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For vector nonlocal reverse-space nonlinear Schrödinger equations, a binary Dar-
boux transformation is formulated by using two sets of eigenfunctions and adjoint

eigenfunctions. The resulting binary Darboux transformation has been decomposed into
an N-fold product of single binary Darboux transformations. An application starting
from zero seed potentials generates a class of soliton solutions.
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1. Introduction

The Darboux transformation stands among the most efficient approaches to soliton
solutions of integrable equations in soliton theory. A Lax pair of matrix eigenvalue
problems is the key to generating Darboux transformations. A binary Darboux
transformation needs both a Lax pair of matrix eigenvalue problems and the other
pair of adjoint matrix eigenvalue problems. We would like to analyze a general
binary Darboux transformation associated with a multicomponent AKNS spatial
eigenvalue problem.

Let μ stand for an eigenvalue parameter and u = u(x, t), a potential vector,
where x is the spatial variable and t is the temporal variable. We begin with a Lax
pair of matrix eigenvalue problems:

−iξx = Uξ, −iξt = V ξ, (1.1)

where i is the unit imaginary number and ξ is an m×m matrix eigenfunction. The
involved Lax pair, i.e. the pair of U and V , is defined by{

U = U(μ) = U(u, μ) = A(μ) + P (u, μ),

V = V (μ) = V (u, μ) = V (u, ux, . . . , u(n0); μ) = B(μ) + Q(u, μ).
(1.2)

It is often assumed that A and B are constant commuting m × m matrices, and
P and Q are trace-less m × m matrices, which depend on the potential vector u.
Usually, as the compatibility condition of the above Lax pair of matrix eigenvalue
problems, the zero curvature equation

Ut − Vx + i[U, V ] = 0, (1.3)

where [·, ·] denotes the matrix commutator, yields an integrable equation, which
are solvable by the inverse scattering transform [1–3]. Generally, we take reduced
Lax pairs and zero curvature equations, in order to construct nonlocal integrable
counterparts (see, for example [4]).

The pair of adjoint matrix eigenvalue problems is given by

iξ̃x = ξ̃U, iξ̃t = ξ̃V. (1.4)

The compatibility condition of this adjoint pair of eigenvalue problems engen-
ders the same zero curvature equation as above. Obviously, the inverse ξ−1 of a
matrix eigenfunction ξ satisfies the adjoint pair (1.4), and so, it gives rise to an
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adjoint matrix eigenfunction. This property has been used in establishing associated
Riemann–Hilbert problems for classical local multicomponent integrable equations
(see, for example [5]).

A binary Darboux transformation consists of

ξ′ = S+ξ, ξ̃′ = ξ̃S−, u′ = f(u), (1.5)

provided that

U ′ = −iS+
x (S+)−1 + S+U(S+)−1, V ′ = −iS+

t (S+)−1 + S+V (S+)−1, (1.6)

where S+ and S− are inverse to each other, and U ′ = U ′(u′, μ) = U(u′, μ) and
V ′ = V ′(u′, μ) = V (u′, μ). Therefore, ξ′ and ξ̃′ satisfy

−iξ′x = U ′ξ′, −iξ′t = V ′ξ′, (1.7)

and

iξ̃′x = ξ̃′U ′, iξ̃′t = ξ̃′V ′, (1.8)

respectively. Either of these guarantees that the new Lax pair of U ′ and V ′ leads
still to the same zero curvature equation, where u is replaced with u′. Consequently,
the new potential u′ provides another solution to the corresponding integrable equa-
tion. There exist abundant examples of applications of binary Darboux transfor-
mations to integrable nonlinear Schrödinger (NLS) equations in the literature (see,
for example [6–11]).

In this paper, we would like to formulate a binary Darboux transformation and
establish its link with the N -fold binary Darboux transformation. An application of
the presenting binary Darboux transformation starting from the zero seed solution
generates soliton solutions, and both local and nonlocal multicomponent integrable
NLS equations will be illustrative examples. The conclusion, along with a few com-
ments and remarks, is given in Sec. 5.

