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Abstract

We present a binary Darboux transformation for multicomponent NLS equations and
their reduced integrable counterparts. The starting point is to apply two pairs of
eigenfunctions and adjoint eigenfunctions, and the resulting binary Darboux trans-
formation can be decomposed into an N-fold Darboux transformation. By taking the
zero potential as a seed solution, soliton solutions are generated from the binary Dar-
boux transformation for multicomponent NLS equations and their reductions.
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1 Introduction

Soliton theory provides various analytical methods to generate exact solutions to non-
linear partial differential equations [1-3]. One of the efficient approaches to soliton
solutions is the Darboux transformation (DT). The key in establishing DTs is to use a
pair of spatial and temporal matrix spectral problems (see, e.g., [4—6]). A binary DT
begins with two pairs of matrix spectral problems and adjoint matrix spectral prob-
lems. We would like to present a binary DT for multicomponent NLS equations and
their reduced integrable counterparts.
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Let u = u(¢, x) be a potential vector, with ¢ and x being the independent variables.
We start from a pair of matrix spectral problems:

—ipy =Up =U, N, —igy =V =V(u, o, (1.1)

where i is the unit imaginary number, A denotes a spectral parameter, and ¢ is an
m-dimensional column eigenfunction. Usually, an integrable equation is associated
with the zero curvature equation, i.e., the compatibility condition of the above two
matrix spectral problems,

U —Vy+ilU,V] =0, (1.2)

where [-, -] is the matrix commutator [1-3]. The adjoint spectral problems of (1.1) are
defined by

igy =¢U, idy = V. (1.3)

Their compatibility condition yields the same zero curvature equation as above. More-
over, we can reduce matrix spectral problems (or Lax pairs) to generate reduced
integrable equations (see, for example, [7]).

A binary DT consists of

¢ =T ¢, ¢ =¢T ", u' = f(u), (1.4)
provided that a new Lax pair is presented by
U=—iTraH ' +rruahH=t, v =—irtt @ +1Tvat, (1.5)

where (TT)™! =T~ and U’ = U|,—, and V' = V|,—,. This implies that ¢’ and ¢’
satisfy

—igl =U'¢, —ip, =V'¢/, (1.6)
and
id. ='U, ig, =¢'V', (1.7)

respectively. Either (1.6) or (1.7) ensures that the new Lax pair, U’ and V', generates
the same zero curvature equation with u replaced with u’, and hence u’ gives a new
solution to the corresponding integrable equation. There are plenty of examples of
binary DTs for integrable equations of NLS type in the literature (see, for example,
[4,8-11]).

In this paper, we would like to present a binary DT for multicomponent NLS
equations and their reduced integrable counterparts, starting from an arbitrary-order
matrix spectral problem. Upon taking the zero potential as a seed solution, applications
of the resulting binary DT present N-soliton solutions. A few concluding remarks are
finally given in the last section.
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2 Multicomponent NLS equations
2.1 Unreduced case

Let n be an arbitrarily given natural number and 7,, denote the identity matrix of size
n. We consider a pair of matrix spectral problems (see, for example, [12,13]):

{ —igy =U¢ =U(u, )¢, 2.1

—igr =V =V(u, )¢,

where u = (p, ¢7)T with p = (p1, p2, -, pa) and g = (g1, 2. -~ , g») ", and the
Lax pair, U and V, is defined by

U=A+P, V=2Q+0. (2.2)

The involved four square matrices, A, 2, P and Q, are given as follows:

A = diag(ar, a2ly), P = P(u) = [2 g] , 2.3)
Q = diag(B1, fol), Q = Q(u, 1) = gx [2 g} - g [_’jgx i’j;p],
(2.4)

where o1, ap and B1, By are two pairs of different numbers, ¢ = o1 — oz and 8 =
B1 — B2. Obviously, the matrix Q can be expressed in terms of the potential matrix P
as follows:
B BI[1 0 ], [i O
0=0P.P)= 2P =20l 0 O PP g L [P @25)
A simplest example of the spatial spectral problemin (2.1) with p; = ¢q; =0, 2 <
Jj < n, gives the standard AKNS spectral problem [14]. Owing to the existence of a
multiple eigenvalue of A, the multicomponent spatial matrix spectral problem in (2.1)
is degenerate.

