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This is the first part of a study, consisting of two parts,
on Riemann theta function representations of algebro-
geometric solutions to soliton hierarchies. In this part,
using linear combinations of Lax matrices of soliton
hierarchies, we introduce trigonal curves by their
characteristic equations, explore general properties of
meromorphic functions defined as ratios of the Baker—
Akhiezer functions, and determine zeros and poles
of the Baker—Akhiezer functions and their Dubrovin-
type equations. We analyse the four-component
AKNS soliton hierarchy in such a way that it leads
to a general theory of trigonal curves applicable
to construction of algebro-geometric solutions of an
arbitrary soliton hierarchy.

1. Introduction

Algebro-geometric solutions to soliton equations are
one important class of exact solutions, which describe
periodic and quasi-periodic nonlinear phenomena in
physical and engineering sciences [1-3]. With the
development of solitons and finite-gap solutions to the
Korteweg—-de Vries equation, the mathematical theory
of algebro-geometric solutions has been systematically
developed since the early 1970s, particularly for the
Korteweg-de Vries, modified Korteweg—de Vries, nonlinear
Schrodinger, sine-Gordon, Kadomtsev—Petviashvili, Toda
lattice and Camassa-Holm equations [1-12].
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Dubrovin and Krichever proposed a systematic method of algebraic geometry to integration of
nonlinear partial differential equations, which aims at constructing periodic and almost periodic
solutions in terms of the Riemann theta functions for well-known integrable equations including
the Korteweg—de Vries equation and the Kadomtsev-Petviashvili equation [13-15]. Cao and
Geng made use of the nonlinearization technique of Lax pairs to generate algebro-geometric
solutions of finite-dimensional integrable Hamiltonian systems and combined systems from
lower dimensions to higher dimensions [16-18], and later, the nonlinearization technique was
applied to constructing algebro-geometric solutions of a great number of soliton equations in
both (1+1)- and (2+1)-dimensions [19-27]. Gesztesy et al. [3,28,29] established an alternative
approach for constructing quasi-periodic solutions to soliton hierarchies associated with 2 x 2
matrix spectral problems, and by this approach, quasi-periodic solutions to many continuous and
discrete soliton hierarchies have been constructed within a different kind of formulation using
the Riemann theta functions [28,30,31].

The study of algebro-geometric solutions has opened up a new vista in the analysis of
nonlinear partial differential equations. The adopted algebro-geometric techniques brought
innovative ideas and led to inspiring results in soliton theory as well as algebraic geometry, for
example, a solution of the Riemann-Schottky problem [3,32]. The successful idea in constructing
algebro-geometric solutions is to employ the theory of algebraic curves associated with Lax
pairs producing soliton hierarchies to represent the Baker-Akhiezer functions [33,34] in terms
of the Riemann theta function [35,36]. The obtained algebro-geometric solutions satisfy a class of
stationary counterparts of soliton equations, called Novikov-type equations [37]. It is also noted
that symmetry constraints pave a way of separation of variables for soliton equations and the
corresponding canonical variables solving the associated Jacobi inversion problems provide the
so-called characteristic variables in the Riemann theta function presentation of algebro-geometric
solutions [38,39]. There are primarily two types of research on algebro-geometric solutions. One is
to explore asymptotics of the Baker-Akhiezer functions to construct algebro-geometric solutions
to given nonlinear equations, and the other is to connect the Baker—Akhiezer functions possessing
given asymptotics with potential nonlinear equations and their algebro-geometric solutions.

Very recently, Geng et al. successfully attempted a few 3 x 3 matrix spectral problems and
constructed algebro-geometric solutions to the associated soliton hierarchies, including the
modified Boussinesq hierarchy, the Kaup-Kupershmidt hierarchy and the hierarchy of three-
wave resonant interaction equations [40—43]. In this paper, we would like to propose a general
framework to analyse 3 x 3 matrix spectral problems and their corresponding trigonal curves,
and to generate algebro-geometric solutions to soliton hierarchies by observing asymptotic
behaviours of the Baker-Akhierzer functions. We analyse the four-component AKNS soliton
hierarchy, particularly asymptotics of the Baker—Akhiezer functions, in such a way that it
yields a general theory applicable to soliton hierarchies associated with arbitrary 3 x 3 matrix
spectral problems.

Our study is divided into two parts. This is the first part, comprising five sections. In §2,
with the aid of the zero-curvature formulation and the trace identity, we rederive the four-
component AKNS soliton hierarchy and its bi-Hamiltonian structure. In §3, we introduce a class of
trigonal curves by taking linear combinations of the Lax matrices and analyse the corresponding
Baker—Akhiezer functions. In §4, we first present a general structure of Dubrovin-type dynamical
equations [44] of zeros and poles of meromorphic functions as the characteristic variables, and
then apply the resulting general theorems to the four-component AKNS case. In the last section,
concluding remarks will be given.

2. Four-component AKNS soliton hierarchy

(a) Soliton hierarchy

Let us recall the zero curvature formulation and the trace identity [45]. Let U = U(u, 1) be a square
spectral matrix belonging to a given matrix loop algebra, where u is a potential and A is a spectral
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parameter. Assume that

W=Wr) =Y Wr ™ =Y W™ 2.1)
k=0 k=0

solves the corresponding stationary zero curvature equation
Wy =[U, W]. (2.2)
Then, introduce a series of Lax matrices
VI = v, ) = W W) + A, (2.3)

where the subscript 4+ denotes the operation of taking a polynomial part in A and A, ¥ >0, are
appropriate modification terms, such that a soliton hierarchy

up, =Kp(u) =Ke(x, t,u,uy,...), r=0, (2.4)
can be generated from a series of zero curvature equations
u, — v, v =0, r>o. (2.5)

