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FOUR-COMPONENT INTEGRABLE HIERARCHIES
OF HAMILTONIAN EQUATIONS WITH (m + n + 2)TH-ORDER
LAX PAIRS

Wen-Xiu Ma*T#§

A class of higher-order matrix spectral problems is formulated and the associated integrable hierarchies are
generated via the zero-curvature formulation. The trace identity is used to furnish Hamiltonian structures
and thus explore the Liouville integrability of the obtained hierarchies. Illuminating examples are given
in terms of coupled nonlinear Schrédinger equations and coupled modified Korteweg—de Vries equations

with four components.
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1. Introduction

Integrable Hamiltonian equations of infinite dimensions are a class of partial differential equations
(PDEs) that possess infinitely many conserved functionals commuting with respect to the associated Poisson
bracket [1]. Such Hamiltonian equations often have a rich array of analytic and geometric structures, the
study of which can reveal new and unexpected connections to other areas of mathematical physics. The
most famous example is the Korteweg—de Vries equation.

It is known that constructing integrable Hamiltonian equations is a challenging task, requiring a com-
bination of physical intuition, mathematical insight, and technical expertise. A common approach in soliton
theory is the zero-curvature formulation. One first formulates Lax pairs of matrix spectral problems and then
generate integrable Hamiltonian PDEs via zero-curvature equations [2], [3]. Recursion structures behind
matrix spectral problems guarantee the existence of integrable hierarchies of Hamiltonian equations, which
commute with respect to the commutator of vector fields over the corresponding jet space.
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We consider PDEs with a vector potential or a dependent variable, ©v = (uq,..., uq)T. Let A denote
the spectral parameter in matrix spectral problems. The starting point is a loop algebra g of matrices with
the loop parameter \. We take linearly independent elements ey, ...,e, and a pseudoregular element ey,
i.e., an element satisfying

Kerade, ®Imad,, = g, [Ker ad,, Kerad,,] = 0. (1.1)
We then specify a spectral matrix as
U=U(u,A) =eo(A) +urer(A) + - - - +ugeq(N). (1.2)

The properties of the pseudoregular element ey ensure that there exists a Laurent-series solution
Z=3 0N 72 [s] of the stationary zero-curvature equation

Zy =ilU, Z]. (1.3)
Now, after introducing
VIT=vI () =(\2), + A, => Nzl 1AL r>0, (1.4)
s=0

an integrable hierarchy of Hamiltonian equations can be represented as a hierarchy of zero-curvature equa-
tions

Uy, — VI 4iu, vl =0,  r>o0, (1.5)

T

which are the compatibility conditions for the spatial and temporal matrix spectral problems
—ige =Us,  —igy, =V, r>0, (1.6)

with ¢ being an eigenfunction. Their Hamiltonian structures and corresponding Liouville integrability are
typically shown by applying the trace identity [4], [5],

4] oU 0 oU
—\ v
6u/tr(Z8/\>dx—)\ (’9)\)\ tr(28u>’ (1.7)

where §/du is the variational derivative with respect to v and the constant v is determined by

A0

_ 2
=499 In|tr(Z4)|. (1.8)

Many integrable hierarchies of Hamiltonian equations are presented in the zero-curvature formula-
tion, based on the special linear algebras (see, e.g., [2], [6]-[13]) and the special orthogonal algebras (see,
e.g., [14]-[17]). The combination of Hamiltonian structures with recursion structures yields bi-Hamiltonian
structures, which exhibit the Liouville integrability of the Hamiltonian equations [18]. Integrable hierar-
chies with two scalar potentials include the Ablowitz—Kaup-Newell-Segur hierarchy [2], the Kaup-Newell
hierarchy [19], the Wadati-Konno-Ichikawa hierarchy [20], and the Heisenberg hierarchy [21], which are

associated with the four spectral matrices
A A A A
U= "= P
A —A Ag  —Ar

A P A2
U= , U= ,
q —/\] [)\q —/\21

1181



where pg+ 12 =1, and p and ¢ are two scalar potentials. Similar integrable hierarchies are generated from
the four counterparts of spectral matrices associated with so(3,R),

q¢ —A 0 —X\g —\2
U=1|q 0 —-p|, U=1|N 0 —Ap|,

_/\ p 0 _)\2 Ap 0 |

[0 —Ag =\ [0 g —M]
U=\ 0 —=Xp|, U={(N 0 =Xp|,

_/\ Ap 0 _/\7" Ap 0 |

where p? + ¢® + 1% =1 (see, e.g., [15]).

