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This study aims to explore the connection between integrable couplings and three-dimensional unital algebras.
Expansions in these algebras generate integrable couplings, including nonlinear integrable couplings, and their
corresponding Lax pairs and hereditary recursion operators possess specific structures, associated with non-
semisimple Lie algebras. Applications to the KdV equation are explicitly presented.

1. Introduction

Integrable equations have made significant contributions to mathe-
matical physics, particularly in understanding phenomena like solitons
and nonlinear waves. The Korteweg-de Vries (KdV) equation, nonlinear
Schrodinger equation, and sine-Gordon equation stand out as prominent
examples, each with its own distinct characteristics and applications
across various disciplines.

Integrable couplings, on the other hand, delve deeper into the realm
of integrable equations, representing a specialized subset within the zero
curvature formulation. They maintain the integrability property even
when coupled together, which is a remarkable feature [1]. The associ-
ation of their Lax pairs with non-semisimple Lie algebras adds another
layer of complexity and mathematical richness to their study, providing
insights into their symmetries and solutions.

There is a body of interesting work exploring integrable couplings
within the zero curvature formulation (see, e.g., [2-12]). Perturbation
equations are a particular class of integrable couplings [1], and a first-
order perturbation equation

u, =K, v, =K' W], 1.1

where X’ denotes the Gateaux derivative of X, is associated with either
of the two spectral matrices:

U 0 . Uw U'wlv]

U= orU = s (1.2)
U'wlv]l U 0 Uu)

where U is the spectral matrix associated with the given integrable

equation u, = K(u). The equation for the variable v above is linear with

respect to v, when the variable u is fixed. An integrable coupling

u, =K, v, =Su,v), (1.3)

is called to be nonlinear, when .S is nonlinear with respect to v. An
integrable coupling of the form

u, = K@), v,=Su,v), w,=T(u,v,w), 1.4)

is referred to as a bi-integrable coupling (see, e.g., [13,14]).

Linear integrable couplings involve extensions of symmetry equa-
tions [1,15,16] and play a crucial role in classifying integrable equa-
tions. However, nonlinear couplings exhibit much richer structures.
There are several systematic ways to construct linear integrable cou-
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plings, often beginning with perturbed spectral matrices, defined as
before, and the enlarged spectral matrices:

. [ Uwy O ] N [ Uw U,,®) ]
U= and U = , (1.5)
Up,(v) 0 0 0

where either U, , or U, , may not be a square matrix. We have a feasible
method for constructing nonlinear integrable couplings from a selection
of spectral matrices of the following forms [17]:

[ Uu) 0 ] . [U(u) U, () ]
and U = . (1.6)
U,v) Uw)+U,(v) 0 Uu)+U,(v)

In this paper, we aim to investigate the relationship between inte-
grable couplings and three-dimensional unital algebras. We demonstrate
that expansions within these algebras encompass various types of bi-
integrable couplings, including nonlinear ones. To illustrate, we apply
this general procedure to the KdV equation. Our findings contribute
supplementary insights to the existing body of research on integrable
couplings.

2. Integrable couplings by three-dimensional algebras

There are five unital associative algebras of dimension three over the
complex number field (see [18]). Let us denote the identity element by 1.
Each of these five algebras consists of linear combinations of three basis
elements: the identity element 1 and two additional elements denoted
as a and b. Based on the definition of the identity element, we have

1-1=1,1-a=a-1=a,1-b=b-1=b. (2.1)

It remains to specify

M aa=0, bb=0, ab=ba=0, (2.2)
(ID) aa=b, bb=0, ab=ba=0, (2.3)
(Il aa=a, bb=0, ab=ba=0, 2.4
(IV) aa=a, bb=b, ab=ba=0, (2.5)
V) aa=a, bb=0, ab=>b, ba=0, (2.6)

for five algebras, where we denote c - d by cd for convenience. The fifth
one could be generated by the three elements 1,d’, b satisfying
dd =1, db=-bd =b. 2.7)
Such an element o’ could be taken as a’ =2a — 1.