The two matrices U and V"l are called a Lax pair [46] of the rth soliton equation in the hierarchy
(2.4). The zero curvature equations in (2.5) are the compatibility conditions of the spatial and
temporal spectral problems:

Yy = Uy = U, WY, v, = Vg = V@, 1)y, r>0, (2.6)

where v is the vector eigenfunction.
One important task in soliton theory is to show the Liouville integrability of soliton equations
in a hierarchy. This can be usually achieved by establishing a bi-Hamiltonian formulation [47]:

sH sH
Tl M, rs, 2.7)
Su Su

where | and M constitute a Hamiltonian pair and §/8u denotes the variational derivative [48]. The
Hamiltonian structures can be furnished through the trace identity [45]:

ut, =K, =]

) ol d ol A d
— e A B __N 2 _
athr (Wa)\) dx=2 Ty |:A tr <W8u)]' y 5D In |tr(W?)| (2.8)
or more generally, the variational identity [49]:
) ou d ou A d
— A7 — |\ — =———1 2.
5 J<W, 8A> dx i |: <W, o >i|, y X n|(W,W)|, (2.9)

where (-,-) is a non-degenerate, symmetric and ad-invariant bilinear form on the underlying
matrix loop algebra [50]. The bi-Hamiltonian formulation guarantees the commutativity of
infinitely many Lie symmetries {K;};, and conserved quantities {H,};2

[Kin,, Kn, 1 = K [Kin, ] = K3, [Ki 1 =0 (2.10)
and
o\ OH
1 ~ = 7”1 7’12 =
{H}‘llr H‘rlz }N —J ( (SH ) N 81/1 dx O, (211)

where n1,1, >0, N=] or M, and K’ denotes the Gateaux derivative of K:

K@is]= -

K(u+ €S, uy + &Sy, ...). (2.12)
0

=l

It is known that, for an evolution equation u; = K(u), H= [ Hdx is a conserved functional iff
% is an adjoint symmetry [51], and so, the Hamiltonian structures links conserved functionals to

adjoint symmetries and further symmetries. When the underlying matrix loop algebra in the zero
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curvature formulation is simple, the associated zero curvature equations yield classical soliton
hierarchies [52]; when semisimple, the associated zero curvature equations yield a collection
of different soliton hierarchies; and when non-semisimple, we obtain a hierarchy of integrable
couplings [53], which needs extra care in constructing exact solutions.

(b) Four-component AKNS hierarchy

Let us consider a 3 x 3 matrix spectral problem

=2k p1 p2 41
Ue=Uy =Uu, Ny, U=Ujsxs=| g1+ 0|, ¥=|v2], (2.13)
g2 0 A V3

where 1 is a spectral parameter and u is a four-component potential

u=@pa), p=@uLr), =190 (2.14)

Since Up =diag(—2,1,1) has a multiple eigenvalue, the spectral problem (2.13) is degenerate.
Under the special reduction of pr = g2 =0, (2.13) is equivalent to the AKNS spectral problem [54],
and thus it is called a four-component AKNS spectral problem.

To derive the associated soliton hierarchy, we first solve the stationary zero curvature equation
(2.2) corresponding to (2.13). We suppose that a solution W is given by

a b
W=|:C d}, (2.15)

where a is a scalar, bT and ¢ are two-dimensional columns and d is a 2 x 2 matrix. Then, the
stationary zero curvature equation (2.2) becomes

ay=pc—>bq, by=-3Ab+pd—ap, cx=3rc+qa—dq and dy=qb—cp. (2.16)

We seek a formal series solution as
a b| o~ K K
W= |:c d} = Z WiA k, Wi = Wi(u) = |:c[k] FEIL k>0, (2.17)
k=0

with blK ¢[K] and 4lK] being assumed to be
oM = @l b8, M= (I and i =@, k20 (2.18)

Thus, the system (2.16) equivalently leads to the following recursion relations:

bl —o, 0—p, 4%—p, 4_0, (2.19a)

plk+11 — % (_bLk] + pd[k] _ a[k]p), k>0, (2.190)

el 2 1M gl y kg k>0 (2.19¢)

and ag(k] =pcll — plklg, d,[(k] =gb — My, k=1 (2.194)

We choose the initial values as follows:
Adl=_2 and 4=, (2.20)
where I, = diag(1, 1), and take constants of integration in (2.194) to be zero:

Wilueo =0, k>1. (2.21)
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Therefore, with al%l and 4[] given by (2.20), all matrices Wy, k> 1, will be uniquely determined.

For example, it follows from (2.19) that

bl[ll = pi, C[H = ql, ﬂ[ll = 0, dE]ll = 0,

b[-zl =—1pixs Cl[-zl =10, dH =1 +p22), d,[-]-z] = =3P

B = 3pie = 2011 + p22)pil, e = L — 2011 + p2g2)ai],

APl = $(prd1e = pred + P2 — paxda), A = Py — Py

bl['4] = — 5 [Pier — 30101 + P292)Pix — 3(P1x01 + P2402)Pil,

1[4 = i7[‘71 o — 3191 + P292)qix — 3(P191,x + P292,2)9i],

‘1[4] = _% [3(P1 qm+ qu2)2 — P191,xx T P1xq1,x — PLaxq1 — P292,xx + P2,xq2,x — P2,qu2]
and ull[;L %[3]{)](!71!71 +P292)9i — Pjxxdi t Pjadix — Pidixxl,

(2.22)
where 1 <7,j <2. Based on (2.19d), we can obtain, from (2.190) and (2.19c¢), a recursion relation for
bkl and

clk+11 Kl
plk+T | =Y | it |- k=1, (2.23)
where ¥ is a 4 x 4 matrix operator
2
. =2 qid'pi|—qd7'p  qd7'q" + (g0~ g")T
W=z =1 , (2.24)
—pTolp— (o p)" (—8 +3 Pia_l%’) L+ptalq".
i=1
As usual, for all integers r > 0, we introduce the following Lax matrices:
v — vy, ) = (v[’l Yaxs = (M W)4 Z WA r>0, (2.25)
where the modification terms are taking as zero. Note that we have
r+1 r+1
VI W = Y W =avi 4 W, >0, (2.26)
k=0 k=0