The aim of this paper is to formulate a class of higher-order matrix spectral problems with four compo-
nents and compute the associated integrable hierarchies within the zero-curvature formulation. Hamiltonian
structures of the resulting hierarchies are established by the trace identity. Two illustrative examples are
coupled integrable nonlinear Schrodinger equations and coupled integrable modified Korteweg—de Vries
equations. The last section is devoted to the concluding remarks.

2. Higher-order Lax pairs and integrable hierarchies

Let m and n be two arbitrary natural numbers and § = +1. Within the zero-curvature formulation,
we introduce an (m + n + 2)th-order matrix spectral problem

A P1 P2 0

qQ 5PF1F
ige =U$,  U=U(u,\) = 0 . , 2.1)

92 P2
0 sqtf qf -

L A 92 4 (m+n+2)x (m+n+2)

where
pl:(pla"'apl)a p2:(p27"'7p2)7 CI1:((]1;~-;(]1)Ta QZ:((]27~-7q2)Ta
N LS N~ 7 N 7
m n m n

and the potential vector u is given by u = (p1,p2,q1,¢2)T. This spectral problem is different from the
matrix Ablowitz—Kaup—Newell-Segur spectral problem (see, e.g., [2]).
As usual, we seek a Laurent-series solution of the stationary zero-curvature equation (1.3), and based

on machine learning, we can take the solution Z in the form

a b1 bg 0

C1 0 d 5b}‘
_ _ —s sl
Z ¢y 6dT 0 bl > oAzl (2.2)

s=0

0 dcf & -a
(m+n+2) X (m+n+2)

where

\.\.,.4 \.\.,.4 N~~~ N~ 7
11 1
11 1
d=d : ;
11 1
mxn
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and the Laurent expansions are

a=Y" Al o =S al g =N A =N Al (2.3)

s=20 s>0 s=20 s>0

with j =1,2.
Then, it is straightforward to see that the corresponding stationary zero-curvature equation (1.3)
leads to

b1, = i(Aby — pra — dnpad), ba,e = i(Aba — paa + mp1d),
c1,e = —i(Ae1 — qra + ngad), 2,0 = —i(Ac2 — qea — dmaqid),

| (2.4)
dy = i(q1ba — 0g2b1 4 dp1ca — pac1),
az = i(mpic1 + npaca — mqiby — ngebe) = =N\~ (maiby x4+ ngaba . +mpicy e + npaca ).
These equations equivalently generate the initial conditions
a =0, W =p=c"==0, dP=0 (2.5)
and the recursion relation
b[lsﬂ} = —ib[ls)]r + pral® + snpod!l,
b[;“} = —ib[;]r + paal®l — mpdl?,
c$+1]::icka +—q1ab]—»nq2dhh
C[QSH} = zc[;]z + goal® 4 dmqyd, (2.6)
d£05+1] = i(fhb[zsﬂ] - 5QQb[18+1] =+ 5]310[;“] - p2C[18+1]),
alstil = i(—mqlbgsﬂ] — nng{;ﬂ] + mplcgsﬂ] + npgc[;H]) -
= —(mqlb[ls)]r + anb[;)]m + mplc[ls)]m + npgc[;,]z),
where s > 0.
In what follows, we take the initial values and choose the integration constants to be zero,
d =1, d%=o0, do=0, dmo=0, s>1, (2.7)

to uniquely determine the solution Z. We can then find the first four sets of al*, b[ls], b[;], c&s], 0[25] and dl*;

ol = 0, b[11] _— b[21] = Do, C[11] —q, C[21] = go, dltl = 0;
al? = —mpyq1 — npagy, W = —ipra, 05 = —ipas,

D =iqre, S =igye, d¥ = —8p1gs + oy

al® = —i(mp1q1c — MP1Leq1 + NP2g2.0 — NP2,002),

b[lg] = —Pigz — MPIQ1 — 2nP1Page + InP3qi,
b[zg] = —P2.ox + OMplge — 2mp1paqi — NP3q2,

3 2 + —2 pP24q1q
C[l ] — L]l, — mplq]_ 57’Lp1q2 np2qi 2,

3 2 —+ 6 P2q1 — Np2gs
02[ ] = —Qq2,zx mpi1qi1q2 m 1 n ?
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d¥ = —i(8p1g2,e — P21 .2 — OP1,2G2 + P20 q1);