The zero curvature equation associated with the matrix spectral problems in (2.1)
leads to the following multicomponent NLS equations:

n
Pji = _:%i[pj,xx + 2(2 pigpjl, 1 <j <n,
=1 (2.6)

B . e .
qgji = ;l[qj,xx +2(lz_; pigng;l, 1 < j <n.

When n = 1, we can have

iPl,r = Plxx +2p%‘117 _iQI,t =(q1xx t+ 2P1q%~ 2.7)
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When n = 2, we can get

ipjr=Pjxx +2(p1q1 + P292)pj, —iqj = qjxx +2(P1g1 + P292)q;,
1<j<2. (2.8)

Under a special kind of symmetric reductions, the above multicomponent NLS
equations (2.8) can be reduced to the Manokov system [15], and an integrable decom-

position into finite-dimensional Hamiltonian systems was presented for that reduced
system in [16].

2.2 Reduced case

Let us now conduct reductions (see also [7] for the basic idea). We make a specific
kind of group reductions for the spectral matrix U:

Ul(x,t,2") =CU(x,t,\)C !, C= [é g] , 2 =13, (2.9)

This equivalently requires that
Pix,n)=CcPx,nc!. (2.10)

Henceforth, ¥ is a constant invertible Hermitian matrix, j stands for the Hermitian
transpose, and * denotes the complex conjugate.

Corresponding to the reductions in (2.10), we have the reductions for the potential
vector:

qx. ) =3""p (x, 1), 2.11)
where X is an arbitrary invertible Hermitian matrix. These reductions imply that
Vi, 0% = v, mC™!, 0, 1,0 = o, 1, ™!, (2.12)

where V and Q are defined in (2.2) and (2.4), respectively.

Itis now direct to see that each reduction in (2.10) (or (2.11)) is compatible with the
zero curvature equation of the reduced spatial and temporal matrix spectral problems
of (2.1). Therefore, under (2.10), the multicomponent NLS equations (2.6) generate
the following reduced multicomponent NLS equations:

ip, = %[p” +2pz 1 pipl, 2.13)

where p = (p1, p2, -+, pn) and X is an arbitrary invertible Hermitian matrix.
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Whenn = 1,takinge = g =land ¥ = %, we obtain the focusing and defocusing
NLS equations:

iply = piax +20pipt, o = Fl, (2.14)

respectively. When n = 2, we can obtain a new system of integrable two-component
NLS equations:

{im,z = pixx + (c1Ipil? + c2lp2P) pi, )15
: _ 2 2 (2.15)
ip2 = p2.x.x + (c1lp1l” + c2lp2|”) p2,

where ¢ and ¢; are arbitrary nonzero real constants.

3 Binary Darboux transformation
3.1 General skeleton of M-matrices and Darboux matrices

Let N be annother arbitrarily given natural number. We start from two sets of eigen-
functions and adjoint eigenfunctions:

— vk x = Uu, Ak, —ive = V(u, Aok, 1 <k <N, 3.1)
and
ik = 0kU (u, Ag), iD= 0k V@, Ak), 1 <k <N, (3.2)

where A; and ik, 1 < k < N, are arbitrary eigenvalues and adjoint eigenvalues,
respectively. Let us set

v=(vi, - ,oN), D=7, 00T, (3.3)

and then we can compactly write the equations for the eigenfunctions as follows:

—ivy = AVA + Pv, i0y = ADA + O P, (3.4)
and
—iv, = QUAT + (Q(A DV, -+, Q(Aw)VN),
it = A20Q+ (01001, -+, dv Q). 3.5)
where