2. Multicomponent Nonlinear Schrödinger Equations

Let n ∈ N be arbitrary, In denote the nth-order identity matrix, and {δ1, δ2} and
{γ1, γ2} stand for two pairs of different constants. The matrix eigenvalue problems
of the multicomponent NLS equations read (see, for example [12]):

−iξx = Uξ = U(u, μ)ξ, −iξt = V ξ = V (u, μ)ξ, (2.1)

with the Lax pair being defined by

U = μΛ + P, V = μ2Θ + Q. (2.2)

Here, those involved four matrices are given by

Λ =

[
δ1 0

0 δ2In

]
, P = P (u) =

[
0 p

q 0

]
, (2.3)

Θ =

[
γ1 0

0 γ2In

]
, Q = Q(u, μ) =

γ

δ
μ

[
0 p

q 0

]
− γ

δ2

[
pq ipx

−iqx −qp

]
, (2.4)
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where the potential vector is u = (p, qT )T with p = (p1, p2, . . . , pn), q =
(q1, q2, . . . , qn)T , and two nonzero constants are δ = δ1 − δ2 and γ = γ1 − γ2. Note
that the matrix Q can be determined by the potential matrix P in the following
way:

Q =
γ

δ
μP − γ

δ2

{[
1 0

0 −In

]
P 2 +

[
i 0

0 −iIn

]
Px

}
=

γ

δ
μP − γ

δ2
I1,n(P 2 + iPx),

(2.5)

where I1,n = diag(1,−In).
When only one pair of pj and qj , 1 ≤ j ≤ n, is nonzero, the spatial eigenvalue

problem in (2.1) becomes the standard AKNS eigenvalue problem [13]. The multi-
component AKNS spatial matrix eigenvalue problem in (2.1) is degenerate because
Λ has a multiple eigenvalue δ2.

Clearly, the compatibility condition of the matrix eigenvalue problems above
yields the classical local multicomponent NLS equations:

pj,t = − γ

δ2
i

[
pj,xx + 2

(
n∑

r=1

prqr

)
pj

]
,

qj,t =
γ

δ2
i

[
qj,xx + 2

(
n∑

r=1

prqr

)
qj

]
, 1 ≤ j ≤ n. (2.6)

When n = 2, under a specific kind of symmetric reductions, the above multicom-
ponent integrable NLS equations (2.6) can be reduced to the Manokov system [14],
which has an N -fold decomposition into finite-dimensional integrable Hamiltonian
systems [15].

Following the idea of conducting group reductions in [16], we can form a kind
of particular nonlocal group reductions:

U †(−x, t,−μ∗)C + CU(x, t, μ) = 0, C = diag(1, Σ), Σ† = Σ, (2.7)

for the spectral matrix U [17]. This, equivalently, demands a condition on P :

P †(−x, t)C + CP (x, t) = 0. (2.8)

Henceforth, † stands for the Hermitian transpose, ∗ denotes the complex conjugate,
and Σ is a constant invertible Hermitian matrix.

Based on the nonlocal group reductions determined by (2.8), we can arrive at
the reductions between the two potential matrices:

Σq(x, t) + p†(−x, t) = 0, (2.9)

where Σ is an arbitrary invertible Hermitian matrix. It further follows that

V †(−x, t,−μ∗) = CV (x, t, μ)C−1, Q†(−x, t,−μ∗) = CQ(x, t, μ)C−1, (2.10)

where the two matrices V and Q are given by (2.2) and (2.4), respectively.
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It is straightforward to see that there is no new condition for the spatial and
temporal matrix eigenvalue problems in (2.1), besides the nonlocal reductions in
(2.8) (or equivalently, (2.9)). The reductions in (2.8) put the multicomponent classi-
cal local integrable NLS equations (2.6) into the following multicomponent nonlocal
reverse-space integrable NLS equations:

ipt(x, t) =
γ

δ2
[pxx(x, t) − 2p(x, t)Σ−1p†(−x, t)p(x, t)], (2.11)

where the Hermitian matrix Σ is arbitrary but invertible.
When n = 1, we can get a well-known example [18, 19]:

ipt(x, t) = pxx(x, t) + 2σp∗(−x, t)p2(x, t), σ = ±1.

When n = 2, we can obtain a new system of nonlocal reverse-space integrable NLS
equations [17]:{

ip1,t(x, t) = p1,x,x(x, t) + (ζ1p
†
1(−x, t)p1(x, t) + ζ2p

†
2(−x, t)p2(x, t))p1(x, t),

ip2,t(x, t) = p2,x,x(x, t) + (ζ1p
†
1(−x, t)p1(x, t) + ζ2p

†
2(−x, t)p2(x, t))p2(x, t).

where ζ1 and ζ2 are arbitrary nonzero constants.