3
o "°P35 +

+ mpiqi,za + mpi,z,zq1 + np2qz xx + np2.cxq2 — MpP1,2q1,c — NP2 242z,

3 3 3
al¥l = 2m2p§qf - 26mnp%q§ + 6mnp1paqige — 25mnP§Q% +

b[14] = i(P1,5ez + IMP1P1,2q1 + 3NP1DP2,292 — 30NP2P2 2G1 + INP1 2P2G2),
b5 = i(pa wan + 3MP1p2.aq1 — 36MPIP12gs + 3MP1 P2y + 3nPaps 2Ga),
C%] = —i(q1 22z + 3MP1¢1¢1,0 — 30NP192¢2.2 + 3NP2q192,2 + 3NP2q1,292),
A = —i(gonme + 3MP101G2.2 + 3MPLQL2G2 — BEMP2qL Q12 + INP20202.2),
d™ = 3(mprq1 + np2q2) (0162 — P2a1) + OP1zalz — P2.0adl —

— P2q1,zx + 6p1q2,rr - 6p1,rq2,z + P2,291 -

Now, we introduce the temporal matrix spectral problems
—igr, =Vl =Vl e,  VI=(2), =3 3z r>o, (2.8)

which are the other parts of Lax pairs of matrix spectral problems in the zero-curvature formulation.
The compatibility conditions for the spatial and temporal matrix spectral problems, Egs. (2.1) and (2.8),
are the zero-curvature equations (1.5). These equations yield a four-component integrable hierarchy

wp, = K = (o bl —iel Y il T >, (2.9)
or, more precisely,
P1t, = ib[lrﬂ]a D2t = ib[zrﬂ]a a1, = _ic[1r+1]’ 42,t. = _ic[2r+1]7 r=0. (2.10)

The first two nonlinear examples in the above integrable hierarchy are the coupled nonlinear Schrédinger
equations
P11y = Plae + MPIQ + 20p1p2g2 — Snpsq1,
ipa,t, = D2,z — OMPIg2 + 2mp1paq + nphg,

iQ1,t, = —q1.0x — MP1G; + ONP1G3 — 2nPaqiqa, @11)
iQ2., = —(2,00 — 2MP1q1G2 + OMPaq; — np2gs
and the coupled modified Korteweg—de Vries equations
Plts = Plaze T 3MP1P1,2q1 + 30P1P2,2G2 — 30NPap2 +q1 + 3NP1,2P242,
P2,ts = P2,xx + 3MP1P2,2q1 — 30MP1P1,2q2 + 3MP1,zP2¢1 + 3np2p2,2q2, (2.12)

Q1,5 = Ql,zex + 3MPLG1GLe — 30NP142G2,2 + 3NP2q1G2,2 + 3NP2q1 22,
G2,t5 = Q2,zzx + 3MP1g1G2,2 + 3MP1q1,2G2 — 30MP2q1G1 2 + 3NP2G2G2 2,

where m and n are two arbitrary natural numbers and § = +1.
They provide two examples of coupled integrable nonlinear Schrédinger equations and coupled inte-
grable modified Korteweg—de Vries equations.
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3. Hamiltonian structures

To obtain Hamiltonian structures for integrable hierarchy (2.9), we apply trace identity (1.7) to the
matrix spectral problem in (2.1). Noting that the solution Z is given by (2.2), we can directly compute
that

oUu oU
tr(Z 8/\> = 2a, tr <Z 8u) = (2mecy, 2nca, 2mby, 2nbs) T

It follows that using trace identity (1.7) leads to

5 S S S S
Su //\*Sfla[”l] de =\ ;A)\W*S(mc[l Lnell mpl nphT, s> 0.

Considering the case with s = 2, we obtain v = 0; we then have the variational identities

SH! [s+1] _ [s+1

sy = (mey ", ney },mbgsﬂ],nb[;ﬂ])T, s20, (3.1)
where the Hamiltonian functionals are
[s+2]
= [ g >0 3.2
" / L de 520, (32)
the first three of which are given by
HO = /(mplfh + np2qz) dz,
)
H = / Z(mplqm — MP1,2q1 + NP2q2,z — NP2,2q2) dT, (3.3)

1
1= [ ot + b} — mupipaanes-+ dmnnde? —w*ied) -

1
- S(mp1q1,zz + mpi,z,291 + np2qz.zx + np2 zzq2 — MpP1,2q1,x — an,rgQ,r) dx.