Azdiag()\'l"" ’)"N)7 AA:diag(j\'l"" ’XN)' (3'6)
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Now introduce a square M -matrix:

vrup A
—, if A; # A,
M = (m)NxN, Mg = A — Ak I#Ak where 1 <k, < N.
0, if A\ = A,

3.7

This M-matrix incorporates zero entries, if A; = )A»k, where 1 < k,l < N, and so it
generalizes the traditional soliton case without zero entries (see, for example, [3,17])
and particularly presents soliton solutions to nonlocal integrable equations (see, e.g.,

[18]). Further, if M is invertible, we can introduce two Darboux matrices:

N -1 N
Ve (M ™)y
TH =T 0) =l — Y ———

k=1 A=
N -1 N
_ _ v (M™ )y
T = T )\, = P — s
W)=l + Y P

k,l=1

and define
T = lim (AT = L))
A—00

We can easily rewrite

Tt =1,y — oM™ 'R0, T~ = I,41 + vRM ™D,
where
R = diag( ! R ! ), R =diag(———,--, 1A )
A=A A—Ain A=A A—AN
and obtain

which also implies that

These two Darboux matrices possess the following properties.
(a) Spectral property:

N N
(T =21 ") v =0, d([Jr —20T7)e) =0, 1 <k < N.

=1 =1

(3.8)

(3.9)

(3.10)

@3.11)

(3.12)

(3.13)

(3.14)
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(b) Partial fractional decomposition:

N vak N vkvM
T+=n+1—2/\"A,T‘=n+1+Z k_, (3.15)

where

{(Uy,... oN) = (Ui, oM
@7, DT =M @T - T

(¢) Binary Darboux characteristic: If an orthogonal condition
dpv; = 0, if Ay = Ax, where 1 <k, <N, (3.16)
is satisfied, then we have
ROVR = MR — RM, TYO)T~(A) = Lyy1. (3.17)
3.2 Binary DT in the unreduced case

To formulate a DT, we need to compute the derivatives of the M-matrix with respect
to x and 7. It is direct to see that if

deAv =0, if A; = Ak, where 1 <k,l < N, (3.18)
then we have
M, = iDAv; (3.19)
and if
Qv =0, if Ay = Ag, where 1 <k,l <N, (3.20)
with
Q= i + A+ SP, 1<k,I<N, (3.21)
then we have
M; = i(ADQu + DQUA + gﬁPv). (3.22)

Now, a general binary DT can be formulated (see also [19] for details) as follows.
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Theorem 3.1 (General structure) Let Qi ;] be defined by (3.21). Then, when the con-
ditions:

Ukvp = Uk Ay = 0k Quequr = 0, if A = ik, where 1 < k,l <N, (3.23)
are satisfied, we have a binary DT:
¢'=T%g, ¢ =¢T~, P'=P+I[T{", Al (3.24)

for the multicomponent NLS equations (2.6).

Moreover, if {Ax|1 <k < N}N {ik| 1 <k < N} = @, which is the standard case,
we can decompose the above general binary DT into an N-fold binary DT:

TT=THINITYIN —1]--- T[], T~ =T"[10--- T[N — 1T [N,
(3.25)

by introducing new eigenfunctions and adjoint eigenfunctions. In the above formulas,
THIk] and T7[Ik]l, 1 < k < N, are recursively defined as single binary Darboux
matrices:

Iy 134
Ak — Ak VU

THIk) = TTIADA) = Loy — ~— = | <k=<N,
A= A Ukl (3.26)
1/ *
_ _ Ak — Ak ViU
T™lkl =T~ [klI(A) = In1 + ~— 1 <k<N,
A — Ak Vv
where new eigenfunctions and adjoint eigenfunctions read
v =THk— 130w, 0 =T {k—1}(), 1<k <N,  (3.27)

in which we have T7{0} = T~{0} = 1,41 and

THEY=TTMk] - - TTI2IT M1, Tk =T M7 020 --- Tk, 1 <k <N.

