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1. Introduction

Integrable equations are based on Lax pairs or matrix spectral problems associated with matrix Lie algebras [1,2]. The most commonly
used is the special linear algebra [3-5], but special orthogonal algebras also generate integrable hierarchies with Hamiltonian structures
(see, e.g., [6]). The key point is to choose a pseudoregular element in a matrix loop algebra to form a spectral matrix, and then the
corresponding zero curvature equations will naturally produce an integrable hierarchy. Hamiltonian structures could be constructed via the
trace identity [7] if the associated Lie algebra is semisimple, and the variational identity [8] if the associated Lie algebra is non-semisimple.
This usually guarantees the Liouville integrability.

Integrable reductions could be made under similarity transformations, which keep the original zero curvature equations to be invariant.
Local and nonlocal reduced integrable equations have been generated from matrix spectral problems associated with the Ablowitz-Kaup-
Newell-Segur (AKNS) spectral problems (see, e.g., [9-11] and [12-17] for local and nonlocal reductions, respectively). It has been shown
that through pairs of group reductions, we can generate novel kinds of nonlocal reduced integrable equations [18-20]. All such studies
provide great supplements to the traditional theories of partial differential equations.

This letter aims to present an application of the zero curvature formulation to a matrix spectral problem with multiple components.
In Section 2, we present a special matrix Lie sub-algebra of the general linear algebra and formulate a matrix spectral problem. Via
zero curvature equations, we generate an integrable hierarchy with multiple components, and using the trace identity, we construct
its Hamiltonian structure. In Section 3, we propose two group reductions of the spectral matrix, which lead to two reduced integrable
hierarchies. A typical example in the first reduced hierarchy reads

Pts = P + 3PxeBp" p +3papp” px — pxap” pp — 2papl pp.

where o and g are two constant commuting symmetric and orthogonal matrices and p” denotes the matrix transpose of the potential p.
Two typical examples in the second reduced hierarchy are
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ipe, = Pxe+2pBp'p — pap” p*pa,
and
_ T T T % T . x
Pt; = Pxxx +3pxBD' D +3pBp' px — pxap” p"Bo — 2pap, p” B,

where « and B are two real commuting symmetric and orthogonal matrices, and p' and p* denote the Hermitian transpose and the
complex conjugate of the potential p, respectively. In the last section, we give a conclusion and some concluding remarks.

2. A multi-component integrable hierarchy
2.1. A matrix Lie algebra

Let n be a given natural number, and o be a given symmetric and orthogonal matrix of order n:

ol =a, dTa=1,, (2.1)

where I, is the identity matrix of order n.
Consider a class of square matrices

—a b 0
A=| ¢ d aTpT |, (2.2)
0 cfaT a

where a is a scalar, b and ¢T are row vectors of dimension n and d is a square matrix which satisfies

(ad)T = —ad. (2.3)

It is direct to check that such matrices form a matrix Lie algebra, under the matrix commutator: [A, B] = AB — BA. All matrices in (2.2)
are determined by the property that

0 0 1
0 —a 0[A (2.4)
1 0 O

is skew-symmetric.
2.2. A multi-component integrable hierarchy
As usual, let A denote the spectral parameter, and assume that the potential vector reads:

u=uxt)=p.q)", p=pEx=/P1.--,pn), a=q9x ) =(q1,--- . qn)" . (2.5)

We consider the spatial matrix spectral problem as follows:

—A p 0
—igy=Up=U@, )¢, U=| ¢ 0 afp’ |, (2.6)
0 qTa” A

which provides a counterpart of the AKNS spectral problem [3].
We first solve the stationary zero curvature equation

Wy =ilU, W], (2.7)
by looking for a Laurent series solution:
—a b 0 —alst pld! 0
W=| ¢ d o |=) 2 wh whl=| disl oTplsiT | (2.8)
0 c"aT a 520 0 BT gl

Note that we have
pc—Dbq —Ab+ pd+ap 0
[U,W]=| Ac—dq —qa (U, Wl 2" —da"pT +aTpTa |,