From these identities, we can easily obtain the Hamiltonian structures for the associated integrable

equations,
_elr] et 1) bt ey OHD)
ug, = K" = (iby "7, iby ", —ic; Y, —icy )T =J su r >0, (3.4)
u
where
0 i/Om ;)
J= , o (3.5)
—i/m 0 0
0 —i/n

The associated Hamiltonian structures show a connection S = J ‘?{f between a conserved functional H and
a symmetry S, which can be used to show the Liouville integrability of hierarchy (2.9).
A basic feature of integrability is the commutativity of the vector fields K/

(K199, K0 = Ko ()[162) — K@K =0, 1,52 0, (36)
It is guaranteed by the Lax operator algebra
[Vl vl = il () [kl - ylsl () [K] 4 [vlad vl =0, 5,8, >0, (3.7)
which is a consequence of the isospectral zero-curvature equations (see [22] for details).
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In addition, from the recursion relation K"t = &K'l we find the entries of the recursion operator
(I) = (q)jk)4><4 to be

P11 =i(—0p —mp10 g1 —np20~'qe), P12 =i(—np10” g2 + Snp20 1),

P13 = i(—mp10~ 'p1 + Inp20~ ' go), P14 = i(—np10~'pa — np20~'p1),

Doy = i(—mp20~ g1 + omp10~ " q2), Doy = i(—0p — np20~ g2 — mp10~ " q1),
Pog = i(—mp20 ' p1 — mp10~ " pa), Doy = i(np20~ 'pa + omp10~ " p1),

P31 = i(m@0~'q1 — g0 ' qa), D35 = i(nq10 g2 + ng20 " q1),

B33 = i(0y + M@0~ 'p1 + ng20""p2), P34 = i(nq10 " p2 — Gnged " p1),
P41 = i(mg0 ‘g1 + M@0 o), Py = i(ng20" g2 — dmaq10” ' q1),

/(= (=
(= /(=
/(= /(=
/(= (
( (
( (
( (
i( (

= i(mg20""'p1 — dmq0™ ' p2), Pyq = i(0y + ng20"'pa + M@0~ p1).

Obviously, the operator ®.J is skewsymmetric, and therefore the conserved functionals commute with respect
to the corresponding Poisson bracket [4]:

SHIINT  §7yls2]
{H[Sl],H[SQ]}J:/( I};S[u ) J ,};S[u dr =0, $1,82 = 0. (3.8)

Finally, a combination of the Hamiltonian operator J with the recursion operator ® [23] yields
a bi-Hamiltonian structure [18] for hierarchy (2.9). To conclude, each equation in hierarchy (2.9) possesses
infinitely many commuting symmetries {K[*1}22 and conserved functionals {#*1}2°,, and is therefore
Liouville integrable, due to (3.6) and (3.8). In particular, Egs. (2.11) and (2.12) present two simplest
examples of nonlinear integrable Hamiltonian equations in the hierarchy.

4. Concluding remarks

A class of higher-order matrix spectral problems has been formulated and their associated integrable
hierarchies of Hamiltonian equations have been generated within the zero-curvature formulation. A Laurent-
series solution of the corresponding stationary zero-curvature equation is an essential ingredient of the
construction. All equations in the resulting hierarchies have been shown to be Liouville integrable, with
the Hamiltonian structures following from the trace identity.

We note that the matrix spectral problems in (2.1) are specific reductions of the matrix spectral
problems in [24]-[26] and [17], which lead to integrable equations generalizing the Kulish—Sklyanin ones [27].
But how a successful reduction from a given matrix spectral problem can be found remains an open question.
Any modified example of (2.1), where dpf and dqT are changed to (§1p1, ..., dmp1)T and (0141, - - -, 0mq1)
with the d; being 41 but not the same (for example, (6py,...,dp1, —dp1)T and (6q1,...,0q1, —dq1)), does
not work because it has no nonzero Laurent-series solution.

On the other hand, one could generalize the previous matrix spectral problems in (2.1) by adding
a third pair of potentials p3 and ¢g3. The task is then to derive a meaningful Laurent-series solution of
the corresponding stationary zero-curvature equation. When the spectral matrix in a spectral problem is
of higher order, it would be difficult to compute a required Laurent-series solution. In our example, such
a Laurent-series solution was determined by some deep learning technique.

It is always interesting to explore solution structures of integrable equations by incorporating and
integrating a wide variety of techniques in soliton theory. Those methods contain the Riemann-Hilbert
technique [28], the Zakharov—Shabat dressing method [29], the Darboux transformation [30], [31], and
the determinant approach [32], [33]. Reductions from the r-function theory are particularly interesting.
Special kinds of solutions such as lump wave and rogue wave solutions can often be generated by taking
wave-number reductions of N-soliton solutions (see, e.g., [34]-[41]).
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Nonlocal integrable equations could also be considered if nonlocal group reductions were used for the

considered matrix spectral problems (see, e.g., [42]—[45] for novel kinds of nonlocal integrable NLS equa-

tions). However, comparatively little is known about nonlocal integrable equations, and further investigation

is required.

Conflicts of interest. The author declares no conflicts of interest.
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