(3.28)
3.3 Binary DT in the reduced case
To ensure the reduction property for U’, determined by (2.9), let us take
M=2x,1<k<N. (3.29)

At this moment, we can find that

(T x, )" = —CT (x, 1) ™! (3.30)
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will guarantee the reduction property (2.9) for U’. To satisfy this condition (3.30) , we
then take

ke, 1, hu) = vj (x, 1, A)C, 1 <k <N, (3.31)
and impose the following three conditions:
vl Cop = v] CAv = v] CQupu =0, if A = A, (3.32)

where 1 < k,l < N.
Finally, the binary DT (3.24) is reduced to a binary DT for the reduced multicom-
ponent NLS equations (2.13). We state the result in the following theorem.

Theorem 3.2 Let {ik| 1 < k < N} be determined by (3.29) and {Ux|1 < k < N} be
taken as in (3.31) with the orthogonal properties for {vi| 1 <k < N}in (3.32). Then
the binary Darboux transformation (3.24) is reduced to a binary Darboux transfor-
mation for the reduced multicomponent NLS equations (2.13).

4 Soliton solutions
4.1 Unreduced case
We begin with two arbitrary sets of eigenvalues and adjoint eigenvalues: {A; € C|1 <

k < N}and {Xk € C|1 <k < N}, respectively. Upon taking P = 0 as a seed solution,
we can work out the corresponding eigenfunctions and adjoint eigenfunctions

Ve(x, 1) = el MATHRR, ] <k < N, 4.1

Do (X, 1) = e iR AYTIRR | < < N 4.2)

where wy and wg, 1 < k < N, are arbitrary constant column and row vectors,
respectively, but need to satisfy three orthogonal conditions:

Wrwy = W Awp = G + A)WrQuy = 0, if Ay = Ak, where | <k, I <N, (4.3)

where A is defined as in (2.3).
Now based on the binary DT (3.24), we obtain a new potential matrix:

N
P =[T{ AL T = —oM ™D == " ue (M iy, (4.4)
k,l=1
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Consequently, this yields a kind of N-soliton solutions to the multicomponent NLS
equations (2.6):

N
—1\ A .
pj=«a Z vk 1 (M ™ ivr 1, 1 < j <n,

k=1
N 4.5)

S TN .
qj =—« Z Uk, j+1 (M~ v, 1 < j <n,
k,l=1

T A A A A
where we set vy = (Vi,1, Vk,2, -+, Uknt1)” and O = (g1, Vg2, -+ 5 Ukontl)s 1 <
k < N.

4.2 Reduced case

Let us now consider the reduced case. We need to guarantee the involution condition
(3.30) to engender N-soliton solutions to the reduced multicomponent NLS equations
(2.13). This equivalently needs us to check if the newly obtained potential matrix
P’ through the binary DT satisfies the reduction property (2.10). When this is true,
the N-soliton solution to the multicomponent NLS equations (2.6) is reduced to the
N-soliton solution:

N

pj=«a Z Vet (M Yty i, 1< j <n, (4.6)
k,l=1

for the corresponding reduced multicomponent NLS equations (2.13), where
Uk = (Uk 1, V2, s Ukngt) ] and O = (Dg,1, k2, - Dknt1), | < k < N, as
before.