The compatibility conditions of (2.6), i.e. the zero curvature equation (2.5), generate the four-
component AKNS soliton hierarchy

T [r+1]T
p 3b
= =K, = , . 2.27
" |:’7 i|t, ' |: 3l i| =0 227

The first two nonlinear systems in this soliton hierarchy (2.27) read

Pity = —3Pixe — 20191 + p2q2)pil and iy, = 2qive — 2191 + p2g)gi], 1<i<2  (2.28)

and

Pits = 5Pixx — 3191 + P292)pix — 3(p1aq1 +P2xq2)pil, 1<i<2, (2.29a)

Tits =

which are the four-component versions of the AKNS systems of nonlinear Schrédinger equations
and modified Korteweg—de Vries equations, respectively. The four-component AKNS equations
(2.28) can be reduced to the Manokov system [55], for which a decomposition into finite-
dimensional integrable Hamiltonian systems was given in [56], whereas the four-component

NelENel o

[9ixxx — 3(P191 + P292)qix — 3(P191,x +P292,0)9i), 1<i=<2, (2.29b)
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AKNS equations (2.29b) contain various mKdV equations, for which there exist different kinds
of integrable decompositions [57,58].

We point out that the four-component AKNS soliton hierarchy (2.27) has a Hamiltonian
structure [51], which can be generated through the trace identity [45], or more generally, the
variational identity [49]. Actually, we have

oo
tr (wy) =20+ tr(d) = Y _(~2all 4 al 4 di
on par

and
ol c —k
()= [2] T
k=0

Inserting these expressions into the trace identity and considering the case of k=2, we get y =0
and thus we have

8H ~ 1 k1] kel clhl

o =Ci1, Hi=o J(za[kﬂl —dltH gt gy, Gy = gur |- k=1 (2.30)

A bi-Hamiltonian structure of the four-component AKNS equations (2.27) then follows:

8H, 1 _ MaH,

uy, =K, =JGy =] , r>1, (2.31)
Su du
where the Hamiltonian pair (J, M = J¥) is given by
1 0 =3
J= |:3I2 0 j| (2.320)
and
plo~tp+ @ o) (0= X2y pio ) 2 —pTo1q"
M= ) . (2.32b)
(9 - Xipiota) - g0 p 99~'q" +(q0~'q")"

Adjoint symmetry constraints or equivalently symmetry constraints separate the above four-
component AKNS equations into two commuting finite-dimensional Liouville integrable
Hamiltonian systems [51].

3. Trigonal curves and Baker—Akhiezer functions

For each integer n > 1, let us take a linear combination of the Lax matrices

n
W[ﬂ] — W[Vl] (M, )x) — (W,[]ﬁ])BXS — Z akv[n—k], (31)
k=0

where the Lax matrices VI¥ 0 <k <n, are given by (2.25) and «, 0 <k < n, are arbitrary constants
but g # 0. Its corresponding characteristic polynomial reads

Fn(,y) = detyls — W) =12 4 ySim(h) — T(n), (3.2)

where I3 =diag(1,1,1), S;; and Ty, are two polynomials of A with degrees deg(S;;) =2n and
deg(T;) = 3n, defined by

[n] [n] [n]
Wir Wi Wi

_ ] _ |l il kil

[n] 1|’ T =det W = W Wy Wiy 63
1<i<j<3 |W;" W [n] [n] [n]
Wy Wi Wi

and m = max(deg(S), deg(T)) = 3n.
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Using the combined Lax matrix W], we introduce a trigonal curve ICq of degree m as follows:
Kg={P=,y) e C?|det(yls - W)=y +ySu(1) — Tu(2) =0}. (34)

Note that the corresponding discriminant A = —27T,2n - 4S§,,, a polynomial of 4 of degree 41 — 2,
is not zero at infinity, and thus, the curve has three non-branch points at infinity [59], which we
denote by Po;, 1<i<3. The curve Ky is compactified by adding those three points at infinity
and its compactification is still denoted by /g for the sake of convenience. The curve Ky is said to
be non-singular, if we have (8. Fy /91, . F,/dy) # 0, while Fy,(1,y) = 0. When /Cg is non-singular,
it becomes a three-sheeted Riemann surface of arithmetical genus determined by the Riemann—
Hurwitz formula:

g:é—k+1:2n—3, (3.5)

where f =4n — 2 is the total multiplicity of its branch points and k =3 is the number of sheets.
The compact Riemann surface /g consists of points satisfying (A, y) = 0 and the three points at
infinity: {Poo,, Pooy, Poos }-

For a fixed A € C, we denote the three branches of y(1) satisfying F;(A,y) =0 by y; =y; (%),
1 <i <3, and thus, we have

W = 10N = 20 = y3(W) = +ySm — T =0, (3.6)
from which we can easily get
vi+y2+y3=0, viy2+yiys +y2y3=>5m, Yiy2y3="Tm,
ViH Vi +3=—25m ¥ +15+y3=8Tn, -
1+ v2)y3 + (2 + y3)yi + (3 + y1)y3 = —3Tw
ViV +VIV3 +Y3VA=Sn  (BYT + Sm)BY3 + Sm)BY3 + Sm) = —A

and further we have

i3 3Yi + Sm

The points (1, y1 (1)), (A, y2(1)) and (%, y3(1)) are on the three different sheets of the Riemann surface
Kg. The holomorphic map *, changing sheets, is defined by

*: o — K, P=(xyi(A) = P* =X, Yit1 (mod3)(}), 1<i<3 (3.8)
and P** = (P*)*, etc. Moreover, positive divisors on ICg of degree k are denoted by
Dpllm,pk : ICg — Nop=NuU {0},

I, if P occurs ! timesin {P1,..., Py}, (39)
P Dp,,  p(P)= )
0, ifP&{Pq,...,P ).