3. Binary Darboux Transformation

3.1. A general formulation

Let us now propose a binary Darboux transformation, through applying a single
pair of eigenfunction and adjoint eigenfunction:

−iv1,x = U(u, μ1)v1, −iv1,t = V (u, μ1)v1, (3.1)

and

iv̂1,x = v̂1U(u, μ̂1), iv̂1,t = v̂1V (u, μ̂1), (3.2)

where μ1 and μ̂1 are a pair of arbitrary complex eigenvalue and adjoint eigenvalue.
The idea of using both kinds of eigenfunctions was also adopted in the study of
symmetry constraints [20].

A single binary Darboux transformation can be stated below.

Theorem 3.1. Assume that⎧⎪⎪⎨
⎪⎪⎩

S+[1] = S+[1](μ) = In+1 −
μ1 − μ̂1

μ − μ̂1

v1v̂1

v̂1v1
,

S−[1] = S−[1](μ) = In+1 +
μ1 − μ̂1

μ − μ1

v1v̂1

v̂1v1
,

(3.3)

and

S+
1 [1] = lim

μ→∞
[μ(S+[1] − In+1)], S−

1 [1] = lim
μ→∞

[μ(S−[1] − In+1)]. (3.4)
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Then we have

S+[1](μ1)v1 = 0, v̂1S
−[1](μ̂1) = 0, (3.5)

S+[1](μ)S−[1](μ) = In+1, S+
1 [1] = −S−

1 [1]; (3.6)

and

ξ′ = S+[1]ξ, ξ̃′ = ξ̃S−[1], P ′ = P + S+
1 [1]Λ + ΛS−

1 [1] = P + [S+
1 [1], Λ],

(3.7)

constitute a binary Darboux transformation for the multicomponent classical local
integrable NLS equations (2.6).

Proof. It is easy to get

S+
1 [1] = −(μ1 − μ̂1)

v1v̂1

v̂1v1
, S−

1 [1] = (μ1 − μ̂1)
v1v̂1

v̂1v1
. (3.8)

The properties (3.5) and (3.6) just follow some more direct computations.
What we need to check below are the following two conditions:

−i(S+[1])x = U ′S+[1] − S+[1]U, (3.9)

where U ′ = μΛ + P ′ with P ′ defined in (3.7), and

−i(S+[1])t = V ′S+[1] − S+[1]V, (3.10)

where V ′ = μΘ + Q′ with Q′ = Q|P=P ′ . Those two conditions guarantee that (3.7)
presents a binary Darboux transformation.

The case of μ1 = μ̂1 is obvious. Thus, we assume that μ1 �= μ̂1 below. We first
consider the x-part of the above conditions. Note that(

v̂1v1

μ1 − μ̂1

)
x

=
1

μ1 − μ̂1
(v̂1,xv1 + v̂1v1,x)

=
1

μ1 − μ̂1
[−iv̂1U(μ̂1)v1 + iv̂1U(μ1)v1]

= iv̂1
U(μ1) − U(μ̂1)

μ1 − μ̂1
v1 = iv̂1Λv1. (3.11)

Let us, on the one hand, compute that

−i(μ − μ̂1)(S+[1])x = i

(
v1

μ1 − μ̂1

v̂1v1
v̂1

)
x

= iv1,x
μ1 − μ̂1

v̂1v1
v̂1 + iv1

(
μ1 − μ̂1

v̂1v1

)
x

v̂1 + iv1
μ1 − μ̂1

v̂1v1
v̂1.x

= −U(μ1)v1
μ1 − μ̂1

v̂1v1
v̂1 + v1

μ1 − μ̂1

v̂1v1
(v̂1Λv1)

μ1 − μ̂1

v̂1v1
v̂1

+ v1
μ1 − μ̂1

v̂1v1
v̂1U(μ̂1)

:= T1 + T2 + T3, (3.12)
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where we have used the result in (3.11) and the identity

(M−1)x = −M−1MxM−1 (3.13)

for a scalar or matrix function M .
On the other hand, we can have

U ′S+[1] − S+[1]U = [U, S+[1]] + [S+
1 [1], Λ]S+[1].