To ensure the involution property (3.30), we then take N eigenvalues 1 € C, 1 <
k < N, and define {ik| 1 <k < N} asin (3.29). Further, upon taking P = 0, we can
determine the corresponding eigenfunctions vg, 1 <k < N, by

. .2
ve(x, 1) = v, £, Ag) = ATy ] <k < N, .7
respectively, where wi, 1 < k < N, are arbitrary column vectors. Now, based on

the previous analysis on the reductions, the corresponding adjoint eigenfunctions v,
1 <k < N, can be taken as

D, 1) = (e, £ Ax) = v (x, 1, ) C = wie AR C | <k <N, (48)

respectively. The three orthogonal properties in (3.32) become the following three new
conditions:

wy Cwy = w]CAw; = (hy + M)w, CQu; =0, if oy = hg, where 1 <k,I <N,
4.9)
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on {wg| 1 < k < N}. Itis worth noting that the situation of Ay = Ak ocecurs only when
taking Ax € R. Obviously, due to o1 # a3, the two conditions in (4.9) equivalently
require that

T . 2
wiqwi =0, (W, wi DB, - w1 =0, if A = Ay, where
1<k, I<N, (4.10)

in which we set wy = (w1, wk2, -, wk’n_,_l)T, 1<k<N.

Finally, we see that the formula (4.6), together with (3.7), (4.7) and (4.8), gives
N-soliton solutions to the reduced multicomponent NLS equations (2.13).

5 Concluding remarks

The paper aims to present a binary Darboux transformation (DT) for a kind of mul-
ticomponent NLS equations and their reduced integrable counterparts. The crucial
step is to utilize pairs of eigenfunctions and adjoint eigenfunctions. The resulting for-
mulation can be applied to construction of soliton solutions to other multicomponent
integrable equations such as the mKdV equations and the Hirota equations.

Our success is to introduce a generalized M -matrix in establishing binary DTs. The
motivation is derived from various recent studies on Riemann-Hilbert problems for
nonlocal integrable equations (see, for example, [18]) . Our general formulation of
binary DTs can be applied to both local and nonlocal integrable equations (see, for
example, [18,20-23] for nonlocal theories).

Further interesting questions include how one can determine other kinds of exact
solutions, for example, lump solutions [24,25], through DTs; and what binary DTs
there exist for integrable couplings, i.e., integrable equations associated with general
Lie algebras (see [26] for DTs for integrable couplings).

Acknowledgements The work was supported in part by NSFC under the grants 11975145 and 11972291.
The authors would also like to thank Alle Adjiri, Ahmed Ahmed, Yushan Bai, Qingxian Chen, Yehui
Huang, Yan Jiang, Wenting Li, and Morgan McAnally, Fudong Wang and Yong Zhang for their valuable
discussions.

Compliance with ethical standards

Conflict of interest The authors declare that there is no conflict of interest.

Data Availability Statements All data generated or analyzed during this study are included in this published
article.

References

1. Ablowitz, M.J., Segur, H.: Solitons and the Inverse Scattering Transform. SIAM, Philadelphia (1981)

2. Calogero, F., Degasperis, A.: Solitons and Spectral Transform I. North-Holland, Amsterdam (1982)

3. Novikov, S.P., Manakov, S.V., Pitaevskii, L.P., Zakharov, V.E.: Theory of Solitons: the Inverse Scat-
tering Method. Consultants Bureau, New York (1984)



44

Page 12 of 12 W.-X. Ma, S. Batwa

11.

12.

13.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

. Matveev, V.B., Salle, M.A.: Darboux Transformations and Solitons. Springer, Berlin, Heidelberg (1991)
. Gu,C.H.,Hu, H.S., Zhou, Z.X.: Darboux Transformations in Integrable Systems. Springer, Netherlands

(2005)

. Ma, W.X.: Darboux transformations for a Lax integrable system in 2n-dimensions. Lett. Math. Phys.