Let us assume that we have an integrable equation
u, = K(u,uy, - ,u™), 2.8)

where u denotes a column vector of dependent variables and u stands
for the n-th derivative. Moreover, we assume that the integrable equa-
tion possesses a Lax pair of matrix spectral problems:

b =Uu, M), ¢, =V u, ), (2.9)

i.e., it is generated from the zero curvature equation

U, -V, +[U,V]=0, (2.10)

and there is an operator @ satisfying the recursion operator property

and the hereditary property:

Lg®=0and Lyy®=®Ly®, (2.11)

where X is an arbitrary vector field and Ly is the Lie derivative along

X:

(Ly®)Y = ®[X,Y] +[X, Y], (2.12)
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with Y being another arbitrary vector field and [X,Y] denoting the
commutator of X and Y. The hereditary property [19] allows for the
definition of a bi-differential calculus [20], which yields commuting hi-
erarchies of symmetries and conserved quantities.

2.1. Generating scheme

We utilize each of the five algebras and perform expansions

u=pl+qa+rb, p=p,1+ dra+ psb. (2.13)

Then, by using (2.1) and each of (2.2)-(2.6), and by taking the above

expansions, we obtain bi-integrable couplings:

o, =K=(K].K].K])", (2.14)

where i = (p7, q",rT)T, and

K(pl+qa+rb) =K1+ Kya+ K3b = K(p)1 + S(p, 9)a + T(p, q,r)b.

(2.15)
More specifically, we have
M =K. ¢,=K'®lql. r,=K'@)r], (2.16)
(D p,=K®), 9, =K' 0l4l, r,=Tr(p.q.7), (2.17)
am  p, =K@, ¢, = Sp.q), r, =K' (pr], (2.18)
av) p,=K®), ¢=S@. @, r,=S(p,n), (2.19)
V) p=K(p), 4, =5, q9), r; =Ts5(p.q.1), (2.20)

respectively corresponding to the five algebras. These integrable cou-
plings supplement the categories of four-component integrable equa-
tions recently presented in the literature (see, e.g., [21,22]). The non-
isomorphic nature of the underlying algebras ensures that they are lin-
early independent of each other.

Each of their corresponding associated Lax pairs could be formulated
as follows:

o.=U0¢, ¢, =V, (2.21)
where ¢ = @], ¢5.95)", and U and V are defined by
[0, 0 o] [V, 0 0]
m 0=|0, 0, o |, v=|V, V¥ , (2.22)
| U; 0 U LR
[0, 0 o] [V, 0 0]
m =0, 0, 0|, V=|V, V , (2.23)
|0 U, U | s
U, 0 0 v, 0
an U=|0, 0,+0, 0 [,Vv=[V, V4V, 0], (224
| Us 0 U, 2 0 4
[0, 0 0 | vV, 0 0 |
awv U=|0, U0,+0, o |L.v=(v, Vi+v, 0 |,
O, 0 0,405 % 0 +h]
(2.25)
[0, o 0 | (v, o0 0 |
Vv U=|0, U,+0, o |.v=|V, v+, 0 |,
0, 0 0+0,| % 0 n+n|
(2.26)

respectively, with l7,- and V;, 1 <i <3, being determined via
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{U(pl +qa+rb)=U01+Uya+Usb=Up)1+U,(p.q)a+Us(p.q.r)b,

V(pl +qa+rb) = V14 Voa+ Vib=V(p)1 + V,(p,q)a + V5(p,q,r)b.
(2.27)

Moreover, the following corresponding hereditary recursion operators
could be formulated:

& 0 o0 & 0 o0

o oem=ld, & o0 |, m d@=|d, & o |,
&, 0 &, b, b, &,

(2.28)

[ &, 0 0

an d@=|d, &, +d, 0 |,
b, 0 b,
- i (2.29)
b, 0 0

aw) é@=|d, &+, 0 ,
o, 0 b, + by
[ &, 0 0 |

Vv d=|d, b +d, 0 , (2.30)
® 0 b, +d,

where

®(pl + ga + rb) = d,1 + dya + B;b = P(P)1 + D,y (p, g)a + D5 (p, ¢, 7)b,
(2.31)

with ®(u) being a hereditary recursion operator for the original equation
(2.8).

The system (2.16) represents a generalization of the symmetry prob-
lem with two copies of the linearized equation, and the system (2.17)
is exactly the second-order perturbation equation [1]. The first three
integrable couplings in (2.16), (2.17) and (2.18) are all extensions of
the first-order perturbation equation. Since the sub-vectors S,7,, and
Ts are nonlinear, the resulting extended equations (2.17), (2.18), (2.19)
and (2.20), except the first one (2.16), all present nonlinear integrable
couplings of the original equation.