Let us further compute the two terms in the above sum as follows:

[U, S+[1]] =
[
U,−μ1 − μ̂1

μ − μ̂1

v1v̂1

v̂1v1

]

= −(U(μ1) + (μ − μ1)Λ)
μ1 − μ̂1

μ − μ̂1

v1v̂1

v̂1v1

+
μ1 − μ̂1

μ − μ̂1

v1v̂1

v̂1v1
(U(μ̂1) + (μ − μ̂1)Λ)

= −U(μ1)
μ1 − μ̂1

μ − μ̂1

v1v̂1

v̂1v1
+

μ1 − μ̂1

μ − μ̂1

v1v̂1

v̂1v1
U(μ̂1)

−(μ − μ1)Λ
μ1 − μ̂1

μ − μ̂1

v1v̂1

v̂1v1
+

μ1 − μ̂1

μ − μ̂1

v1v̂1

v̂1v1
(μ − μ̂1)Λ

=
T1

μ − μ̂1
+

T3

μ − μ̂1
− (μ − μ1)Λ

μ1 − μ̂1

μ − μ̂1

v1v̂1

v̂1v1
− S+

1 [1]Λ,

and

[S+
1 [1], Λ]S+[1]

= −[S+
1 [1], Λ]

μ1 − μ̂1

μ − μ̂1

v1v̂1

v̂1v1
+ [S+

1 [1], Λ]

= (μ1 − μ̂1)
v1v̂1

v̂1v1
Λ

μ1 − μ̂1

μ − μ̂1

v1v̂1

v̂1v1
− Λ(μ1 − μ̂1)

μ1 − μ̂1

μ − μ̂1

v1v̂1

v̂1v1

+ S+
1 [1]Λ + Λ(μ1 − μ̂1)

v1v̂1

v̂1v1

=
T2

μ − μ̂1
+ S+

1 [1]Λ − Λ(μ1 − μ̂1)
μ1 − μ̂1

μ − μ̂1

v1v̂1

v̂1v1
+ Λ(μ1 − μ̂1)

v1v̂1

v̂1v1
.

Now, we can see that (μ − μ̂1)(U ′S+[1] − S+[1]U) does not depend on μ and it
equals to T1 + T2 + T3, which is −i(μ− μ̂1)(S+[1])x. Therefore, the condition (3.9)
is satisfied.

Note that we have a formula (2.5) for Q, i.e., we can present Q in terms of P .
A completely similar but lengthy argument can prove the t-part (3.10) of the con-
ditions for the binary Darboux transformation. The proof is then finished.
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Let us now consider a general case. We begin with the two sets of given eigen-
functions and adjoint eigenfunctions, associated with arbitrary complex eigenvalues
and adjoint eigenvalues, μk and μ̂k, 1 ≤ k ≤ N , and denote them by

−ivk,x = U(u, μk)vk, −ivk,t = V (u, μk)vk, 1 ≤ k ≤ N, (3.14)

and

iv̂k,x = v̂kU(u, μ̂k), iv̂k,t = v̂kV (u, μ̂k), 1 ≤ k ≤ N. (3.15)

A crucial step is to introduce a square matrix:

M = (mkl)N×N , mkl =

⎧⎪⎨
⎪⎩

v̂kvl

μl − μ̂k
, if μl �= μ̂k,

mc
kl(x, t), if μl = μ̂k,

where 1 ≤ k, l ≤ N.

(3.16)

The conditions on mc
kl in the presentation of a new binary Darboux transformation

will be determined later, but no condition on mc
kl is required in the following analysis

before Theorem 3.2.
Then, if M is invertible, we define⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

S+ = S+(μ) = In+1 −
N∑

k,l=1

vk(M−1)klv̂l

μ − μ̂l
,

S− = S−(μ) = In+1 +
N∑

k,l=1

vk(M−1)klv̂l

μ − μk
,

(3.17)

and

S±
1 (μ) = lim

μ→∞
[μ(S±(μ) − In+1)], (3.18)

where In+1 is the (n + 1)th-order identity matrix. We point out that the case of
{μk|1 ≤ k ≤ N}∩{μ̂k|1 ≤ k ≤ N} = ∅ and μk �= μl, μ̂k �= μ̂l, 1 ≤ k, l ≤ N , has been
studied in the literature (see, for example [3, 21, 22]). However, the nonempty inter-
section is the case which produces soliton solutions to various nonlocal integrable
equations, and we will see illustrative examples in the following section.

We can readily obtain the following results.

