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1. Introduction

The Lax pair formulation provides a general framework for constructing and
classifying integrable models [1, 2]. The key step in this process is selecting
a matrix spectral problem that enables the generation of an associated hierarchy
of integrable models. These models exhibit many integrable properties, such as
bi-Hamiltonian structures and hereditary recursion operators. The matrix spectral
problem serves as the primary tool for solving their Cauchy problems via the
inverse scattering transform, with the evolution of the scattering data governed by
the associated temporal matrix spectral problems [1].

In this context, the potentials in matrix spectral problems are unconstrained.
However, imposing certain restrictions makes the spectral problems significantly more
constrained, making them harder to analyze and apply. A useful approach is to apply
similarity transformations, which can be used to formulate reduced matrix spectral
problems. Such transformations ensure the construction of integrable hierarchies, as
they preserve the invariance of the associated zero-curvature equations (see, e.g. [3]).
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Two typical examples of integrable models are the nonlinear Schrodinger equation
and the modified Korteweg—de Vries equation. Both can be derived from the
Ablowitz—Kaup—Newell-Segur (AKNS) matrix spectral problems by applying a single
similarity transformation. By applying two similarity transformations, even more
diverse integrable models can be formulated, although this may introduce additional
complexity. Corresponding to these two similarity transformations, there are two
constraints on the potentials, which impose more restrictions to balance the potentials
in the associated Lax pairs [4].

Recently, the idea of using similarity transformations has also been employed to
construct nonlocal integrable models [5]. Three types of reduced integrable nonlinear
Schrodinger-type equations and two types of reduced integrable modified Korteweg—
de Vries-type equations have been proposed and classified [6]. The inverse scattering
transform has also been developed for constructing soliton solutions for nonlocal
integrable models (see, e.g. [7-9]). In addition, other efficient methods have been
explored for nonlocal integrable models, particularly for constructing soliton solutions.
The Hirota bilinear method, Darboux transformation, Backlund transformations, and
the Riemann—-Hilbert technique have all proven to be powerful tools. Many theories
have been proposed for various reduced integrable models, both local and nonlocal
(see, for example, [3, 4, 10-13]).

In this paper, we propose a novel type of local group reduction or similarity
transformation for the AKNS matrix spectral problems with two square matrix
potentials, aiming to generate reduced integrable models. The rest of the paper is
organized as follows. In Section 2, we review the general AKNS matrix spectral
problems and their associated hierarchies of matrix integrable models to set the stage
for the subsequent analysis. In Section 3, we introduce a method of local group
reductions or similarity transformations for the AKNS matrix spectral problems with
square matrix potentials, and we formulate reduced integrable hierarchies based on
the reduced matrix spectral problems. In Section 4, we present several concrete
examples using the proposed formulation, demonstrating the diversity of reduced
AKNS matrix spectral problems and their corresponding integrable matrix nonlinear
Schrodinger models. In the final section, we conclude with a summary of our results
and offer some remarks.

2. The matrix AKNS soliton hierarchies

We assume that m and n are two arbitrary natural numbers. For a fixed pair of
m,n > 1, we recall the AKNS matrix spectral problems and the associated AKNS
hierarchies of matrix integrable models, in order to facilitate the subsequent analysis.

First, we use A to denote the spectral parameter, and assume that p and ¢ are
two matrix potentials:

pP= p(x9 t) = (ij)an, q= q(-xs t) = (ij)nxm- (D
The standard matrix AKNS spectral problems are defined by
—i¢gy=U¢p, U=U(u,1)=AA+P, 2)
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and
—ig, = Vg, v =yl ) =20+0", r>o0, 3)

where u = u(p,q) is the potential consisting of the two matrix potentials p and gq.
In these Lax pairs of matrix spectral problems, two bigger square matrices, A and
Q, are given by