2.2. Applications to the KdV equation

Let us compute a few application examples. We consider the KdV
equation

u, = 6uu, +u,,.,. (2.32)
It possesses the Lax pair:
0 1 —u, 40+ 2u
U, )= s Vi, 4)= ;
A—u O =2QA+u)(u—A)—u,, Uy

(2.33)

and the hereditary recursion operator:

Q) =0 +4u+2u07". (2.34)

The five resulting bi-integrable couplings are given respectively by

M p=6ppy + Pyxxs @ =6 + Qyxxs 1 =6(pr)y + 1y, (2.35)

(Im p= 6pr + Pxxxs & = 6(pq)x t Gxxs Tt = 6(pr)x + 6qqx + xxo
(2.36)

(D) p, =6ppy + Dyxxs 4 = 6(PQ)y + 644Gy + Qx> Tt =6(DF)y + Fyyrs
(2.37)
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(V) p,=6pp, + Prxxs @ = 6(p9)x + 644Gy + Gyry> 71 =6(pr),

FOrr, + s (2.38)
(V) p=6ppy + Dyxx» 4 =60y + 699y + qyyys 1, =6(pr)y
+6qr, + 1y (2.39)

the first of which is a generalization of the perturbation equation of
the KdV equation and the second to the fifth of which are nonlinear
integrable couplings of the KdV equation. The matrix blocks Ui and 17,-,
1 <i £3, in the corresponding Lax pairs (2.22)-(2.26) are determined
as follows:

V) 0, =UG). 02=[_°q 8],03=[°

-r

8] h=vo.

and
| - 2
® V= " e
| —2(A+2p)q — qxx 4«
. [ -r 2r
V= N :
: =2(A+2p)r—ry 1y
[ - 2
m V= x 1,
| _2(}« + zp)q —qxx  4x
. [ —r 2r
v, = - :
i _2(}"' + 2pr +q ) —Txx Iy
| - 2
am v, = dx a8
| 2A+2p+9)q—dyx 4
. [ -r 2r
V3= : )
=2(A+2p)r—ry 1y
o - 2
w) V= qx q 7
| 2A+2p+9)a—qyx 4y
. [ —r 2r
Vy= ) .
: =2(A+2p+r)r—ry, ry
o - 2
W) V= o .
| 2(A+2p+ ) —dxx 4y
. [ —r 2r
v, = " :
—2(A+2p)r—ry 1y

Furthermore, the associated hereditary recursion operators can be ex-
pressed by the following:

D(p) 0 0

O d@=|49+2¢,0;' dp) 0 |,

| 4r + 2rx6;1 0 O(p)

D(p) 0 0
an  &@) =| 4q+24,0;" O(p) 0 |
| 4r + 21343;' 4q + Zqu;] D(p)

[ ®(p) 0 0
am &@) =| 49+2q,0;' dp+q 0 |,

| 4r+2r 07! 0 D(p)
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) 0 o |
av) @ =|4q+2q,07' d(p+q) 0 ,
4r+2r 07! 0 D(p+r)
) 0 o |
V) d@)=|4g9+2¢,0;" ®p+q 0 |,
4r +2r.07! 0 D(p+q)

where & = (p,q,r)" and ®(u) is the hereditary recursion operator of the
KdV equation, defined by (2.34).

By using these extended integrable equations, Alice-Bob systems,
both local and nonlocal, can also be generated (see, e.g., [23,24]). The
basic idea described above can be applied to other integrable equations,
including both scalar and multi-component ones.

3. Concluding remarks

We have demonstrated that expansions over three-dimensional uni-
tal associative algebras yield bi-integrable couplings, presenting a gen-
erative idea for integrable couplings. All these algebras exhibit rich
algebraic structures related to bi-integrable equations, including their
associated Lax pairs and hereditary recursion operators. To illustrate
our general approach, we employed the KdV equation as an example.
These analyses enhance the existing body of research on integrable cou-
plings [1,25,26].