Therefore, a divisor of a meromorphic function f on KCq reads
(f(P)) =Dp,,..p (P) — DQ1,~~,Q1 (P), (3.10)

if f has zeros P;, 1 <i <k, and poles Q;, 1 <i < I. The space of divisors on Ky is denoted by Div(/Cy).
We now introduce a vector of associated Baker-Akhiezer functions v (P, x, xo, t,, o ») as follows:

1)Z,X(ID/ X, X0, trr tO,?‘) = u(u(x/ tl‘)l )\‘(P))]//(Pl X, X0, t}‘/ fO,r)/ (3'11)
¥, (P, X, X0, tr, to,)) = VI (u(x, t), A(P)¥ (P, x, X0, tr, b0 1), (3.12)
W u(x, t), M(P)W (P, x, x0, tr, to,)) = y(P)Y (P, x, X0, b, to,r) (3.13)

and Vi(P, x0,x0, o, to) =1, 1<i<3, (3.14)

H
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where x, tr, xo, to,r, M(P), y(P) € Cand P = (&, y) € K¢\{Po,, Poo,, Poos }- The compatibility conditions
of the equations (3.11)—(3.13) engender that

=[U, W[”]] (3.15)

and
Wi = v, winly, (3.16)

besides the rth zero curvature equation in (2.5). Note that the matrix yIz — WL also satisfies the
Lax equations in (3.15) and (3.16), and so, the characteristic polynomial (A, v) = det(yIz — winl)
of the combined Lax matrix W is a constant, independent of the variables x and f,, when u
solves the rth four-component AKNS equation (2.27).

Associated with the Baker-Akhiezer functions, we define a set of meromorphic functions

bij = ¢ij(P, x, X0, tr, o) = m, <ij<3. (3.17)

Based on (3.13), we can have
W Bl 4 i F W Al 4 B os)

Wi+ A[m] yzwln] yclm Dl - £l ' :
with

APt = witwlit - wiiwl, (3.19)
B = Wi WITwET — wiiwiEh + witwiwli! — witwl), (3.20)
C[m] A][lm], Dl[]m] _ B][lm]’ (3.21)
P = Wi+ wiWEI DT — wil) — izl (3.22)
and F[’“] E][j”], (3.23)

where {i,j,k} = {1,2,3}. By the notation {7}, k} = {1,2,3}, we mean here and hereafter to take 1 <
i,j,k < 3 arbitrarily, but as three different natural numbers. Obviously from (3.19) and (3.22), we
can obtain

El[]] fE[’”I (3.24)
and
P = wilAlT — witlal, (3.25)

where {i, ], k} ={1,2,3}.
From the expressions of the meromorphic functions ¢;;, 1 <i,j <3, in (3.18), using y3 =—ySu +
Ty, we can also directly derive the following relations:

[n] plom] [1ly2 [l glml _ (4Dl
Wil:l Ei]m = _(Wﬂ:l) Sm + Wj;: B,']"n - (A,‘]m) , (3.26)
CIER = WEhRT,, + AlMBIY, (327)
_ (Wz[]’:])ZSm _ (Cl[]m])Z W[‘rl]D[m] W[‘rl]F[m] (3.28)
WRT,, + CIpp = AL 629)

where {i,j, k} ={1,2,3}, and

— WiWielsn + Wle + winly+ A =0, 630)
WEIWRIT,, + wilalts,, + wiicltls,, — il — alripli = o (3.31)

[n] olm] (1] ~lm] (] pylm] _, plm] plm] _
Wil AT, + Wil T, — BMDRM + B <0, (3.32)
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where {i,j, k} = (1,2, 3}. Actually, owing to (3.21) and (3.23), (3.28) and (3.29) are also consequences
of (3.26) and (3.27), respectively.

In what follows, we first derive two derivative formulae with respect to x and ¢, for the
meromorphic functions ¢ij, 1 <i,j<3.

Lemma 3.1. Suppose that (3.11) and (3.12) hold. Then, the meromorphic functions ¢;;, 1 <i,j <3,
defined by (3.17), satisfy the following Riccati-type equations:

Gijx = (Uii — Ujj)¢ij + Uij + Uiy — Ujid’izj — Ujkijpij (3.33)
and
¢, = (VI = Vg + VT 4+ Vil — vilg2 — vilg,0y, (3.34)
where {i,j,k} ={1,2,3}.

Proof. We prove the x-derivative part. The proof of the t,-derivative part is similar. Observing
(3.11), we have

(blux 1,x j,x 3_ U{ 3
- =(In 7)){_1#, _W] _Zkil Vi Zk . ]k‘/fk Z(u1k¢k1

i vy W Upi)-

The x-derivative part (3.33) follows. |
Secondly, we directly verify the following relations between B[m] D[m] Ejm] and an].

Lemma3.2. Let BY", DI, EI" and Fi", 1 <1, < 3, be defined by (3.20) ~(3.23), respectively. Then,

[n] plm] [nlplm] _ ardnl plm] _
Wjj Ez‘j +sz‘ Bij ij Bkj =0 (3.35)
and
[n] p[m] [n] H[m] [n] H[m]
Wﬁ Fij +Wij Dij — Wik Dik =0, (3.36)

where {i, ], k} ={1,2,3}.

Proof. From the definitions of Bg."] and E,[,]'.ﬂ] in (3.20) and (3.22), a direct computation verifies the
relation in (3.35).
Further, using (3.21) and (3.23), from (3.35), we immediately get the relation in (3.36). |

Now, we consider how to compute derivatives of E,[.]'.ﬂ] and Fg"]. Owing to tr(W[”]) =0, we can
directly prove the following statements.