A= diag(allm, a’zln), Q= diag(,Bllm,,len), (4)

where I, denotes the identity matrix of size k, and aj, @, and S, 3, are two pairs
of distinct arbitrary constants, illustrating the diversity of matrix spectral problems
but having minimal impact on the associated integrable models. The other two
bigger square matrices, P and Q!"!, are defined as follows:

p=pPw=| "l 5)
qg O
which is called the potential matrix, and
0O 0 r-1 a[r—s] b[r—s]
ol = ;o =0l =) a0 r=1. (6
0 0 pory c[r—s] d[r—x]
Here al*1, bls] c1s] and d!9) are determined recursively through
[s#1] = L (_opIsl_lsl . [s] (o1l _ L (; Is1 . [s]_ gls]
b =—(—lbx —-pd©' +a p), c =—(le +qa®' —d q),
@ @ s >0,
als* V=i (pelstl — plsttlg) | gl = i (gblstt] — L+t )|
(7

where @ = @ — > and zero constants of integration are taken in computing al*]
and d'*], with the initial data:

bl =0, =0, &% =p1,, =41, (8)
Obviously, we can determine
ol = Ep, ol = Bap - ﬁzlm,n(P2 +iPy), 9)
a a a
and
Bl = ’g/lzP - gﬂlm,n(fﬂ +iP,) — %(i[P, P, + Py +2P%), (10)

where 8 =B — B, and I, , = diag(l,,,—I,). The above recursive relations in (7)
with the initial data in (8) form the unique Laurent series solution

W= amwhil=" 4

s>0 5s>0

alsl pls]

11
clsl o gls] (D
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to the stationary zero-curvature equation
W, =ilU, W], (12)

where U is the spectral matrix in (2). This formal series solution is a crucial
element in generating integrable hierarchies (see, e.g. [14, 15]).
Now, it directly follows that for a fixed pair of m,n > 1, the compatibility

conditions of the two matrix spectral problems in (2) and (3) are the zero-curvature
equations

U -viihyiu, vl =0, r>o0, (13)
and they present a matrix AKNS soliton hierarchy
pe =iab"™ g, = —iac™M, r>o0. (14)

The case of m =n =1 corresponds exactly to the typical AKNS hierarchy with two
scalar potentials [16]. The trace identity [17], as used in [18], provides a generating
energy functional for the soliton hierarchy, which yields a bi-Hamiltonian structure
along with infinitely many symmetries and conserved quantities (see, e.g. [19] for
more examples).

The first and second nonlinear models in (14), i.e. the cases of r =2 and r =3,
give rise to the AKNS matrix nonlinear Schrodinger (NLS) equations:

B . B.
pi==5i(Pex+2pap), i = 5i(qxc +24p9), (15)

and the AKNS matrix modified Korteweg—de Vries equations:

B B
Pr = =5 (Paxx +3pqPx +3pxqp). 41 = =5 (qxax +39xPq +39pqx).  (16)

where p and ¢ are the two matrix potentials defined by (1). More examples of
higher-order matrix AKNS integrable models could be worked out as well (see, e.g.
[20D).

3. Reduced matrix AKNS soliton hierarchies

In what follows, let us consider the values ay =a> =1, 81 =—-8, =2, and m = n.
This gives rise to the AKNS spectral problems with two square matrix potentials
p and gq.

3.1. Reductions of the matrix AKNS spectral problems

We would like to formulate integrable reductions of the matrix AKNS spectral
problems in the specific cases mentioned above (see also, e.g. [21-25] for other
examples of similar reductions).

Let us take two constant invertible square matrices of order n, denoted by X;
and X,, and formulate the following 2nth-order invertible constant square matrix of
off-diagonal type
0 %

% 0

: a7)
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Obviously, we have the two important properties for A and Q:
TAX L =—A, zQrTl=—Q. (18)

Based on these properties, we can consider a type of group reduction or similarity
transformation for a given matrix AKNS spectral matrix U in (2),

SUWE ™! = -U (%) = -(UY))", (19)

where A* stands for the complex of a matrix A. This reduction will demonstrate
an invariance property for the zero-curvature equations (see also [26]). Noting the
specific form of the spectral matrix U, we can see that the group reduction (19)
equivalently generates

TP = -p. (20)

Clearly, this requires the corresponding constraints for the two square matrix potentials
p and g,
pt=-%14%", ¢ =-TpEl. 1)

To ensure the two constraints in (21) are compatible, we impose the following
requirement,
1%y = yly, (22)

where v € R and y # 0. It is straightforward to see that (22) guarantees that one
constraint in (21) implies the other.