It is evident that employing block type matrix algebras for Lax
pairs enables us to generate larger classes of integrable couplings. By
combining the considered form of spectral matrices with other forms
found in the literature, we can create a more diverse range of inte-
grable couplings. Furthermore, these integrable couplings may exhibit
additional integrable properties, such as Hirota bilinear forms and z-
symmetry algebras [27]. Moreover, dark type integrable couplings [28]
using expansions in nilpotent elements (or dark numbers [29]) can be
generated [1]. The richness of dynamical structures in such nonlinear
models, including soliton phenomena (see, e.g., [30-34]) and Frobe-
nius decompositions (see, e.g., [35,36]), can be explored. On the other
hand, integrable extensions, encompassing supersymmetric ones (see,
e.g., [371), bosonizations (see, e.g., [38,39]) and ren-integrable ones
(see, e.g., [40]), can also be represented using expansions involving
nilpotent elements, such as Grassmann numbers in supersymmetry the-
ory. All such analyses will enrich our understanding of multi-component
integrable equations (see, e.g., [21,22,41,42]) and contribute towards
their classification from through an algebraic lens.

An intriguing question concerning bi-integrable couplings is whether
it is possible to construct an integrable coupling that encompasses two
given integrable equations. In other words, given two integrable equa-
tions u, = K(u) and v, = S(v), can we construct a larger system of the
form

u, =K@, v,=SW), w;, =T(u,v,w), (3.1)

while preserving overall integrability? Here, the Gateaux derivatives
T'(u) and T’ (v) are assumed to be non-zero, characterizing a special bi-
integrable coupling. We hope to answer this question in the near future.

Understanding integrable couplings and their associated Lax pairs
and recursion operators not only deepens our comprehension of these
systems but also opens avenues for exploring new mathematical struc-
tures and solving complex physical problems. The applications of inte-
grable equations and couplings extend across diverse fields, from fluid
dynamics and plasma physics to nonlinear optics and quantum me-
chanics, highlighting their relevance and importance in understanding
natural phenomena and engineering applications.

CRediT authorship contribution statement

Wen-Xiu Ma: Writing — review & editing, Writing — original draft,
Visualization, Methodology, Formal analysis, Conceptualization.

Physics Letters A 523 (2024) 129783
Declaration of competing interest

The author declares that there are no known competing financial
interests or personal relationships that could have influenced the work
reported in this paper.

Data availability
No data was used for the research described in the article.
Acknowledgements

The work was supported in part by National Natural Science Founda-
tion of China (12271488, 11975145 and 11972291) and the Ministry of
Science and Technology of China (G2021016032L and G2023016011L).

References

[1] W.X. Ma, B. Fuchssteiner, Integrable theory of the perturbation equations, Chaos
Solitons Fractals 7 (1996) 1227-1250.

[2] Y.P. Sun, D.Y. Chen, Integrable couplings and new exact solutions for the nonisospec-
tral AKNS equation, Int. J. Mod. Phys. B 20 (2006) 925-935.

[3] Z.Li, H.H. Dong, Two integrable couplings of the Tu hierarchy and their Hamiltonian
structures, Comput. Math. Appl. 55 (2008).

[4] X.X. Xu, Integrable couplings of relativistic Toda lattice systems in polynomial form
and rational form, their hierarchies and bi-Hamiltonian structures, J. Phys. A, Math.
Theor. 42 (2009) 395201, 21 pp.

[5] X.X.Xu, An integrable coupling hierarchy of the Mkdv_integrable systems, its Hamil-
tonian structure and corresponding nonisospectral integrable hierarchy, Appl. Math.
Comput. 216 (2010) 344-353.

[6] Y.F. Zhang, H.W. Tam, Coupling commutator pairs and integrable systems, Chaos
Solitons Fractals 39 (2009) 1109-1120.

[7] F.C. You, Nonlinear super integrable Hamiltonian couplings, J. Math. Phys. 52
(2011) 123510.

[8] L. Wang, Y.N. Tang, Tri-integrable couplings of the Giachetti-Johnson soliton hierar-
chy as well as their Hamiltonian structure, Abstr. Appl. Anal. 2014 (2014) 627924.

[9] J.Z. Wu, X.Z. Xing, X.G. Geng, Integrable couplings of fractional L-hierarchy and its
Hamiltonian structures, Math. Methods Appl. Sci. 39 (2016) 3925-3931.

[10] Z.B. Wnag, H.F. Wang, Integrable couplings of two expanded non-isospectral soliton
hierarchies and their bi-Hamiltonian structures, Int. J. Geom. Methods Mod. Phys.
19 (2022) 2250160.

[11] H.F. Wang, Y.F. Zhang, A new multi-component integrable coupling and its appli-
cation to isospectral and nonisospectral problems, Commun. Nonlinear Sci. Numer.
Simul. 105 (2022) 106075.