39(1), (1997) 33-49 (1997)

. Ma, W.X.: Riemann-Hilbert problems and soliton solutions of a multicomponent mKdV system and

its reduction. Math. Meth. Appl. Sci. 42(4), 1099-1113 (2019)

. Zeng, Y.B., Ma, W.X_, Shao, Y.J.: Two binary Darboux transformations for the KdV hierarchy with

self-consistent sources. J. Math. Phys. 42(5), 2113-2128 (2001)

. Doktorov, E.V., Leble, S.B.: A Dressing Method in Mathematical Physics. Springer, Dordrecht (2007)
. Zhang, H.Q., Wang, Y., Ma, W.X.: Binary Darboux transformation for the coupled Sasa-Satsuma

equations. Chaos 27(7), 073102 (2017)

Zhang, Y., Ye, R.S., Ma, W.X.: Binary Darboux transformation and soliton solutions for the coupled
complex modified Korteweg-de Vries equations. Math. Meth. Appl. Sci. 43(2), 613-627 (2020)

Ma, W.X., Zhou, R.G.: Adjoint symmetry constraints of multicomponent AKNS equations. Chin. Ann.
Math. Ser. B 23(3), 373-384 (2002)

Ma, W.X., Dong, H.H.: Modeling Riemann—Hilbert problems to get soliton solutions. Math. Model.
Appl. 6(3), 16-25 (2017)

. Ablowitz, M.J., Kaup, D.J., Newell, A.C., Segur, H.: The inverse scattering transform-Fourier analysis

for nonlinear problems. Stud. Appl. Math. 53(4), 249-315 (1974)

Manakov, S.V.: On the theory of two-dimensional stationary self-focusing of electromagnetic waves.
Sov. Phys. JETP 38(2), 248-253 (1974)

Chen, S.T., Zhou, R.G.: An integrable decomposition of the Manakov equation. Comput. Appl. Math.
31(1), 1-18 (2012)

Kawata, T.: Riemann spectral method for the nonlinear evolution equation. In: Advances in Nonlinear
Waves Vol. I, 210-225. Pitman, Boston (1984)

Ma, W.X.: Inverse scattering and soliton solutions for nonlocal reverse-spacetime nonlinear
Schr”’odinger equations. preprint (2019)

Ma, W.X., Huang, Y.H., Wang, ED., Zhang, Y., Ding, L.Y.: Binary Darboux transformation for nonlocal
reverse-space nonlinear Schrodinger equations, preprint (2020)

Ablowitz, M.J., Musslimani, Z.H.: Integrable nonlocal nonlinear Schrodinger equation. Phys. Rev.
Lett. 110(6), 064105 (2013)

Giirses, M., Pekcan, A.: Nonlocal nonlinear Schrodinger equations and their soliton solutions. J. Math.
Phys. 59(5), 051501 (2018)

Fokas, A.S.: Integrable multidimensional versions of the nonlocal nonlinear Schrédinger equation.
Nonlinearity 29(2), 319-324 (2016)

Song, C.Q., Xiao, D.M., Zhu, Z.N.: Solitons and dynamics for a general integrable nonlocal coupled
nonlinear Schrodinger equation. Commun. Nonlinear Sci. Numer. Simul. 45, 13-28 (2017)

Ma, W.X., Zhou, Y.: Lump solutions to nonlinear partial differential equations via Hirota bilinear
forms. J. Differ. Equations 264(4), 2633-2659 (2018)

Batwa, S., Ma, W.X.: A study of lump-type and interaction solutions to a (3+1)-dimensional Jimbo-
Miwa-like equation. Comput. Math. Appl. 76(7), 1576-1582 (2018)

Ma, W.X., Zhang, Y.J.: Darboux transformations of integrable couplings and applications. Rev. Math.
Phys 30(2), 1850003 (2018)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.



	A binary Darboux transformation for multicomponent NLS equations and their reductions
	Abstract
	1 Introduction
	2 Multicomponent NLS equations
	2.1 Unreduced case
	2.2 Reduced case

	3 Binary Darboux transformation
	3.1 General skeleton of M-matrices and Darboux matrices
	3.2 Binary DT in the unreduced case
	3.3 Binary DT in the reduced case

	4 Soliton solutions
	4.1 Unreduced case
	4.2 Reduced case

	5 Concluding remarks
	Acknowledgements
	References




