, )xxx, - - -, COl(A,N) |, (2.5)
i=1 j=1

Row(A, N)
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where Row(A, i) and Col(A, j) denote the i-th row and the j-th column of A, respectively. Taking A as (N/—\l) and (N/—\Z, N)
in the above equality, and then using the conditions in (2.3) result in

N
Y aWN-—1)=(N-4N-2N—1,N)—(N—-3,N— 1N+ 1)+ (N—2,N +2),

i=1

N - . . .

> xi®N—=2,N)=(N-5N=3N=2,N-1,N)=(N=3,N,N+ 1)+ (N —2,N +3).
i=1

Now, we can compute that
Flit + o) = N—1)[4(N —5,N—3,N—2,N—1,N) +8(N — 3,N.N + 1) + 4(N — 2, N + 3)]

N
= 2(N-DWN=3,N.N+1)+4) a(t)(N— 1)(N —2.N),

i=1
—_— —_— N —_— —_—
—4fifox = —12(N =2, N)(N =3, N = 1,N+1) =4 Y 1s(t)(N =2, N)(N — 1),
i=1
—f2+3f2 = 12(N = 3,N = 1, N)(N = 2, N + 1).
It follows then that

(D + D)f of = 2(ffy — f2 + foanx — Yifoxe + 3F2)
—24(N — 1)(N—3,N,N+1) — 24(N —2,N)(N —3,N —1,N+ 1) +24(N —3,N — 1, N)(N —2,N + 1)
N-3 0 N-2 N-1 N N+1|_,

=12 _— =
0 N-3 N-2 N—-1 N N+1

This shows that f = (N/—\l) solves the bilinear Boussinesq equation (1.6). The proof is finished. O

Theorem 2.1 tells us that if a group of functions ¢;(x, t), 1 <i < N, satisfies the linear conditions in (2.3) and (2.4), then

we can get a solution f = (N — 1) to the bilinear Boussinesq equation (1.6). Before we proceed to solve (2.3) and (2.4), let
us observe how the Wronskian formulation generates solutions more carefully.

Observation I. From the compatibility conditions ¢; xx: = @itx» 1 < i < N, of the conditions (2.3) and (2.4), we have the
equalities

N

D ey =0, 1<i<N, (2.6)
j=1

and thus we see that the Wronskian determinant W(¢1, ¢, ..., ¢n) becomes zero, if the coefficient matrix A = () is
dependent on t, i.e., A; # 0.
Observation IL. If the coefficient matrix A is similar to another matrix M under an invertible constant matrix P, i.e., we have
A = P~'MP, then & = P® solves

@XXX:MQB, @tze«@@m &= =1,
and the resulting Wronskian solutions to the Boussinesq equation (1.2) are the same:

u(A) =292In 0@, 0@ . oMY

=23>In [P @, po® . PeNV| =umM).

Based on Observation I, we only need to consider the reduced case of (2.3) and (2.4) under dA/dt = 0, i.e., the following
conditions:

N
Giox =D _hidj, P =6V3¢ie 1Zi<N, (2.7)
j=1

where ¢ = =1 and the A;’s are arbitrary real constants. Moreover, Observation II tells us that an invertible constant linear
transformation on @ in the Wronskian determinant does not change the corresponding Wronskian solution, and thus, we
only have to solve (2.3) and (2.4) under the Jordan form of A.
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3. Solving the representative systems

Note that the Jordan form of a real matrix A has two types of blocks. Therefore, in order to construct Wronskian solutions
as in the case of the KdV equation [32], we need to solve the following two representative systems:

o =rp+h, P =130, (3.1)
and

D100 = AP — BPy + hy, @200 = Bd1 + agy + hy, (3.2)

bre=EV3010 2 = V3o (3.3)

where A, @ and 8 > 0 are real constants,and h = h(x, t), h; = hy(x, t) and h, = hy(x, t) are three given functions satisfying

the compatibility condition g, = +/3 Zxx The first system corresponds to real eigenvalues of the coefficient matrix A, while
the second system corresponds to complex eigenvalues of the coefficient matrix A. In what follows, we will consider both
homogenous and non-homogenous equations in all cases of real and complex eigenvalues.

3.1. The case of real eigenvalues

First, let us consider the first representative system (3.1). In terms of the eigenvalue X, we will establish solution formulae
for two situations of the representative system (3.1).