[12] Q.L. Zhao, H.B. Cheng, X.Y. Li, C.Z. Li, Integrable nonlinear perturbed hierarchies of
NLS-mKDV equation and soliton solutions, Electron. J. Differ. Equ. 2022 (2022) 71.

[13] W.X. Ma, Loop algebras and bi-integrable couplings, Chin. Ann. Math., Ser. B 33
(2012) 207-224.

[14] B.Y. He, L.Y. Chen, Y. Cao, Bi-integrable couplings and tri-integrable couplings of
the modified Ablowitz-Kaup-Newell-Segur hierarchy with self-consistent sources, J.
Math. Phys. 56 (2015) 013502.

[15] T.C. Xia, F.J. Yu, Y. Zhang, The multi-component coupled Burgers hierarchy of
soliton equations and its multi-component integrable couplings system with two ar-
bitrary functions, Physica A 343 (2004) 238-246.

[16] T.C. Xia, F.C. You, A generalized MKdV hierarchy, tri-Hamiltonian structure, higher-
order binary constrained flows and its integrable couplings system, Chaos Solitons
Fractals 28 (2006) 938-948.

[17] W.X. Ma, Nonlinear continuous integrable Hamiltonian couplings, Appl. Math. Com-
put. 217 (2011) 7238-7244.

[18] E. Study, Uber Systeme complexer Zahlen und ihre Anwendung in der Theorie der
Transformationsgruppen, Monatshefte Math. 1 (1890) 283-354.

[19] B. Fuchssteiner, Application of hereditary symmetries to nonlinear evolution equa-
tions, Nonlinear Anal. 3 (1979) 849-862.

[20] A. Dimakis, F. Miiller-Hoissen, Bi-differential calculi and integrable models, J. Phys.
A, Math. Gen. 33 (2000) 957-974.

[21] J.Y. Yang, W.X. Ma, Four-component Liouville integrable models and their bi-
Hamiltonian formulations, Rom. J. Phys. 69 (2024) 101, 10 pp.

[22] W.X. Ma, A combined Liouville integrable hierarchy associated with a fourth-order
matrix spectral problem, Commun. Theor. Phys. 76 (2024) 075001, 8 pp.

[23] M. Giirses, A. Pekcan, On SK and KK integrable systems, arXiv:2404.00671.

[24] S.Y. Lou, F. Huang, Alice-Bob physics, coherent solutions of nonlocal KdV systems,
Sci. Rep. 7 (2017) 869, 11 pp.

[25] Y.F. Zhang, H.W. Tam, Applications of the Lie algebra gl(2), Mod. Phys. Lett. B 23
(2009) 1763-1770.

[26] W.X. Ma, Integrable couplings and two-dimensional unital algebras, Axioms 13
(2024) 481, 8 pp.