Theorem 3.3. Let Sy, B(’."l D[f”] E[.T"] and F[.f”l 1<i,j<3, be defined by (3.3), (3.20)~(3.23),
respectively. IfW["] v, w ”]] where V— (V1])3X3, then we have

E,[]mz] =2V — Vi — ka)E,[-}"] - V,-,-(zw][,?]sm - 335].*”1) + v]-k(zw}f]sm - 33,[{;."]) (3.37)
and
B = vy - vy = Vi E — v ewils,, — 3D + vigewlls,, — 3D, (3.38)

where {i,j,k} =1{1,2,3}.

Applying this theorem, we can easily obtain the following relations between two derivatives
[m] [m]
of E; j and F i
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Theorem 3.4. Let El[]m] and Fl[.]m] be defined by (3.22) and (3.23), respectively. If Wi = [V®, winl),
where VO = (Vg())3X 3, 1 <k <2, then we have

Ol _ Oyl plml @l _ @yl gl
VIOWET - vOWIER — (v @whT — v@wlEl
[l o) _ @ _ @y Oyl _ 0 pylnl
=EMeve - v — v v PwiT - vwl)
1 1 1 2 2 1 2 2 1
— v = v - v VEWET - vOWI) 3V — vV Wl (3.39)
and

Ol _ Oy gl
(Vij Wik -V Wij )E;;

ik ij,z2

(2) 171 (2) a7l plm]
- (Vz'j Wi’ = Vie Wi E;

if ij,z1

[m] (2) (2) (2)y 1/ Dprlnl (1) pln]
=F; (V3 —Vim = Vi )(Vij Wix” = Vix Wij )

1) 1) D)y 1/ ypslnl (2) slnl 1),(2) @)1, Wyl
=@V =V = ViV Wy = Vg W) +3(Va Vi = Vi Vi)W L (3.40)

where {i, ], k} ={1,2,3}.

Note that (3.39) and (3.40) tell us that the weighted differences between two derivatives are
multiples of El[;n] and FLm s respectively.

Theorem 3.5. Let P = (%, Y(P)) € Kg\{Pooy, Pocy, Pocy} and (3.13) hold. If WY = [v, WIl], where
V= (V,-]-)3X 3, then the meromorphic functions bij, 1 <i,j <3, defined by (3.18), satisfy

3! —2wlls,,
$ij(P) + ¢ij(P*) + ¢;j(P™) = ———————

]
E i]’."
1 i [ |:EM [
S S— TN GG, YV VS VA I SV Y (3.41)
(1] 1 ) ik | Zlmd jj Vi * i (
R M
jad
1
$ij(P)gij(P*)ij(P**) = [Jm] , (3.42)
Ef
WET5(P) + 5i(P*) + ¢(P™)] + WET (9 (P) + 1a(P*) + i (P)] = =3WL, (3.43)
Vil #ji(P) + ¢i(P*) + #i(P™)] + Viklpri(P) + ¢1i(P*) + ri(P*)]
gl
1,z
= g7 — @Vii = Vji = Vi), (3.44)
ji

where {i, ], k} ={1,2,3}.
Proof. First, we start with the last equality in (3.18), and make use of (3.7). Then, we have
$ij(P) + ¢;j(P*) + ¢;;(P*)
A3 AW -+ Al FaBl 3B —owls,,
- [m] - [m]
E i}“ E ij'”
which is exactly the first equality in (3.41). To prove the second equality in (3.41), we first note
that, from (3.37), we have

7

ij,z

e EPY — @V — Vi — Vi ES™ + 3Vl — VB
m — .

[n] [n]
Vii ij — Yk Wji

Then making use of (3.35), we can directly verify the second equality in (3.41), starting from the
first equality in (3.41).
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Secondly, we use (3.7) and the first equality in (3.18) to get

$ij(P)gij(P*) i (P*)
vy W + Gz + yaws + vy W DPCE 4+ 1+ vz + i) WEICE? + (€
* yayays W + @iy + yays + yaya) WETRART + (1 + o + g Wi Al)2 + (Al

(WY + Su(Wih2C 4 (cliy?
LW+ S (wE )ZAl,. + (AE}'”)

Then, based on the properties in (3.21), (3.23) and (3.24), a direct application of (3.26) and (3.29)
yields the equality (3.42).
Thirdly, using (3.13) in the definition of the Baker—Akhiezer functions, we have

3
ZWU ¢]1(P) Y1, sz] ®ji (P*) =y, ZW, @ji (P*™)=ys,

j=1 j=1 j=1

and then, based on (3.7), summing them up generates the equality (3.43).
Finally, note that the derivative formula (3.37) guarantees

[m] E[m]

ji, ki
o7 — @Vii = Vjj = Vi) = o — Vi = Vi = V),
gl tm]

Ji i

where {i, ], k} ={1,2,3}. Then, making use of the second equality in (3.41), we can arrive at the
equality (3.44) by a direct computation. This completes the proof of the theorem. |

When (3.11)—(3.13) in the definition of the Baker—Akhiezer functions hold, we have the two
Lax equations in (3.15) and (3.16). Thus, upon noting tr(U) = tr(VI"l) = 0, theorem 3.5 with V = U
and VIl yields that

#ij(P) + ¢ij(P*) + ¢;i(P™)

1 E[m]
S S— V0 (SN y ) )P kw[”] , (3.45)
U W — uwtT |\ B
#ij(P) + ¢ij(P*) + ¢;i(P™)
: [ (E[ﬂn;] ) }
il [ it il [y ln]
- % — 3Vl 4 avlIwi || (3.46)
[rlprln] [rlrln] jk [m] Ji jk
Vi Wie' = Vi Wii Ej
E[m]