3.1.1. The sub-case of A =0
Obviously, the first differential equation of the representative system (3.1) has a general solution

X ré rn
¢ =1 (t)x2 + c(t)x 4+ c3(t) + f / / h(¢,t)d¢ dndé. (34)
o Jo Jo

This makes it possible to break down the second differential equation of the representative system (3.1) into

7

3
e =+-h(0,0, o= +V3h0,0), ¢y = +2v3¢.

Now, integrating these equations with respect to t yields the solution formula of the representative system (3.1):

3 t
¢ = c1.08* 4 Coox + (30 £ 243 ¢y ot £ % x? / h, (0, t') dt’
0

t t pt x préE rn
iﬁx/ h(0, t’)dr/+3/ / hy (0, t”)dt”dt/—}-/ / / h(z, t) d¢ dn dé, (3.5)
0 0 0 0 0 0

where ¢ 9, ¢2,0 and c3 ¢ are arbitrary real constants.

3.1.2. The sub-case of A, # 0
In this sub-case, the characteristic equation > = X of the first differential equation of the representative system (3.1)
has one real root and two conjugate complex roots:

n1 = —2a, M2 = a-+ bl, u3=a—>bl, I=+-1, (3.6)
where
1 3
a:—ii/i, b:%f/i. (3.7)

Therefore, the homogeneous equation ¢, = A¢ has three fundamental solutions e 2%, e® sin(bx) and e® cos(bx), and
further, an application of variation of parameters leads to the general solution of the non-homogeneous equation ¢y, =
AQ + h:
¢ = c1(t)e 2% 4 ¢, (t)e™ cos bx + c3(t)e™ sin bx
-1 X
+ 25 (e7200=8) _ o8&=8[\/3 sinb(x — &) + cosb(x — £)]} h(£, t) dE. (3.8)
0

owing to hy = £+/3 hy, upon setting

g = e 200 _ -1 /3 ginh(x — &) + cosb(x — £)], (3.9)
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we have

3
¢ = crre 2™ 4y e™cosbx + ¢z, e™ sinbx + 4—\2; { [— e 2™ + e™(+/3 sin bx + cos bx)|hy(0, t)
+ [2ae 2™ + (v/3a — b)e™ sin bx + (a + /3 b)e™ cos bx]h(0, t) + / gee h(E, ) d& } ,
0

1 X
O = 4a%c1e72% 4 (a®c, + 2abcs — b*cy)e™ cos bx + (a®c; — 2abc, — b*c3)e™ sin bx + w / gwh(&, t) d&.
0

Obviously, the second partial derivatives of g are equal to
8ee = B = 4a’e ) 4 (=30 + 2ab + V317" sinb(x — &)
+(—a® — 23/3ab + b*)e®™ 9 cos b(x — &)
= 4a%e 299 4 (—a® — 24/3ab + b*)e"* ) cosb(x — &),

where the last equality is due to (3.7). Then, the second differential equation ¢, = +/3 ¢y Of the representative system
(3.1) equivalently requires

Cre FA4V3d% + g [—hy(0, t) + 2ah(0, t)] = O, (3.10)

e F V/3[(@® — b*)cy + 2abcs] T [ — [h(0. 1) + (a+ v/3b)h(0, )] = 0, (3.11)
) f

G FV3[(@ — bP)es — 2abcy] + [v/3h,(0, t) + (v/3a — b)h(0, t)] = 0. (3.12)

Thus, the solution formula for c; is given by

() =eim“2f:c 0¢£ eFW3¢ L (0, t') + 2ah(0, t')] dt (3.13)

where ¢ ¢ is an arbitrary real constant. The solution to the system of (3.11) and (3.12) is given by

G| _ qAc|C20 At —as | &208)
[03]_6 [Cz,o]ﬂe /oe [g (s)} ds, (3.14)

where ¢, o and c3 o are arbitrary real constants, the coefficient matrix A is defined by

b>—a®> —2ab
A= q:f[ oab bz_az}, (3.15)

and g, and g3 are defined by

£ _ V3] m0,0+@+v3bh, 1) (3.16)
83(s) 42 [V3h(0,t) + (v3a—b)h(0,0) ] '
Evidently, the coefficient matrix A has a pair of conjugate eigenvalues
@+ bl, @— bl where @ =Fv3(*—d*), b= F2v3ab. (3.17)
It follows then that
At a [ cosbt —sinbt
- 3.18
f=e |:smbt cos bt ] ’ (3.18)

by which we can obtain the required general solution to the system of (3.11) and (3.12) explicitly.