http://refhub.elsevier.com/S0375-9601(24)00476-6/bibBD02876D33EA9CB9F50F8B9E184B8BB0s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bibBD02876D33EA9CB9F50F8B9E184B8BB0s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bibEE917A0174D29FA2EF249C74E529EDB9s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bibEE917A0174D29FA2EF249C74E529EDB9s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib931799DCFC230399A404047C525B888Ds1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib931799DCFC230399A404047C525B888Ds1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bibF611C20313FBEBEC13947E79CC0A57E1s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bibF611C20313FBEBEC13947E79CC0A57E1s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bibF611C20313FBEBEC13947E79CC0A57E1s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib267B5D1F5E0FD1E88E6F93CB476C56D1s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib267B5D1F5E0FD1E88E6F93CB476C56D1s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib267B5D1F5E0FD1E88E6F93CB476C56D1s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib0FAF7FE49ECB3678E01B0295AE36DA35s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib0FAF7FE49ECB3678E01B0295AE36DA35s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib9701F7CE9B1AA0EBC33334AD6875E3F2s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib9701F7CE9B1AA0EBC33334AD6875E3F2s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib24F25CBA492567BE4A157DCB3CD2E1C0s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib24F25CBA492567BE4A157DCB3CD2E1C0s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib7AE7A10A8161C92D895E6D707B8B226Bs1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib7AE7A10A8161C92D895E6D707B8B226Bs1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib4B09D9B4135C7DD96D92C55AF7AF8AC9s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib4B09D9B4135C7DD96D92C55AF7AF8AC9s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib4B09D9B4135C7DD96D92C55AF7AF8AC9s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib70EE0227AA86A6915E7800D3CB722FC4s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib70EE0227AA86A6915E7800D3CB722FC4s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib70EE0227AA86A6915E7800D3CB722FC4s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib94AEDD0ADA2C4762B5D571C1C63FCFA6s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib94AEDD0ADA2C4762B5D571C1C63FCFA6s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bibE554CB43C55522298C3ECE18B3D5BCF3s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bibE554CB43C55522298C3ECE18B3D5BCF3s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib9C9ECAECAEB74941944E218492E95EBFs1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib9C9ECAECAEB74941944E218492E95EBFs1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib9C9ECAECAEB74941944E218492E95EBFs1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib85FB710FC32DC4EE8BD5C4AD7DA05526s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib85FB710FC32DC4EE8BD5C4AD7DA05526s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib85FB710FC32DC4EE8BD5C4AD7DA05526s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bibFF583A69C2C757FC7446D56579B42811s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bibFF583A69C2C757FC7446D56579B42811s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bibFF583A69C2C757FC7446D56579B42811s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib3E36CCAAB3ECD997CC12BAC51237A4F6s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib3E36CCAAB3ECD997CC12BAC51237A4F6s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib51EABEBD6E200D9EB894A60411D7A564s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib51EABEBD6E200D9EB894A60411D7A564s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib18939474C0C5BA1E37FFE5997121CF8Es1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib18939474C0C5BA1E37FFE5997121CF8Es1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib160140AA831BE4539FAC05D42E9809EBs1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib160140AA831BE4539FAC05D42E9809EBs1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bibB9B395708CF7BC2DE37663470BF3B34Cs1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bibB9B395708CF7BC2DE37663470BF3B34Cs1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bibF538BDAD31E94F32FC8E4C61EE258F72s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bibF538BDAD31E94F32FC8E4C61EE258F72s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib5CF928AAAFC96AA5A3F2BBF253B944E9s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib1DFDCBF4A4E60579134263759F1AB818s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib1DFDCBF4A4E60579134263759F1AB818s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib11684A52A9EFBDC452A7C32A3B466797s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib11684A52A9EFBDC452A7C32A3B466797s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib75114C0213CFCE0A551B63CD1226C8F7s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib75114C0213CFCE0A551B63CD1226C8F7s1

W.-X. Ma

[27] Y.P. Sun, H.Q. Zhao, New non-isospectral integrable couplings of the AKNS system,
Appl. Math. Comput. 203 (2008) 163-170.

[28] W.X. Ma, Variational identities and Hamiltonian structures, in: W.X. Ma, X.B. Hu,
Q.P. Liu (Eds.), Nonlinear and Modern Mathematical Physics, in: AIP Conf. Proc.,
vol. 1212, American Institute of Physics, Melville, NY, 2010, pp. 1-27.

[29] S.Y. Lou, Extensions of dark KdV equations: nonhomogeneous classifications,
bosonizations of fermionic systems and supersymmetric dark systems, Physica D 464
(2024) 134199, 10 pp.

[30] W.X. Ma, Binary Darboux transformation of vector nonlocal reverse-time integrable
NLS equations, Chaos Solitons Fractals 180 (2024) 114539, 7 pp.

[31] N. Jannat, N. Raza, M. Kaplan, A. Akbulut, Dynamics of lump, breather, two-waves
and other interaction solutions of (2+1)-dimensional KdV equation, Int. J. Appl.
Comput. Math. 9 (2023) 125, 21 pp.

[32] W.X. Ma, Y.H. Huang, F.D. Wang, Y. Zhang, L.Y. Ding, Binary Darboux trans-
formation of vector nonlocal reverse-space nonlinear Schrédinger equations, Int.
J. Geom. Methods Mod. Phys. 21 (2024) 2450182, https://doi.org/10.1142/
50219887824501822.

[33] N. Raza, S. Arshed, M. Kaplan, Multiple soliton and traveling wave solutions of the
negative-order-KdV-CBS model, Rev. Mex. Fis. 70 (2024) 031305, 8 pp.

[34] W.X. Ma, Type (4*, A) reduced nonlocal integrable AKNS equations and their soliton
solutions, Appl. Numer. Math. 199 (2024) 105-113.