]zx

[m]
ji

and  VEg(P) + (P") + 95 (P)] + Vi [9i(P) + $us(P) + dia(P)] =~ — 3V,
]l
where {i, k,j} ={1,2,3} (see [41] for the Kaup-Kupershmidt case and [43] for the coupled KdV
case).
In view of the relations in (3.23) and (3.24), we only need to explore properties of the three sums
EET],F [l and Fél , to determine the dynamics of zeros and poles of the meromorphic functions
¢, 1 <1i,j <3. For all other sums, we can generate similar results. For example, the relations

1] [d’]z(P) + d’]z(P*) + ¢]1(P**)] + Uikl pri(P) + dxi(P*) + ¢ (P™)] = —3Ujj (3.47)

(3.48)

e UR B

permit one to draw analogies for jakd 0 and Fj [m
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Taking V =U and VI and noting tr(U) = tr(VITy =0, directly from theorem 3.3, we can obtain
the following derivative formulae in the four-component AKNS case.

Theorem 3.6. Let E%],F[{{’] and Fgf] be defined by (3.22) and (3.23), and (A, x, t,) € Cs. Suppose that
(3.11)—(3.13) hold. Then, we have

E = —61ELT — p1 @WIS — 3BY) + pa WS, — 3BT, (3.49)
Fil = 3aF — g 2witls,, — 3Dk, (3.50)
il =32l — g ewlils,, — 3D (3.51)
and
e, =3VITERT — videwl's, — 3Bl + videwls, — 3Bl (3.52)
i, =3vEIE — vilewls,, — spf) + vilewlils,, — 3Dk, (3.53)
i, =3vIIEE — vilewlds,, — spi) + vl ewlils,, — spi. (3.54)

We can further present the derivatives of Eg;'], F[{{’] and Fg{'] with respect to t, in terms of Eg;l],

Fgf] and Fg”{’], and their derivatives with respect to x.

Theorem 3.7. Let E%],FIZT] and Fg?] be defined by (3.22) and (3.23), and (», x, t,) € C3. Suppose that
(3.11)—(3.13) hold. Then, we have

[n]y,Ir] [n]y,I7]
[m] W13 Vis — Wi, V13

Eg{l]t =5t
str /x
prWi — pawiy]
[r] [r] [n]5 /1] [n]+ (7]
Vi — oV WL Vi — Wi V.
+ E [3 (V{’f—p th R 04 11 wﬁ'{])%x 1312 12[,1]13}, (3.55)
Wiz — paWy, Wiz — paWy,
[n]+,[r] [n]+ /1]
F[m] _ F[m] W23 Voi —Wo V23
21t = 521x ]
71 W3
W[”] W[nlv[ﬂ _ W[”]v[”]
+ Pyl [3(@9 - —Zvih+nAB 52 (3.56)
W3 MW
[n]5,[r] [n]y /1]
] pim) Wap Vil — W3 V3,
and F31p =F31 4
skr ’ [71]
72W3,
[n] [n]5,[r] [n]5 /1]
W! Wi Vi — Wiy V.
[m] [r] 33 1,171 31 V32 32 V31
+ FL [3 (V33 - v32> +31 o } (3.57)
Wa, 72Ws,

Proof. Note that (3.11)—(3.13) imply the Lax equations (3.15) and (3.16). Upon taking vih=u
and z=x, and V@ =Vl and z=t,, theorem 3.4 immediately leads to the three derivative
relations in (3.55)-(3.57). The proof is completed.

Directly applying the following three equalities:

e+ Wbl Wil o o
(] lm] (] plm] (] [m]

wirlplrd o Wil pled _ i plod _ g (3.59)

and wirlplmd o Wil _ wlrlplnd g, (3.60)

which are consequences of (3.35) and (3.36), we can represent all terms on the right-hand side of
each equation in (3.52)—(3.54), in terms of ng], Fgf] and Fg;l] and their derivatives with respect to
x in (3.49)—(3.51), which also presents the three derivative relations in (3.55)—(3.57), precisely. W
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4. Characteristic variables and Dubrovin-type equations

It is direct to see that the degrees of EgT],F[ll and Fg"f] are g, ¢+ 1 and g + 1, respectively. Thus,
we can assume that

8
ED e, ) = e, 1) [0 = i 1), 1)
j=1
8
F, t) = e, ) [0 — vy 1) 42)
j=0
8
and Fl, t) = e, ) [0 - £(x, 1), 43)
j=0

where e21 , f [l and f3[1m] are three non-zero functions depending on o = (ag, a1, ...,a,) and u =
(pl,pz,ql,qz) We call those roots characteristic variables associated with the Baker—Akhiezer
functions.

In the light of (3.18), we can then introduce the following three sets of particular points in /C,:

Azﬂj(xztr))

), 1<j<g, (4.4)
A=pu(xty)

[m]
Cohy (x, t
M ) , 0<j<g (4.5)
A=vj(x,tr)

23 (x/ tr)
) , 0<j<g  (46)
A=&j(xty)

where (x, t,) € C2. To determine zeros and poles of the Baker-Akhiezer functions v, 1 <i <3, we
set

A )

i, t,)

:&](xr t}’) = (,bL]‘(X, tV)' L‘/(l/-](x/ ti‘))) = (/'L](x/ t?‘)/ -

Al )
= l’l’j(x/ tr)/ - 3[}4]7},
Wi (x, 1)

ﬁ](xr t}’) = (Vj(x/ t?’)/ ]/(V](x/ tr))) = (l)j(x, tr)/ -

[m](x tr)

32 (x/ tr)

and gj(xr tr) = (§i(x, tr), y(§i(x, £))) = (%—j(x/ tr), —

() Uit i + Ui + Uizds;  and I(l) = Vﬂ é1i + Vlz $2i + V13 ¢3i, 1<i<3. (4.7)

Note that (3.11) and (3.12) give

] P/ 7 /t /t ; .
% =JPxt), 1<i<3 (4.8)
I\t 7y s trs 0 r
and
Vit (P, x,x0,tr, to,r) (i) )
Ly L =1 P, , t , 1 <1< 3, 4.9
Wi(P/ X, X0, tr, tO,r) ’ ( x }') ! ( )

respectively. It follows that the basic conservation laws associated with Lax pairs hold, i.e.