Proposition 3.1. The following properties hold:

S+(μk)vk = 0, v̂kS−(μ̂k) = 0, 1 ≤ k ≤ N, (3.19)

if S+(μk) and S−(μ̂k) are well defined, respectively.
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Taking advantage of the definition of the two Darboux matrices S+ and S−

in (3.17), we can easily find their partial fraction decompositions in the following
proposition.

Proposition 3.2. Let the Darboux matrices S+ and S− be defined by (3.17). Then
the partial fraction decompositions hold:

S+ = In+1 −
N∑

k=1

vM
k v̂k

μ − μ̂k
, S− = In+1 +

N∑
k=1

vkv̂M
k

μ − μk
(3.20)

where ⎧⎨
⎩

(vM
1 , vM

2 , . . . , vM
N )M = (v1, v2, . . . , vN ),

M((v̂M
1 )T , (v̂M

2 )T , . . . , (v̂M
N )T )T = (v̂T

1 , v̂T
2 , . . . , v̂T

N )T .
(3.21)

Moreover, we can have the following property.

Proposition 3.3. Under the orthogonal condition

v̂kvl = 0, if μl = μ̂k, where 1 ≤ k, l ≤ N, (3.22)

we have

S+(μ)S−(μ) = In+1, S+
1 = −S−

1 , (3.23)

which implies that S+(μ) and S−(μ) are inverse to each other.

Proof. For the sake of brevity, let us denote

v = (v1, v2, . . . , vN ), v̂ = (v̂T
1 , v̂T

2 , . . . , v̂T
N )T , (3.24)

and

F =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
μ − μ1

0
1

μ − μ2
. . .

0
1

μ − μN

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
, F̂ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
μ − μ̂1

0
1

μ − μ̂2
. . .

0
1

μ − μ̂N

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(3.25)

We can then show that

F̂ v̂vF = MF − F̂M. (3.26)

Let us fix a pair of 1 ≤ k, l ≤ N . If μl = μ̂k, then we first have (F̂ v̂vF )kl = 0, on
account of (3.22). Second, we have

(MR − R̂M)kl = mkl
1

μ − μl
− 1

μ − μ̂k
mkl = 0,

2450182-9
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by the definition of M in (3.16). Thus, (F̂ v̂vF )kl = (MF − F̂M)kl. On the other
hand, if μl �= μ̂k, we have

(F̂ v̂vF )kl =
v̂k

μ − μ̂k

vl

μ − μ̂l
=

(
1

μ − μl
− 1

μ − μ̂k

)
v̂kvl

μl − μ̂k
= (MF − F̂M)kl.

Therefore, the equality (3.26) holds.
Now taking (3.26) into account, we can find that

S+S− = In+1 − vM−1F̂ v̂ + vFM−1v̂ − vM−1F̂ v̂vFM−1v̂ = In+1,

since S+ and S− can be rewritten as

S+ = In+1 − vM−1F̂ v̂, S− = In+1 + vFM−1v̂. (3.27)

The second part of (3.23) is a consequence of

S+
1 = −

N∑
k,l=1

(M−1)klvkv̂l = −vM−1v̂, S−
1 =

N∑
k,l=1

(M−1)klvkv̂l = vM−1v̂.

(3.28)

This completes the proof.

Now, we are ready to state the required general binary Darboux transforma-
tion for the multicomponent classical local integrable NLS equations (2.6) in the
following theorem.

Theorem 3.2. If the condition (3.22) and the conditions in

mc
kl,x = iv̂kΛvl, if μl = μ̂k, where 1 ≤ k, l ≤ N, (3.29)

and

mc
kl,t = iv̂kΘ[k,l]vl, if μl = μ̂k, where 1 ≤ k, l ≤ N, (3.30)

where

Θ[k,l] = (μ̂2
k + μ̂kμl + μ2

l )Θ +
γ

δ
(μ̂k + μl)P − γ

δ2
I1,n(P 2 + iPx), (3.31)

are satisfied, then the multicomponent classical local integrable NLS equations (2.6)
possess the binary Darboux transformation:

ξ′ = S+ξ, ξ̃′ = ξ̃S−, P ′ = P + S+
1 Λ + ΛS−

1 = P + [S+
1 , Λ]. (3.32)