0 rcTal —ag"a +qTa’d qg'bT —cTpT
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where
U, Wln=gh—cp—a'bTq"a” +aTpTcTal.
Thus, the stationary zero curvature equation gives the recursion relation:
al® =0, pl% =0, =0, d® =0,
bl = ibf! + pdls) + al¥lp,
st = —jclS 4 dlslg 4 gals), (2.9)

a)[<5+1] — i(b[s+1]q _ pC[S+1]) — —b,[f]q _ pC)[(S],

d,[f'HJ — i(qb[sﬂ] _ C[s+1]p _ aTb[s+1]TqTaT + anTC[SJrl]TaT),
where s > 0. Upon choosing

a® =1, d% =o, (2.10)
and taking the constant of integration to be zero,

a¥y—o =0, d¥l,_o=0, s> 1, (211)

we can work out

bl =p, M =¢q, a=0, dV =0;
b = ipy, ¢ = —igy, a®?) = —pg, d?I = —gp +a"pTq"a";
b3 = —py — 2pgp + pa’pTqTal,
Pl =g —2qpq + " pTq " q.
3 . (212)
aBl = —i(pxq — pqy).
dB =i[—(qpx —qxp) + T (pIq" — pTaD)aT1;
b1 = —ipyxx — 3ipxqp — 3ipgpx + ipxa" pTq" a" + 2ipa’ piqTal,
) = iqux + 3iqxpq + 3iqpqx — 2T pTqlaTq — iaT pTqTaTqy.
Then, we introduce the temporal matrix spectral problems:
r
—ige = Vg =V, g, VT ='Wy =Y awlil r=o. (213)

s=0

Now it is direct to see that the compatibility conditions of the two matrix spectral problems in (2.6) and (2.13), i.e., the zero curvature
equations:

U, — Vil 4i[u, vl =o, r>o, (2.14)
generate the multi-component integrable hierarchy:
ug, = K" = (iU, —icr U e p, = ib™ 1 g, = —icl™ 1 r>o0. (2.15)

The first two nonlinear integrable equations are the generalized nonlinear Schrédinger equations

ipt, = Pac+2pap — papTqTar, (2.16)
iqr, = —Qxe — 2qpq +ap’q" g,
and the generalized modified Korteweg-de Vries equations
Pts = Pxxx + 3PxaP + 3pqpx — Pxap’ q" o — 2papyq’ e, 217)
Gts = Qxue + 30xPq + 3qpax — 2ap g g — ap’q" agy. '
2.3. Hamiltonian structure
To construct a Hamiltonian structure for the integrable hierarchy (2.15), we apply the trace identity
8 ou ] U
— [ u(W—)dx=1"" —1Vtr(W—), (218)
ou oA dA au

where y is a constant. Obviously, we have
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aU U
tr(W —) = 2a, tr(W —) = 2T, )T, 219
w=o) (W) =2(".b) (219)
and thus, we obtain
i/ S gy = 177 iV(c[ﬂT,blsl)T, s> 0. (2.20)
su dA -
Taking s =2, we find y =0, and then we have
y als+11
—/ STax = (1T, ptshT | 1] :—/ dx, s> 1. (2.21)
su S
This enables us to furnish the Hamiltonian structure for the integrable hierarchy (2.15):
sl 0 il
uy=Kr=Jo—, = N ES! (2.22)
du —ilm 0

where J is a Hamiltonian operator and [ is defined by (2.21). This Hamiltonian structure establishes a relation between symmetries
and conserved quantities. Infinitely many symmetries, which are commuting

[Ks,. Ks,] = K{, (W)[Ks,]1 — K, ()[Ks,1=0, 51,55 >0, (2.23)
are guaranteed by a Lax operator:

[[Vlslj, Vlszl]] — Vlsll/(u)[Klszl] _ Vlszlf(u)[Klle] + [Vl51J7 Vlszl] =0, s1,53>0, (2.24)
which can be proved directly. It then follows from the Hamiltonian structure that

SH 1] T SH 521
{’Hsl,’HsZ}]:/( o ) J s x=0 51,520, (2.25)