3.2. The case of complex eigenvalues

Let us now consider the second representative system defined by (3.2) and (3.3). If we set
dp=¢1+¢l, h=h+hl, rA=a+pl

the system is transformed into a complex form of (3.1):

b =2 +h, P = £V3 (3.19)
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The characteristic equation x> = A of the associated ordinary differential equation has three distinct complex roots

1 3 1 3
wi=vr o = —7+£1 Vh, us= —f—il JA. (3.20)
2 2 2 2
It follows that the solution formula for the first differential equation of (3.19) is determined by
1
¢ = vi()e!™ + vy(t)el? + vs(t)ers +
(n3 — p2)(ps — pma)(p2 — 1)
X
x f (13 — 12)e 1) — (3 — p1)e"2*™ 4 (u — pa)e"* (X, dx. (3.21)
0

Now, because of by = 2+/3 hyy, similarly to the sub-case of real eigenvalues A # 0, we can see that the second differential
equation of (3.19) equivalently requires

3
vie=£vV3udv £ V3 [h«(O, t) + w1h(0, £)],
(3 — 1) (2 — @)
3
Vo = £33k, F V3 [hx(0, t) + p2h(0, t)],
(3 — p2) (2 — 1)
3
v3e = £vV3udvs £ V3 [h«(0, t) + us3h(0, t)],

(3 — ) (s — u2)
which engender

3 t ,
vy = ety ot 3 / ™30 [, (0, ') + ah(0, )] dt’ ¢, (3.22)
(3 — p)(p2 — p1) Jo
3 t ,
vy = e*V3n3t V2,0 F E / e™V330 [h,(0, t') + pah(0, £)]dt’ ¢, (3.23)
(3 — p2) (2 — 1) Jo
3 t ,
e R R 3 / ™V [h(0, t') + ush(0, £)1dt’ |, (3.24)
(3 — ) (s —u2) Jo

where v g, V20 and vs o are arbitrary complex constants.

Therefore, the general solution of the second representative system of (3.2) and (3.3) is given by (3.21) with (3.22)-(3.24).
We can obtain the real solution to the system of (3.2) and (3.3) by taking the real and imaginary parts of the above general
complex solution. But by choosing conjugate pairs of complex eigenvalues, we can avoid computing real and imaginary parts
of the above solutions while computing real solutions. Such application examples will be given in the next section.

4. Wronskian solutions

Sections 2 and 3 provide a general procedure for constructing Wronskian solutions associated with two types of Jordan
blocks of the coefficient matrix A. In what follows, we will present a few specific procedures for constructing different
kinds of Wronskian solutions to the Boussinesq equation I in (1.2), together with examples of exact solutions. We will only
consider the case of ¢ = —1. The case of ¢ = 1 is just an action of replacing ¢t with —t in the obtained solutions.

4.1. Rational solutions

Consider the case of A = 0 and define

Yoox =0,  VYivixx =Vis  Vie=—V3%in, i>0. (4.1)

It follows from Section 3 that such functions v;, i > 0, are all polynomials in x and ¢, and a general Wronskian solution

u= 633 InW (o, ¥1, ..., Y1)
corresponding to the following Jordan block:

0 0
1 0

. ; (4.2)
0 1 0

kxk
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is rational and is called a rational Wronskian solution of order k — 1. Since 1y has three linearly independent solutions, let
us say V1,0, ¥2,0 and ¥r3 o, we can have two other general rational Wronskian solutions:

U=632InW W10, Y11y - es Vikg—13 ¥2.0 Y215 - s Yaky—1),
U=632INW W10, Y- es Vidy—13 ¥2.00 Y215 s Yaky—15 ¥3.0 U315 -+ W3ks—1),

where Vi, ¥i1, ..., ¥ix—1, 1 <1< 3, are three sets of functions corresponding to three Jordan blocks of the above type.
To reflect the size of their associated Jordan blocks, we call such two solutions the rational Wronskian solutions of orders
(ky —1,k; — 1) and (k; — 1, k; — 1, k3 — 1), respectively.