Proof. What we need to prove is to verify the conditions in (3.9) and (3.10), which
ensure the binary Darboux transformation (3.32).
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The proof is analogous to the one of Theorem 3.1. Below, let us verify the x-part
(3.9) of the conditions. First note that we have

vx = i(ΛvD + Pv), v̂x = −i(D̂v̂Λ + v̂P ), (3.33)

where

D = diag(μ1, μ2, . . . , μN ), D̂ = diag(μ̂1, μ̂2, . . . , μ̂N ). (3.34)

Moreover, like (3.11), we can have

Mx = iv̂Λv, (3.35)

on account of (3.30).
Now taking advantage of the matrix expressions for S+ and S+

1 in (3.27) and
(3.28), and applying the derivative formulas in (3.13), (3.33) and (3.35), we can
have that

−iS+
x = (−ΛvDM−1F̂ v̂ − PvM−1F̂ v̂) + vM−1v̂ΛvM−1F̂ v̂

+ (vM−1F̂ D̂v̂Λ + vM−1F̂ v̂P ),

U ′S+ = (μΛ + P − vM−1v̂Λ + ΛvM−1v̂) − (μΛvM−1F̂ v̂ + PvM−1F̂ v̂

− vM−1v̂ΛvM−1F̂ v̂ + ΛvM−1v̂vM−1F̂ v̂),

S+U = (μΛ + P ) − (μvM−1F̂ v̂Λ + vM−1F̂ v̂P ).

Upon some simplification, we can compute that

−iS+
x − U ′S+ + S+U

= −ΛvAM−1F̂ v̂ + vM−1F̂ D̂v̂Λ − μvM−1F̂ v̂Λ + vM−1v̂Λ

−ΛvM−1v̂ + μΛvM−1F̂ v̂ + ΛvM−1v̂vM−1F̂ v̂

= (vM−1F̂ D̂v̂Λ − μvM−1F̂ v̂Λ + vM−1v̂Λ)

+ (μΛvM−1F̂ v̂ − ΛvAM−1F̂ v̂) − (ΛvM−1v̂ − ΛvM−1v̂vM−1F̂ v̂)

= (−vM−1F̂ F̂−1v̂Λ + vM−1v̂Λ) + ΛvF−1M−1F̂ v̂

− (ΛvM−1v̂ − ΛvM−1v̂vM−1F̂ v̂)

= ΛvF−1M−1F̂ v̂ − (ΛvM−1v̂ − ΛvM−1v̂vM−1F̂ v̂) = 0,

the last step of which is a consequence of (3.26). This means that the x-part (3.9)
of the conditions is satisfied.

Another similar argument can show that the t-part (3.10) of the conditions is
satisfied as well. The proof is then finished.
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3.2. N-fold decomposition

Moreover, by a careful computation, we would like to show that the above general
binary Darboux transformation can be expressed as a product of N single binary
Darboux transformations.

Let us introduce two sequences of basic matrices S+{k} and S−{k}, 1 ≤ k ≤ N ,
recursively as follows:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
S+{k} = S+{k}(μ) = In+1 −

μk − μ̂k

μ − μ̂k

v′kv̂′k
v̂′kv′k

, 1 ≤ k ≤ N,

S−{k} = S−{k}(μ) = In+1 +
μk − μ̂k

μ − μk

v′kv̂′k
v̂′kv′k

, 1 ≤ k ≤ N,

(3.36)

with

v′k = S+[[k − 1]](μk)vk, v̂′k = v̂kS−[[k − 1]](μ̂k), 1 ≤ k ≤ N, (3.37)

where ⎧⎪⎪⎨
⎪⎪⎩

S+[[0]] = S−[[0]] = In+1,

S+[[k]] = S+{k} · · ·S+{2}S+{1}, 1 ≤ k ≤ N − 1,

S−[[k]] = S−{1}S−{2} · · ·S−{k}, 1 ≤ k ≤ N − 1.

(3.38)

Note that S+{1} and S−{1} above are the same as S+[1] and S−[1] defined by
(3.3).

Theorem 3.3. If {μk| 1 ≤ k ≤ N} ∩ {μ̂k| 1 ≤ k ≤ N} = ∅, then S+ and S−

possess the following N -fold decompositions:

S+ = S+{N}S+{N − 1} · · ·S+{1}, S− = S−{1} · · ·S−{N − 1}S−{N},
(3.39)

where S+{k} and S−{k}, 1 ≤ k ≤ N, are recursively defined by (3.36).