A bi-Hamiltonian structure [21] can be presented as well by combining J with a recursion relation for Ks from (2.9) [22].
3. Integrable reductions

Let B be another constant square matrix of order n which satisfies

BT =B, BB =1In, ap =pa, (3.1)

where o is the square matrix involved in the spectral matrix U by (2.6).
Case 1: First, we take a reduction for the spectral matrix U:

0 0 1
cuCcl'=U=rn,c=[0 g 0. (3.2)
1 00
Noting that
A qla™gT 0
cugyct=| pa’p" 0 Bq |,
0 pBT  —x
the above reduction equivalently requires
q=app’orp=q'ap. (33)
It is direct to see that
CWOC T =-W (=), (3.4)

since both Laurent series CW (1)C~! and W (—2) of A solve the stationary zero curvature equation (2.7) with U(—A) and possess the
opposite initial values at A = co. Therefore, by virtue of V'l = (\'W)_., we further have

cviigyc™t = (=) vli-a), r=o. (3.5)
This implies that
C(Utyyyy ) — vIEHI ) +ilum), V[25+1](A)])C*1 .
= Uty (=) — VB iU (=), VI (<)), s = 0,

4
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and thus, we obtain a reduced integrable hierarchy

Ptysi1 = ib[25+2]|q=aﬁpT5 s>0, (37)

each of which possesses infinitely many symmetries and conservation laws inherited from the original ones under the potential reduction
(3.3). The first nonlinear reduced integrable equation is

Pts = P +3PxeBp" p +3papp’ px — pxap’ pp — 2papl pp. (3.8)

Case 2: Second, we take another reduction for the spectral matrix U:

100
cumct=uton, c=l0 g 0, (3.9)
00 1

where UT(A*) = (U(1*))T, B is again a constant square matrix of order n which satisfies (3.1), and T denotes the Hermitian transpose, and
* stands for the complex conjugate. In what follows, we assume that « and B are real.
Upon observing that

—»  ppT 0
cumc'=|pgg 0 paTp’ |,
0 qTalp? A
the above reduction on the spectral matrix exactly requires
q"=pporp'=pq, (310)

(note that to keep UT(1*) to be in the chosen algebra, & must be real, and to impose this pair of potential reductions, 8 must be real).
Under such a potential reduction, we have

cwmc ! =wio, (311)
which guarantees that

cvilyc Tt =vIilia), r>o. (312)
It then follows that

C(Us ) = VI ) + iU, vIT o)) c!

; (3.13)
= (U, 0" = VoM +iu ), vInen)', r>o,
and thus, we obtain a reduced integrable hierarchy
P, =i gt =0, (314)

whose infinitely many symmetries and conservation laws are similarly inherited from the original ones under the potential reduction
(3.10). The first two nonlinear reduced integrable equations read

ipe, = pxx +2pB" p'p — pap”p* BT, (3.15)

and

Pt; = Px + 3DxBD'D +3pBp'px — pxaep” p* Bt — 2papl p*par, (3.16)

where p' and p* denote the Hermitian transpose and the complex conjugate of the potential p, respectively.
4. Concluding remarks

A multi-component integrable hierarchy has been presented from a newly introduced matrix spectral problem associated with a special
Lie algebra of the general linear algebra. Two integrable reductions have been made, one of which leads to a reduced integrable hierarchy
of generalized mKdV equations, and the other, to a reduced integrable hierarchy involving both generalized NLS equations and generalized
mKdV equations.

We remark that it would be interesting to construct reduced nonlocal integrable equations from the adopted matrix spectral problem
(see, e.g., [23] for the case so(3,R)). It would also be of significant importance to explore soliton solutions of the presented integrable
equations by the Darboux transformation, Riemann-Hilbert problems or the Hirota direct method, including lump solutions [24,25], com-
plexitons [26], rogue waves [27,28] solitonless solutions and algebro-geometric solutions [29]. For lower order integrable equations in the
presented hierarchies, one can directly generate multi-phase solutions through special functions including elliptic functions.

5
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