(a) Zero-order: Taking ¥y = c; + Cox + c3(x> — 2 V/31t), the corresponding Wronskian determinant and the associated
rational Wronskian solution of zero-order read

f=Wo) =ci +cx+ (¥ —2+/31),

6(2cic3 — 2 — 2Cy03x — 202x% — 4+/3¢3)
[c1 + Cx + c3(x2 — 24/31)]2

where cq, ¢; and c3 are arbitrary constants.

If taking o = x and ¥ = x* — 2+/3 t, we have

1 12(x* +2/3¢t)
u= U=

K2 2 —2307

u=632InW(g) =

(b) First-order: Taking {/o = 1, we can have ¢, = %x3 — /3 xt. Then, the corresponding Wronskian determinant and
rational Wronskian solution of first-order are

1
f=W®Wo, ¥1) = Exz —/3t,

2
u= 633 InW (o, Y1) = — M

(2 —2430)?2
This solution is exactly the same as one of the previous solutions of zero-order.
V3,2

Taking ¥ = x, we can have {; = 21—4)(4 — Xt + %tz. In this case, the corresponding Wronskian determinant and
rational Wronskian solution of first-order read

1 V3 3
=W s = 7X4 — —th — ftz,
f (Yo, Y1) 3 > 3
24(x° — 24/3x% + 60x2t% — 244/3t3)

(x* — 44/3 X2t — 12t2)2

u=632InW{, ¥1) = —

Taking Yo = x* — 24/3t, we can have yr; = £x° — §x3t + 3xt2. Then, we have the following Wronskian determinant
and rational Wronskian solution of first-order:

1 3
f=W®o, ¥1) = %xs - gx“t + 3%t — 6/3¢°

36(x'0 — 104/3 X8t + 120x5t2 + 4004/3 x*t3 — 6000x2t* + 2400+/3 t°)

u=6321InW©, Y1) = —
x o (X5 — 10v/3 X%t + 60x2t2 — 1207/3 13)?

(c) Second-order: Taking o = x, we can have ¥ = 5.x* — éxzt + 2t? and

1 3 1 3
=_—x — ixst + Xt — £xt3.
5040 120 4 2
A direct computation shows that the corresponding Wronskian determinant and rational Wronskian solution of third-order
are given by

V2

1 V3 3 9
=W®Wo, V1, ¥2) = ——x* — —— Xt + —x°t* — = xt*,
f Wo. ¥1.92) = 5575 120" 1o 4

18p

u =60 InW (o, Y1, ¥3) = g
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where

p = 3x'° — 64/3x™t + 1680x"2t* — 7168+/3x'°t> + 137760 x3¢*
— 752 640+/3x°t° + 2822400 x*t® + 846720018,

g = —x* + 1643 Xt — 168 x*t* + 5040 t*.

(d) (1,1)-order: Taking 1o = 1, 1 = %x3 —3xtand o =x, Yo = 21—4x ‘[ zt—i— t2, we can have the following

Wronskian determinant and rational Wronskian solution of (1, 1)-order:

1
#ﬂW%@%m%m%ﬂz—?Lﬂ@ﬁ

122 — 24/31)
2 +2/30?2

Taking Y10 = 1, Y11 = 2x* — v/3xtand Y0 = X2 — 2V/3¢, Yo = &x° — @x% + 3xt2, the corresponding Wronskian
determinant and rational Wronskian solution of (1, 1)-order read

u =63 InW 0, V1,1, V20, ¥2,1) = —

1
F=W®W10, Y11, Y20, Y2,1) = —5X4 —2/3%%t + 62,

24(x° + 24/3 X%t + 60x2t2 + 2443 3)

_ 2 _
u =60, InWW0, V1,1, V2,0, ¥2,1) = ' 1 V3R 1202)?