<I$”)x=<%) =(‘”7) — (), 1<i<3, (4.10)

tr

from which we can also generate infinitely many conservation laws by observing Laurent series
of the conserved quantities ](l), 1 <i <3, and the conserved fluxes I(l) 1<i<3atA=o00(or¢=
=0). Furthermore, (4.8) and (4.9) imply the expressions for the Baker—Akhiezer functions v;,
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1<i<3,
X . t.
@t =exp (| 0@ mar+ [ 100w nar), 1siss @
Xo tor
upon taking advantage of the basic conservation laws in (4.10).

Let us first determine the general dynamics of zeros of EET],F[ZT] and Fg"f].

Theorem 4.1. Let W' = [V, WM, where V = (Vij)axa. If j1; # 1j, vi # vj and & # & for i # , then
the zeros of Elznfl, FET] and Fg"f] satisfy the Dubrovin-type equations

[(Vi2Wiy — Vis WD @y + Su)lliey,

Wjz=— 1<j=<g (412)
egll] Hizl/k#(ﬂj — 1)
[n] [n] 2
Vo W5, — Vs W) (By~ + S —
U]‘,ZI—[( 21 23[m] 23 21 )3y m)] I v]’ 0<j<g 4.13)
fa nk:o,k;ej("f — V)
(1] [y, 2
V31 W5, — Vo Wi By~ + S —&
and R (Va1 W3, 32W31)@By m)]Ix & , 0<j<g (4.14)

;;n] n(]i:o,k#j(éj - Sk)

Proof. We first prove the Dubrovin-type equation (4.12). Using (3.26) and (3.58), we have

(AL + (w2,

(yz + Sm)|k=uj =

|
1
|
>
GEE )
N———
N
+
wn
S
1

[n]
w2,
[n] plm] [m] [m]
_ Wiz By _ anf _ B3 1<i<
= 2 £ = == —r 7 =]=8
(W[”])Z W[”] [n]
13 A=p 13 la=y; 12 =g

Following these two expressions for By} and BY", we have

(ViBY = VisBY D iy, = [(Vi2 WY — VisWE) (02 + Si)llamyy, 1<j<g
and thus, applying the derivative formula (3.37), we can get

ES ey = (VoW = VisWID Gy + Si)llamyy, 1<j<g (4.15)
Now, according to (4.1), this leads to the Dubrovin-type equation (4.12) for uj, 1 <j<g.
We secondly verify the Dubrovin-type equation (4.13). Now, using (3.28) and (3.59), we can

compute that
] \ 2 [m]y\2 [n\2
¢ (Co? + (Wiihys
W + Su)la=y, = (— 2[1:]) + S 21 23 ) Om
Wy,

[n]
sz] (W23 )2 )»:U/'
[n] [m] [m] [m]
_ Wy Dy _ Dy _ Dy 0<j<g
[n] = owlnl  owlnl ! -
(WZB )2 A= W23 A=vj W21 r=vj

Based on these two expressions for Dg{l] and Dgg], we get
(Vo DY — Vs DUy = (Vi WS — Vs WED (42 + S)llnmyy, 0<j<g
and thus, from the derivative formula (3.38), we can have
FS ey, = (Va1 WY — Vs WEh G2 + Sz, 0<j=g. (4.16)

Then, based on (4.2), this yields the Dubrovin-type equation (4.13) for v;, 0 <j <g.
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We thirdly prove the Dubrovin-type equation (4.14). Similarly, using (3.28) and (3.60), we have

C[“’"] 2
(yZ + Sm)h:éj = <_ 3[}1]) + Sm
W32

_ D+ WS

[n]\2
)V:Ej (W32 ) )\:Sj
[n]H[m] [m] [m]
_ Wy Dy _ Dy _ Dy 0<j<g
- [n] ol ol ! /=<
(W, )2 £ Wi, =g W3, =t

From these two expressions for Dg"f] and Dgg], we obtain
(V31Dé’f] - V32Dg"21])lx=s,» = [(V31W;[£] - V32W£?])(y2 +Smlli=g, 0<j=<g,
and then, applying the derivative formula (3.38), we can get
Fol e = (Va1 Why! — Vaa WS GBy2 + Sullaeg, 0<j<g. (4.17)

Finally, according to (4.3), this equality generates the Dubrovin-type equation (4.14) for &,
0 <j <g. The proof is completed. |

In order to determine zeros and poles of the Baker—Akhiezer functions v, 1 <i <3, we verify
the following statements.

Theorem 4.2. Let W' = [V, W', where V = (Vij)3x3 with tr(V) = 0. If p; # pj, vi # v and & # &
for i # j, then we have

Vi1 + Viador + Visdar | <. OzIn(h —puj) +0(1), 1=<j=g (4.18)
iy

Vargo + Vo + Vasgs = 9 In( —v))+0O(1), 0<j=<g (4.19)
v

and Va1¢13 + Va3 + V3 iy d:In(A —§)+0(1), 0=<j=g. (4.20)
e

Proof. We only prove the first statement. The proofs for the other two statements are similar.
Using (3.24) and noting tr(V) = 0, we can compute that

Vi1 + Voo + V13¢31

Wil -yl + B Vs Wiy — yal? + B!