To summarize, under the condition (22) on the square matrix X, the group
reduction in (19) generates a class of reduced matrix AKNS spectral problems:

Al p

~ipy =U¢, U=U(u,A)=
~pE, Al

; (23)

where u = u(p) involves only the square matrix potential p, and X; and X, are
assumed to satisfy (22), or equivalently,

AL, -%'q*%,
q -AI,

—igx=U¢, U= ; (24)

where u = u(gq) involves only the square matrix potential ¢, and X£; and X, are
again assumed to satisfy (22).

3.2. Reduced matrix AKNS soliton hierarchies

Let us consider the solution W determined by (11), with the initial data in (8).
Under the group reduction in (19), we can prove the equality at the initial value,
/l = 00,

SW (D) acee = =W (X1 = —(W(1) | aceor (25)
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By the uniqueness of solutions to the stationary zero-curvature equation (12), this
implies that
IWQZ ! = W) = —(W(Y))", (26)

since both SW(1)X~! and -W*(1*) solve Eq. (12). It then follows that for each
r >0, we have the invariance property,

vzt = —vli ) = (vl (1), (27)
which is equivalent to
o)z = -0l () = (e ()", (28)

where r > 0 and V" and QU] are defined in (3) and (6), respectively. Therefore,
under the potential constraints in (21), we can compute
2(U, =V iU, VI () = (<07, = (VI i [-07, =V ()
= —(U; =V —iur V) ()
= —(U, -V +i[u, Vi) ), (29)

where r > 0, and further, the matrix AKNS integrable models in (14) with » >0
become a hierarchy of reduced matrix AKNS integrable models,

— 97plr+t]
Pr = 2lb |q:_2;p*(2>f)—l, r > 0, (30)
where the square matrix potential p produces the potential vector u, or equivalently,
qr = —2iC[r+1] |P=—ZTQ*(Z;)_I 5 r > 0, (31)

where the square matrix potential g produces the potential vector u.

Moreover, every member in the reduced soliton hierarchy (30) or (31) possesses
a Lax pair consisting of the reduced matrix spectral problems in (2) and (3) with
r > 0, and has a hierarchy of commuting symmetries and conserved densities,
reduced from those for the matrix AKNS integrable equations in (14) with r > 0.
The matrix spectral problems (23) and

_i¢t = V[r] |q:_zsp*(2>{)—l¢, r = 0, (32)

constitute a Lax pair for each member in the reduced soliton hierarchy (30), or
equivalently, the matrix spectral problems (24) and

—ig, = V] lp=-xigxp-1: 120, (33)

constitute a Lax pair for every member in the reduced soliton hierarchy (31).

Noting that X; and X, are arbitrary invertible square matrices of order n, we
can formulate diverse reduced hierarchies of matrix AKNS integrable models via
the group reduction (19), including many examples in nonlinear physics (see, e.g.
[22, 23, 27, 28]).
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4. Illustrative examples

In this section, we apply the presented general theory to a few specific cases.
We take n =2 and specify the matrix potential p as follows,

P11 P3
p= . (34)
P4 P2
Case 1: Let us first take
1 0 1 0
21 = s 22 = -0 ) (35)
0 ¢ 0 ¢

where o = +1 and 6 = %1, indicating four possible combinations. Then, the group
reduction (19) yields

Py Op;

qg=-%p () =0 1
épy P>

>

and thus the reduced spectral matrix is given as

7 0 P11 P3

0 A
U= pa P2 (36)

opy oépy| -1 0

oép, Oop; 0 -4
Moreover, the corresponding reduced AKNS matrix integrable NLS equations are
given by
ip1s = Pixx +20[0(p3pa + pip3)p1 + | p11*p1 + P3p3pal.,

ip2s = Paxx +20°|8(pipa+ pyp3)pa+ |pal*p2 + pip3pal. a7

ip3; = paxx +20[0(p;p3 + pip1p2) + (Ip1* + [p21H)ps3].
ipas = Paxx +20[6(pip1p2 + Pip3) + (Ip11* + |p21*)pal.

where the two real constants satisfy o2 =1 and 6 = 1.
Case 2: Let us second take

lo 1] [0 6]
Z]= , 22=—0' N (38)
0 0 1 0
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where o = +1 and ¢ = £1, again representing four possible combinations. Then, the
group reduction (19) generates

o972 Pi
=-2p"(2))" = *2 4*
p3 0D
and therefore, the reduced spectral matrix is
A 0 | p1 p3
0 A
U= P4 D2 ‘ (39)

oép; op, | -4 0

opy oop;| 0 -4

Accordingly, the corresponding reduced AKNS matrix integrable NLS equations read

ip1i = Prax +20[6(p3pT + Pipapa) + (Ipsl* + |pal®) pi].
[
[
[

ipa; = Paxx +20[6(pip1 + pip2)pa+ Pipipa + |pal*pal.

ip2: = Paxx +20[6(pip3pa+ pip3) + (Ipsl* + Ipal®) p2].