Taking 1,0 = X, Y11 = 5;%* — ‘[ Xt +3t2and Yoo = X2 — 243, Yo = &HX° — ‘f x3t + 3xt2, the corresponding
Wronskian determinant and rat10na1 Wronsklan solution of (1, 1)-order are

1 3
f= W(I/flo,%l,l/fzo,‘l’m)——%x —gxt 6«[t3

633 InW 1,0, ¥1.1, ¥2,0, ¥2,1)
36(x'0 + 104/3 X8t + 120x5t2 — 400+/3 x*t3 — 6000 x2t* — 2400+/3 %)

(X8 + 10+/3 X%t + 60 x2t2 + 120+/3 3)2

u

4.2. Wronskian solutions associated with nonzero real eigenvalues

For each real eigenvalue X; # 0, we start from the eigenfunction ¢;(};), which is determined by
GiOD)x = Aidi (i), (@i(A))e = —v/3 ($i(Ai) e (4.3)
The general solution to this system is
di(hi) = Cl'efza"xfélﬁa"zt + Cpe® V3O co5(by(x — 24/3 ait))
4 03 V3O =Dt gin (b (x — 24/3 ait)), (4.4)

where cy;, ¢5; and c3; are arbitrary real constants, and —2a;, a; + b;l and a; — b;] are a set of solutions of 3 = A;.
To construct Wronskian solutions corresponding to Jordan blocks of higher-order, we use the basic idea developed for
the KdV equation [3]. Differentiating (4.3) with respect to A;, we can find that the vector function

1
D = &i(A) = <¢z(?») =0, 9i(%), - ST fj i(Ai )) (4.5)
satisfies
i 0
1 A
Di ox = A @i, Diy = —V3 Bj s
0 1 A

T ki x ki

where 9,; denotes the derivative with respect to A; and k; is an arbitrary natural number. Therefore, through this set of
eigenfunctions, we obtain a Wronskian solution:

u=2$mW(¢u> S 0Bi(h), - @@Q (4.6)

UL
CEnTe
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When c;; = 0, we can get positon solutions, i.e., solutions involving only one kind of transcendental functions —
trigonometric functions. When cy;c5; # 0 or cy;c3; # 0, we can get complexiton solutions, i.e., solutions involving two
kinds of transcendental functions — exponential functions and trigonometric functions.

A more general Wronskian solution of this type can be obtained by combining n sets of eigenfunctions associated with
distinct real eigenvalues A; £ 0:

1 1 _
u=207InW («m G 31" 1¢1(A1>) S nC). e G 9 fn(hn)). (47)
This solution is an n-positon or n-complexiton of order (k;y — 1, k; — 1, ..., k, — 1), associated with real eigenvalues of the

coefficient matrix A = (Ay).
(a) Positons: Two kinds of special positons of order k, associated with nonzero real eigenvalues of A, are

u=602InW(p, 9. ....0¢), ¢ = eI osh(x — 2v/3ar) + d), (4.8)
u=62 W, . ..., 05 ), ¢ =e™V3E Dl gin(hx — 24/3at) + d), (4.9)

where —2a, a + bl and a — bl are three roots of 4> = A (A # 0) and d is an arbitrary constant.
Such two positons of zero-order are

5 9c?
u=632In(¢) = — (4.10)
2 cos? (fcx—{— czr+d)
9 2
u =632 In(y) = — ¢ (4.11)

2 sin? (écx + 3c2t + d)

where ¢ = /A . Noting that

1 b 3V3

242 T 24b°

We can have the corresponding two Wronskian determinants and two positons of first-order:

a, = —

f=W(p,0,¢) = — e e3¢ (2 052 £ 4 /3 sin 28 4+ 3cx + 64/3¢%),

632 In W (¢, 31¢)
_ 18A2[(14 + 6cx + 124/3c2t) cos? & + (—+/3 + 3+/3 cx + 18¢2t) sin 2& — 3cx — 6+/3 ¢2 t]
(2cos? & + +/3 sin2& + 3cx + 6+/3¢2t)2

e V3t (9 5in2 £ — /3 sin2¢ + 3cx + 6/3c%t),

u

=W, ) = BT
u = 632InW(y, 3,v%)
18¢2[(14 + 6cx + 124/3¢2t) sin® & — (—+/3 + 3+v/3cx + 18¢2t) sin 26 — 3cx — 64/3 ¢2t]
(2sin? &€ — +/3 sin2& + 3cx + 64/3¢2t)?2