=Viu+Vi
[m] [m]
E21 E21

sy e

1 E[zT]z 2 (V13W£;] - VuWE’;])Sm N yZ(VuW{Z} - V13W£Z]) - y(V12A£T] - V13Agf])

1 E[21z 2 (ViaW — Vi Wi @y2 + 5,
3 E[m 3 E[m]

VWil + AW — visWily + A Wi

[m]
Ex
Wi
= -2 +0(1) = 3zln(x 1j) +O(1),
A= - i

where we have used the derivative formula (3.37) and the Dubrovin-type equation (4.12). The
proof is completed. |

Taking V=U and vl and noting tr(U) = tr(VI1) =0, we can have the following two
conclusions from theorem 4.1 and theorem 4.2.
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Theorem 4.3. Let u = (p1,p2,q1,92)" solve the rth four-component AKNS equations (2.27), and £2,,
be an open and connected set of C2. If

wilx, tr) # i b)), vilx, ) #Fvi(x ty)  and &i(x, £) #§i(x, 1) (4.21)
fori#jand (x,t;) € 2., then the zeros of EY*), Fo") and FI"™) satisfy the Dubrovin-type equations:

[(p2(x, mw{;} — 1 WGV + Sz )

Mj,x(X, tr)= l<j<g, w2
321 Hk=1,k¢]‘(l/-j(x/ tr) — mk(x, tr))
[n] o 2
x,t W 314+ S -
vyt 1) = [‘71( W3 3y m)1 1. /(x,tr)’ 0<i<g, )
Hk 0, k;é](v](x tr) — vr(x, )
[n] a2
x, t)Wiy By~ + Su)llh=¢,
£l ) = — md Wap Gy + Sl ety 0<j<g (4.24)

Hk 0, k¢](§] x, tr) — Ek(x, tr)) '

and

Il _ ypdnly 5,2
ViaWo — WiH(@y-+ S
i, (4 1) = (Vi3 12 Vi Wi3)By m)l 5= u;(x,ty), 1<j<g, (4.25)
621 l_[k 1, k#](,u](x tr) — mk(x, tr))

[(Véglwg; VIIWEN @Y + Su)llse ey
Hk Ok?g](‘)](x tr) — v(x, £r))

(v [’]W[" VEIWENGY? + Sl .t
T 1y (60 1) — & 1)

vip (X, tr) = 0<j<g, (4.26)

&1, (v, ty) = 0<j<g. (4.27)

Proof. Note that now we have the Lax equations (3.15) and (3.16). Two immediate applications
of theorem 4.1 to the case of V=U and z=2x, and the case of V=Vl and z=¢, yield the
Dubrovin-type dynamical equations in (4.22)-(4.27), respectively. This completes the proof of the
theorem. |

Theorem 4.4. Let P= (A y) € Ko\(Poo,, Pooy, Poos}, (X, X0, tr, to,r) e C4, and £2,, be an open and
connected set of C2. Suppose that u = (p1,p2,q1,q2)" solves the rth four-component AKNS equations
(2.27). If the conditions in (4.21) hold for i # j and (x, t;) € £2,,, and

R, t) # A (xo, o), Di(x b) # Di(xo, o), () # Ei(xo, o) (4.28)

for every j, then

(@) ¥1(P, x,x0,tr, tor) on Ko\{Pooy, Pooy, Poos} has g zeros, fi1(x,tr),. .., [Lg(x,ty) and g poles,
1 (xo, o), - - -, g(xo, to,r);

(b) ¥2(P,x,x0,tr, to,) 0 Kg\{Pooy, Pooys Pooy} has g+ 1 zeros, Do(x,ty), ..., Ve(x, ty) and g +1
poles, Do(xo,to), - - ., De(x0, tor);

(c) ¢3(P,Jf,x0, tr, to,r) on_ Ko\ {Pooy, Pooy, Poos} has g +1 zeros, £o(x, tr),...,ég(x, t;) and g+1
poles, &(xo, tor), - - -, Eg(x0, to,r).

Proof. We only prove the statement (a), and the proofs for the other two statements can be given
similarly.

Noting that tr(U) = tr(VITy =0 and considering two cases of theorem 4.2 with V=U and V =
VI we have

W = 8In(—p)+0(1) and IV = 3, In( — )+ O),
A 1 A=
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where 1 <j < g. Consequently, for each 1 <j < g, we can compute that

X t,
V1P, %, %0, o o) = exp (J 1P, ¥, t) dx’ + J 1§1>(p,x0,t/)dt/)
0

X to,r
_ A — l/«j(x/ tr) A— l/vj(XO/ tr) _ A= Mj(x/ tr)
A = wj(xo, tr) A — pj(xo, to,r) A — wj(xo, tor)

(n = uj(x, 1))O(1) for P near fij(x, t;) # fij(xo, to,r),
=100) for P near fi;(x, t,) = fij(xo, to,r),
(A — wj(xo, to,))~'O(1)  for P near fij(xo, to,r) # [1j(x, tr),

where O(1) # 0. Under the conditions in (4.28), this leads to the statement (a), which completes
the proof. |

This theorem determines zeros and poles of the Baker-Akhiezer functions v;, 1<i<3, in
I(:g\{POO1/POO2/POO3}'

5. Concluding remarks

In this part of our study on Riemann theta function representations of algebro-geometric solutions
to soliton hierarchies, we introduced a class of trigonal curves, based on linear combinations of
Lax matrices in the zero curvature formulation, analysed general properties of their meromorphic
functions, including derivative relations between derivatives of the characteristic variables with
respect to time and space, and determined zeros and poles of the Baker-Akhiezer functions and
their Dubrovin-type dynamical equations.

In the second part [60], we will explore asymptotic properties of the Baker-Akhiezer functions
at the points at infinity, straighten out all soliton flows under the Abel-Jacobi coordinates and
construct the Riemann theta function representations for algebro-geometric solutions to the four-
component AKNS equations based on asymptotic behaviours of the Baker—Akhiezer functions.
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