Proof. Based on the definition of S+[[k]] and S−[[k]] in (3.38), we see

S+{k}(μk)v′k = 0, v̂′kS−{k}(μ̂k) = 0, 1 ≤ k ≤ N. (3.40)

It then follows that⎧⎨
⎩

S+[[N ]](μk)vk = S+{N}(μk) · · ·S+{k + 1}(μk)S+{k}(μk)v′k = 0, 1 ≤ k ≤ N,

v̂kS−[[N ]](μ̂k) = v̂′kS−{k}(μ̂k)S−{k + 1}(μ̂k) · · ·S−{N}(μ̂k) = 0, 1 ≤ k ≤ N,

where

S+[[N ]] = S+{N} · · ·S+{2}S+{1}, S−[[N ]] = S−{1}S−{2} · · ·S−{N}.
(3.41)
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Now, because of the same property for S+ and S− in Proposition 3.1, this means
that

S+ = S+[[N ]], S− = S−[[N ]],

which are exactly the decompositions in (3.39). The proof is finished.

3.3. Nonlocal reduction

To satisfy the nonlocal reduction condition for U ′ in (2.7), we choose

μ̂k =

{
−μ∗

k, if μk �∈ iR, 1 ≤ k ≤ N,

any value ∈ iR, if μk ∈ iR, 1 ≤ k ≤ N.
(3.42)

Then we know that

(S+
1 (−x, t))†C = CS+

1 (x, t), (3.43)

ensures the nonlocal reduction condition (2.7) for the new spectral matrix U ′. To
ensure (3.43), we further take

v̂k(x, t, μ̂k) = v†k(−x, t, μk)C, 1 ≤ k ≤ N, (3.44)

and require that⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

v†k(−x, t, μk)Cvl(x, t, μl) = 0,

mc
kl,x = iv†k(−x, t, μk)CΛvl(x, t, μl),

mc
kl,t = iv†k(−x, t, μk)CΘ[k,l]vl(x, t, μl),

if μl = μ̂k, (3.45)

where 1 ≤ k, l ≤ N. Finally, we know that the reduced binary Darboux transforma-
tion engenders a binary Darboux transformation for the multicomponent nonlocal
reverse-space integrable NLS equations (2.11). We summarize the result below.

Theorem 3.4. Let the set of adjoint eigenvalues, {μ̂k| 1 ≤ k ≤ N}, be taken
as in (3.42). Assume that the set of adjoint eigenfunctions, {v̂k| 1 ≤ k ≤ N},
is determined by (3.44), and the three basic conditions in (3.45) are satisfied.
Then the reduced binary Darboux transformation (3.32) leads to a binary Dar-
boux transformation for the multicomponent nonlocal reverse-space integrable NLS
equations (2.11).

4. Soliton Solutions

4.1. Unreduced classical case

We take two arbitrary sets of complex numbers {μk| 1 ≤ k ≤ N} and {μ̂k| 1 ≤
k ≤ N} as eigenvalues and adjoint eigenvalues. Starting from P = 0, namely, the
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zero seed solution, we can arrive at the corresponding eigenfunctions and adjoint
eigenfunctions

vk(x, t) = eiμkΛx+iμ2
kΘtwk, 1 ≤ k ≤ N, (4.1)

v̂k(x, t) = ŵke−iμ̂kΛx−iμ̂2
kΘt, 1 ≤ k ≤ N, (4.2)

where wk and ŵk, 1 ≤ k ≤ N , are arbitrary constant column and row vectors,
respectively. Moreover, we choose mc

kl = 0, and so we need to satisfy

ŵkwl = ŵkΛwl = ŵkΘwl = 0, if μl = μ̂k, where 1 ≤ k, l ≤ N. (4.3)

Now from the binary Darboux transformation in (3.32), we immediately obtain a
novel potential matrix:

P ′ = [S+
1 , Λ], S+

1 = −
N∑

k,l=1

(M−1)klvkv̂l. (4.4)

Further, this leads to a class of N -soliton solutions to the multicomponent local
integrable NLS equations (2.6):

pj = δ

N∑
k,l=1

(M−1)klv
(1)
k v̂

(j+1)
l , qj = −δ

N∑
k,l=1

(M−1)klv
(j+1)
k v̂

(1)
l , 1 ≤ j ≤ n,

(4.5)

where

vk = (v(1)
k , v

(2)
k , . . . , v

(n+1)
k )T and v̂k = (v̂(1)

k , v̂
(2)
k , . . . , v̂

(n+1)
k ), 1 ≤ k ≤ N.