)

where
1 3 2 3
= 5\/§cx+ EC t+d, c= v

(b) Complexitons: Let us take the following general eigenfunction
¢ = Cle_za"_‘l‘/g“z[ + cze“”‘/g(bz_az)t cos(b(x — 2v/3 a)t)
4 03 HV3O =)t ginh(x — 24/3 a)1),
where —2a, a + bl and a — bl are three roots of 1> = A (A # 0). Assume that
c1c; #0 orcics #0,

which keeps two kinds of transcendental functions - exponential functions and trigonometric functions - in play. Therefore,
we obtain the following complexiton solution
2 f
u==60InW(¢p) ==,
g
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9
f= ECZ [2C1 (c2 — N/3c3) cosE +2¢1(v/3 ¢, + c3)sing — (c2 + Cﬁ)e%“_”ﬁm]

. 3L 3L 4
g = 2016, COSE + 2¢1c3 siné + 2e2 V3D o2 & 4 (2e2c(H V3D 2 g
_’_C2C3e%c(fx+«/§ct) sin 2¢ + Clzefgc(f)wﬁct)
where

1 3
§=E\/§CX+562L c= .

This solution is associated with a real eigenvalue of the coefficient matrix A, but it corresponds to a pair of conjugate complex
roots of the characteristic equation of the first differential equation in the linear conditions.

4.3. Wronskian solutions associated with complex eigenvalues

This case only leads to complexiton solutions. For each complex eigenvalue A; = «; + B;l, we start from a pair of
eigenfunctions (¢ 1 (e, Bi), ¢i2(c, Bi)) determined by
o Ad. o , e =B | piale, B)
Di = Ai®i, i =3By, A= [ 5w } . #i= [d,iyz(ai, Ak (4.12)

As shown before, this system is equivalent to

Givew = My i = V3w Withey = i1+ diol, A=+ Bl (4.13)
From the previous section, we know that the general solution to the above system is given by

r = vl e VIO 0 i) 6B g 0 e 6=EuSTD (4.14)

where 12", 115 and u§ are three distinct complex roots of u* = A; and v{"), v{, and v\ are arbitrary constants.

Similarly, differentiating (4.12) with respect to «;, we can see that

D; D;
1 Ai 0 1
ﬂaa,' (pi 12 Ai ﬁaai(pi
1 -1 0 I A,‘ li—1
7' Btli (pi lix1; 7' (Xl,' i
G- o G-

and

1 .
(18{}'(151-) :_[<‘8{¥ ) s OS]SI,—l
g t ' XX

Taking the derivative with respect to §;, we can have

D; D;
1 A 0 1
1'8 8, Di 5 A ﬂaﬁicp,-
1 32.71@ 0 X A Il 1 3,2.71@:‘
= Tl (I — 1)1
and
1 1 ,
A o) =3 (-0, e) , 0<j<l—1,
J| Bi ¢ J! Bi
! ! .
where

0 -1
5= [1 ; ] .
Associated with those two sets of eigenfunctions, we have two Wronskian solutions to the Boussinesq equation I (1.2):

1
u=63>Inw cp,T,—a @, fi-tel), (4.15)
1! (L — 1)t
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and
2 T 1 T 1 li=1 ,T
Uu==60;InW|&;, =059, ..., A D |- (4.16)
- (=R
A more general Wronskian solution is given by
1 1
— A2 T h=15T. . T lh—145T

u_saxlnw<<1>1,...,(11_1)!841 o7; ’(D""“’(ln—l)!a“ Qn)’ (4.17)

where 9d;; could be either of d,, or dg,. This solution is called an n-complexiton solution of order (I; — 1,, — 1,...,1, — 1),

to reflect the orders of derivatives of eigenfunctions with respect to eigenvalues. If ; = 1, 1 < i < n, we simply say that it
is an n-complexiton.
Taking into consideration that

%o % _ 1 o o _ 1[0 o
Sd’ S¢x 4 -1 I ¢ ¢x 2 ¢ ¢x
we can avoid computing real and imaginary parts of the complex eigenfunctions by choosing conjugate pairs of complex

eigenvalues, while computing real solutions. Here are a few concrete examples of such complexitons of zero-order.
We choose a complex eigenvalue . = —b3I (b # 0), then the eigenfunction ¢ defined by (3.21) with h = 0 reads

W%, 3¢) =

)