Physics Letters A 523 (2024) 129783

[35] W.X. Ma, H.Y. Wu, J.S. He, Partial differential equations possessing Frobenius inte-
grable decompositions, Phys. Lett. A 364 (2007) 29-32.

[36] X.Z. Hao, S.Y. Lou, Decompositions and linear superpositions of B-type Kadomtsev-
Petviashvili equations, Math. Methods Appl. Sci. 45 (2022) 5774-5796.

[37] P. Mathieu, Supersymmetric extension of the Korteweg—de Vries equation, J. Math.
Phys. 29 (1988) 2499-2506.

[38] X.N. Gao, S.Y. Lou, Bosonization of supersymmetric KdV equation, Phys. Lett. B 707
(2012) 209-215.

[39] X.N. Gao, S.Y. Lou, X.Y. Tang, Bosonization, singularity analysis, nonlocal symme-
try reductions and exact solutions of supersymmetric KdV equation, J. High Energy
Phys. 2013 (2013) 29, 29 pp.

[40] S.Y. Lou, Ren-integrable and ren-symmetric integrable systems, Commun. Theor.
Phys. 76 (2024) 035006, 8 pp.

[41] W.X. Ma, A four-component hierarchy of combined integrable equations with bi-
Hamiltonian formulations, Appl. Math. Lett. 153 (2024) 109025, 6 pp.

[42] W.X. Ma, Four-component combined integrable equations possessing bi-Hamiltonian
formulations, Mod. Phys. Lett. B 38 (2024) 2450319, https://doi.org/10.1142/
$0217984924503196.


http://refhub.elsevier.com/S0375-9601(24)00476-6/bibAD8AA45E0DD9E3AD7FB334E64B185029s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bibAD8AA45E0DD9E3AD7FB334E64B185029s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib1A2559AAD05BEF45337194E9E9E8BA49s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib1A2559AAD05BEF45337194E9E9E8BA49s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib1A2559AAD05BEF45337194E9E9E8BA49s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib4E3688223A07C1398F4899EAD4B319BFs1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib4E3688223A07C1398F4899EAD4B319BFs1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib4E3688223A07C1398F4899EAD4B319BFs1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bibD0A5B66267DE86FEE2C5DD7D86EEA7DAs1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bibD0A5B66267DE86FEE2C5DD7D86EEA7DAs1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib724F669D8594D309B8FC425F907CAA57s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib724F669D8594D309B8FC425F907CAA57s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib724F669D8594D309B8FC425F907CAA57s1
https://doi.org/10.1142/S0219887824501822
https://doi.org/10.1142/S0219887824501822
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib63F8A8814D903705FDBB27E5CC0B453Bs1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib63F8A8814D903705FDBB27E5CC0B453Bs1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib89B143188C6D6240C731645FC4A6213Fs1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib89B143188C6D6240C731645FC4A6213Fs1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib1CA89D3B9C9F77C75C695BF0495CA411s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib1CA89D3B9C9F77C75C695BF0495CA411s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib1C5EF8EE2EE651451A76A4CF80F90593s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib1C5EF8EE2EE651451A76A4CF80F90593s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib8CA0C4A8BD8AE0CA7D850E006E885AF9s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib8CA0C4A8BD8AE0CA7D850E006E885AF9s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib2C391D9151766ECF7AB27AFFABD3CC90s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib2C391D9151766ECF7AB27AFFABD3CC90s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib31F3923C00FDAD53DFBD3A736548B194s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib31F3923C00FDAD53DFBD3A736548B194s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib31F3923C00FDAD53DFBD3A736548B194s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib0E59AC972D96050CD77EB7FFD17C8F80s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib0E59AC972D96050CD77EB7FFD17C8F80s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib2BFF99AF74B5867E2D733038EDC43FD4s1
http://refhub.elsevier.com/S0375-9601(24)00476-6/bib2BFF99AF74B5867E2D733038EDC43FD4s1
https://doi.org/10.1142/S0217984924503196
https://doi.org/10.1142/S0217984924503196

	Integrable couplings stemming from three-dimensional unital algebras
	1 Introduction
	2 Integrable couplings by three-dimensional algebras
	2.1 Generating scheme
	2.2 Applications to the KdV equation

	3 Concluding remarks
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	Acknowledgements
	References