(40)

ip3: = Paxx +20[6(pip1 + pip2)ps + |p3lPps + pipip2].

where the two real constants satisfy o> =1 and 6% = 1.
Case 3: Finally, let us take

[1 1} lo 5 }
Z1 = 5 22 = -0 s (41)
0 0 1 =6

where o = +1 and 6 = +1, covering four possible combinations once more. Then,
the group reduction (19) engenders

op; Py= D3

g=-Zip*(EZ) =0 . . .
py—06ps o(py—p3)+(p5—p)

and thus, the reduced spectral matrix becomes

A 0 P1 D3
0 A
U= )22 ) ‘ (42)
oop; o(py —r3) -1 0
o(py—6py) olépi-py+py-p)] | 0 -2
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Consequently, the corresponding reduced AKNS matrix integrable NLS equations
are given by

ip1e = prax+20{8|p5(p1—p3)p1+(p; =Py p3ps]| +(p3—p3) (P3—p1)pa+|psl*pi}

|
ip2s = paxx+20{8[(p =3 Pa+P5(Pa—p2)p3| +(Ps— i) (P2—pa)P2+|p3l* P2},
[
[

ip3; = p3x+20{8 | p5(p1—p3)p3+(p; —py)p2ps| +(p3—p3) (P3— P p2+p3P P}

5(pa—p2)p1+(pl—p3)papa| +(p5—pL) (P2—pa)pa+pipipa},
(43)

lp4t = P4, xx+20—{6

where the two real constants satisfy o2 =1 and 6 = 1.

The above reduced spectral matrices, U, are quite special and involve potential
restrictions. A remarkable aspect is that soliton hierarchies can still be generated
from the corresponding reduced matrix spectral problems.

5. Conclusion and remarks

A novel type of local group reduction, or similarity transformation, has been
introduced and analyzed for a specific class of AKNS spectral problem with two
square matrix potentials. The group reductions impose a constraint on the two square
matrix potentials in the AKNS potential matrix. The reductions yield reduced matrix
AKNS integrable hierarchies, each of which possesses infinitely many symmetries
and conservation laws. A few concrete examples of reduced AKNS matrix spectral
problems and reduced matrix integrable NLS models have been computed. The
introduced group reductions are distinct from those discussed in the literature
[4, 29], where the reduction matrices, 2, are of diagonal block matrix type.

Soliton solutions are known to be constructible using various analytical techniques,
such as the Darboux transformation, the Hirota bilinear method, Béicklund transforms,
and the Wronskian determinant technique (see, e.g. [30, 31]). Among the most
interesting solutions are rational solutions (see, e.g. [32]), lump wave solutions
(see, e.g. [33-35]), invariant solutions (see, e.g. [36, 37]), breather and rogue
wave solutions (see, e.g. [38—41]) and their interaction solutions (see, e.g. [42]).
Furthermore, the Riemann—Hilbert technique offers a powerful method for constructing
soliton solutions for integrable models that involve multiple poles in the scattering
coefficients [43]. It is important to note that reduced integrable models involve
balancing different potentials in the original equations, and as such, they must
satisfy specific constraints. Consequently, these models and their solutions tend to
be more challenging to determine.

It is hoped that the analysis presented here will contribute to the development
of integrable models and further enrich the field by offering insights into specific
matrix spectral problems (see, e.g. [44, 45]). Standard integrable NLS models provide
excellent perturbative frameworks with wave numbers for studying water waves and
optical waves [1]. Accordingly, we anticipate that our novel integrable NLS models
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could be valuable for exploring the mathematical properties of nonlinear dispersive
waves in physical and engineering sciences, such as fluid dynamics and nonlinear
optics.
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