4.2. Reduced nonlocal case

We need to check the involution condition

(S+
1 (−x, t))†C = CS+

1 (x, t), (4.6)

so that we can generate soliton solutions to the multicomponent nonlocal reverse-
space integrable NLS equations (2.11). This condition, equivalently, demands that
the novel potential matrix P ′ defined by the resulting binary Darboux transfor-
mation needs to satisfy the group reduction condition (2.8). If the above condition
(4.6) is satisfied, then the obtained soliton solution to the multicomponent local
integrable NLS equations (2.6) generates a class of soliton solutions:

pj = δ

N∑
k,l=1

(M−1)klv
(1)
k v̂

(j+1)
l , 1 ≤ j ≤ n, (4.7)

for the multicomponent nonlocal reverse-space integrable NLS equations (2.11).
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To satisfy the crucial property (4.6), we define the adjoint eigenvalues {μ̂k| 1 ≤
k ≤ N} by (3.42), upon fixing a set of N eigenvalues

μk ∈ C, 1 ≤ k ≤ N. (4.8)

Further, we can have the associated eigenfunctions vk, 1 ≤ k ≤ N , as follows:

vk(x, t) = vk(x, t, μk) = eiμkΛx+iμ2
kΘtwk, 1 ≤ k ≤ N, (4.9)

respectively, where wk, 1 ≤ k ≤ N , are arbitrary column vectors. Moreover, thanks
to the previous analysis on the nonlocal reductions, the corresponding adjoint eigen-
functions v̂k, 1 ≤ k ≤ N , can be taken as

v̂k(x, t) = v̂k(x, t, μ̂k) = v†k(−x, t, μk)C = w†
ke−iμ̂kΛx−iμ̂2

kΘtC, 1 ≤ k ≤ N,

(4.10)

respectively. In this way, under P = 0, the properties in (3.45) become the following
orthogonal conditions:

w†
kCwl = w†

kCΛwl = w†
kCΘwl = 0, if μl = μ̂k, where 1 ≤ k, l ≤ N, (4.11)

for {wk| 1 ≤ k ≤ N}, if we choose mc
kl = 0. We point out that the case of μk = μ̂k

happens only when taking μk ∈ iR and μ̂k = −μ∗
k. It is direct to see that the three

conditions in (4.11) lead equivalently to⎧⎨
⎩

w
(1)∗
k w

(1)
l = 0,

(w(2)∗
k , . . . , w

(n+1)∗
k )Σ(w(2)

l , . . . , w
(n+1)
l )T = 0,

if μl = μ̂k, where 1 ≤ k, l ≤ N,

(4.12)

with w
(j)
k denoting the jth component of wk, where 1 ≤ j ≤ n + 1, for each

1 ≤ k ≤ N .
To conclude, the formula (4.7) provides us with a class of soliton solutions to

the multicomponent nonlocal reverse-space integrable NLS equations (2.11), along
with (3.16) and (3.45). When we take (4.9), (4.10) and mc

kl = 0, the conditions in
(3.45) are reduced to (4.12).

5. Conclusion

The paper aims to explore a binary Darboux transformation for a class of vector
integrable NLS equations and their nonlocal reverse-space integrable counterparts.
The key is to apply a pair of eigenfunction and adjoint eigenfunction. A general
formulation was proposed, together with an N -fold decomposition. A reduction
of the M -matrix was also analyzed, which leads to the orthogonal conditions on
eigenfunctions and adjoint eigenfunctions. The resultant binary Darboux transfor-
mation was applied to constructing soliton solutions to both local and nonlocal
vector integrable NLS equations.
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The primary result in our theory is a general framework of Darboux transfor-
mations for both local and nonlocal cases. The crucial step is to form a generalized
M matrix, and the motivation to achieve the goal comes from recent studies on
nonlocal integrable equations, such as nonlocal integrable NLS and mKdV equa-
tions (see, for example [4, 25–27]). The basic procedure adopted in our formulation
has also been applied to the study of Riemann–Hilbert problems (see, for example
[5]). It will be of much interest to search for other kinds of exact solutions, e.g.
lump solutions [28] and breather waves [29–31], to nonlocal integrable equations,
and generalize the resultant binary Darboux transformations to local and nonlocal
integrable models with self-consistent sources [7, 32].
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