1‘1 1

1 1
¢ =vio eb (XI4++/3 bt) F0e2 b (xI4++/3 x++/3 bt +3 bt1) +vsge2 b(xlfx/gx+«/§bt73btl)’ (4.18)

where vy g, V2,0 and vs g are three arbitrary constants.
First take vy o = ¢, v = dand vs3 o = 0. Then, the corresponding Wronskian determinant and complexiton solution of
zero-order read

f=W(R¢,3¢) =bp,
1 3
p= Ecde%ﬁ“’”—") cos (Eb(x—kbt)) 4 c2e2V3Pt

+ %\/5 cde? b0tV gin (; b(x+ bt)) - %dz e~ V3blxtb),
2 ~ 9., .4
u =60 InW(R¢, I¢) = —b°cd—,
2 p?
NE] 3 NE] 3
q = —d2eFPbt3Y (5 b(x+ bt)) — 42T bGbEX o (5 b(x+ bt))
V3b(bt—x) 2 Bobesan o 3
—5cde ++/3d*e 2 sin Eb(x—i—bt) ,
where b, ¢ and d are arbitrary constants.

Second take vy9 = ¢, v30 = dand vy o = 0. Then the corresponding Wronskian determinant and complexiton solution
of zero-order are

f=W(Re,3¢) =bp,
p = _1 42 e=V3bbt—) + 1 Cdeéb(xﬂm cos Eb(bt —X)
2 2 2
3 NE] 3
e VErt gcde%b("“’” sin <5 b(bt —x)) ,
2 ~ 9, 4
u = 69; InW(Re, I¢) = Eb ch,
q = —d? e Bhbe-39 o <; bbbt — x)) — 5cdeY3b D
NE) 3 3
— 42T hGhEN (o (5 bt — x)) ++/3d? e S bbt=30 iy (5 bt — x)) ,

where b, ¢ and d are arbitrary constants.
Third take v19o = 0, v = c and v39 = d. Then we have the following Wronskian determinant and complexiton
solution of zero-order:

1
f=W®¢.3¢) = bp.
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p=—2cde V3 cos(3b%t) +2/3cde V3 Isin(3b2t) — 2 e V3O HDD _ g2 gV3b(—xtbD)
U = 602 InW (R, ) = 36b2cdl%,

g = c2e V3PP g3 h2 1) 4 2 e V3P DI og(3h2 1) — o/3 % e VD@D gin(3 2 1)
—V3d e VPRI sin3 b2 1) 2cde V3V

where b, c and d are arbitrary constants.

5. Concluding remarks

A new Wronskian formulation leading to rational solutions to the Boussinesq equation I has been presented by means
of its bilinear form. By solving the representative systems of the linear conditions in the Wronskian formulation, rational
solutions, positons and complexitons to the Boussinesq equation I (1.2) are computed explicitly. The resulting theory
provides us with an effective way to construct exact solutions, which enriches the solution structure of the Boussinesq
equation I (1.2).

Our Wronskian formulation yields various solutions through different Jordan canonical forms of the coefficient matrix
in the linear conditions (2.3). However, the question of whether the eigenvalues of the coefficient matrix could describe the
stability of the resulting solutions remains to be answered. Any study on this would help us understand the nonlinear effects
of the Boussinesq equation more deeply.

It can also be directly checked that any polynomial solution to the Boussinesq equation I (1.2) is of the following form

2 1
U= C1 + X+ Cc3t + c4xt — C22t2 — §C2C4t3 — 6C42f4,

where ¢;, 1 < i < 4, are arbitrary constants. Similar polynomial solutions to the Boussinesq equation Il (1.4) were presented
in [33]. There also exits many other solutions such as soliton solutions [34], rational solutions [30,35,36] and breezer-type
solutions [37,33]. Blow-up of its solutions was shown for the Eq. (1.2) in the case of special initial conditions [38]. Dynamics
of nonlinear waves determined by the equation was studied both numerically and analytically [15-17]. But unfortunately,
a similar Wronskian formulation does not work for real solutions of the Boussinesq equation II. A special formulation [31]
only presents complex solutions, but no real solutions.

In addition to rational solutions, positons and complexitons to the Boussinesq equation I, one can also construct
interaction solutions between any two different kinds of solutions within the established Wronskian formulation (see [32,4]
for the cases of the KdV equation and the Toda lattice equation). There exists algebro-geometric solutions to the Boussinesq
equation I (1.2) on the circle [25]. All this shows the richness of the solution space of the Boussinesq equation and the
resulting solutions are expected to help understand wave dynamics in weakly nonlinear and dispersive media.
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