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Abstract

A Lax integrable multi-component hierarchy is generatesnfra matrix spectral
problem involving two arbitrary matrices, within the thafnework of zero curvature
equations. Its Hamiltonian structure is established benme# the trace variational
identity. An example with five components is presented, togrewith the first two
Hamiltonian systems in the resulting soliton hierarchy.
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1. Introduction

It is important to explore integrability [1] for nonlinear differential and/orfeli€nce equa-
tions. One of the problems contributing to the theory is to search for completetyratble

differential and/or difference equations and to accumulate characterigtiategrability.

To the end, we would here like to present a Lax integrable multi-componeat tingy from

a matrix spectral problem involving two arbitrary matrices, within the the framlewd

zero curvature equations.

It is known that the multiplicity of a given system of differential and/or diffeze equa-
tions causes difficulties in determining its integrable properties. Our resulpraNide a
useful supplement to existing integrable theories of scalar differentifibarquations, of
which a few criteria such as the inverse scattering transform, the Paitdst; Bicklund
transformation are available for testing integrability [2, 3].

The paper is structured as follows. In Section 2., starting from a new hahder
matrix spectral problem, the associated Lax integrable equations of multi-cemiscare
furnished. In Section 3., one representative hierarchy of the resllingntegrable equa-
tions is presented and shown to possess Hamiltonian structure based ac¢hatiational
identity. Moreover, a concrete example with five components is computedhé&rgeith
two first Hamiltonian systems in the resulting Lax integrable hierarchy. A fewlcoing
remarks are given in Section 4..
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2. Lax Pairs and Associated Zero Curvature Equations

We consider a higher-order matrix spectral problem involving two arlyitratrices:

Ay g 0 1
br=Up=Ulw,Ng, U= | |, Jo= : (2.1)
—q' r -1 0
where\ is a spectral parametet,is a skew-symmetric (i.er;7 = —r) matrix andu =

p(q,r) is a vector potential. Hergis an arrangement of variables in two arbitrary matrices
g andr into a vector.

To derive associated Lax integrable equations, let us first solve thenstatipero cur-
vature equation
Ve =[U,V] (2.2)

of the spectral problem (2.1). We try a solutignof the following type:

(2.3)

whereq is scalar and? = —c. Therefore, based on

A% —qb” 4 bg" AJ2b — adag + qc — br
LW —agT = b g —qTb+ 6T g+ [, d]

the stationary zero curvature equation (2.2) becomes

azJ2 = bg" — qb",
by = AJab — aJaq + qc — br, (2.4)
ce =0"q—q"b+[r,c].

As usual, we seek and specify a formal solution as follows:

aJ: b
V= k2 k] (2.5)

— Pt — ()" en

CLJQ b © k
= E ViA™, Vi =
C

where(c;,)” = —ci, k > 0. Then, the three equations in (2.4) recursively defineallb;,
andcg, k > 0, while the initial values need to satisfy

bo =0, apz =0, coz = [, col-
From now on, for any integet > 1, we take

VO = (W) 4+ A, =) VAT 4 A, A, =
j=0

0 0 -
0 6, | (2.6)
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0, being skew-symmetric and of the same size,aand introduce the time evolution law
for the eigenfunction:
b, = Vo =V (4, \)o. 2.7)

DefiningU; = Ul)—o, we can compute that

0 bng+andaqg—qen +byr
* 0

0 —qdy,

—60q" On — [1,60)] ] ’

((Anv)+)x - [U, ()‘nV)Jr] = Vn,x - [Ulv Vn] =

An,ac - [U> An] = An,x - [Ula An] -

wheren > 1. Note that it is not necessary to compute {Bel)-entry x, which actually
is the negative of the transpose of tfie2)-entry. It now follows that the compatibility
conditions of (2.1) and (2.7) for all > 1, i.e., the zero curvature equations

U, — V™ +[U,v®™] =0, n>1,

n

associated with the Lax pairs bfandV' ("), n > 1, engender a Lax integrable hierarchy of
multi-component evolution equations

qt, = bn,x + apJoq — qc, + bpr — qén) Tt, = 5n,x - [ru 5n]7 n > 1. (28)

A large number of soliton hierarchies have been presented this wayfgsesample,
[41-[9]). In the following section, we would like to single out a soliton hietay with
Hamiltonian structure among the above multi-component Lax integrable equations

3. Hamiltonian Soliton Hierarchy

Let us take
O0p = aCpy, > 1, 3.1

wherea is a constant. Then, due to (2.4), the Lax integrable hierarchy (2.8hieco
qt,, = bngz + anJaq — qcn + byr — aqey, 1, = oz(bfq — qun), n>1. (3.2)

Furthermore, the resulting Lax integrable hierarchy can be written as

b
!q] :Jc<q,r>lc ] (3.3)
tn n

whereJ, denotes the matrix compact form of the integro-differential opetaepending
ong andr:
ut, = (p(q;7)t, = J(@,7)p(bn+1, cpt1), n = 1. (3.4)

First, it is direct to show that the operatdris Hamiltonian. Namely,/ is skew-
symmetric and satisfies the Jacobi identity [10]:

(A, JB) = —(JA, B), (A, J'[JB|C) + cycle(A, B,C) = 0, (3.5)
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where the inner product reads
1
(A,B) = / tr(AT By + 5A2T Bo) dx,
J’ denotes the Gateaux derivative

d
J'[v] = &J(u + &v)|e=0,

and A = p(A;1, As), B = p(B1,B2) andC = p(Cy,Cs) are arbitrary vectors with
Ay, B1,C1 and As, Bs, Cs are matrices of the same sizegandr, respectively,

Second, let us recall the trace variational identity:

) ou 0 ou
i il — Y \Y hutadl
o [V = S, 35)
where(A, B) = tr(AB) is the Killing form andy is a constant [11]-[13]. In our case, we
have oU oU ou

<V7 07q> = _2ba <V7 E> = _26’ <V, a

It follows from the trace variational identity that

0
87 b | -

[ % ]Hn: [ ],Hn:/<_“”+1> dz, n > 1. (3.7)
o Cn "

This leads to the Hamiltonian structure of the Lax integrable hierarchy (3.2):

) = —2a.

J
! ! ] = J.(q,7) [ 5; ] H,, n>1. (3.8)
tn or

r

Whenr is a2 x 2 matrix, let us introduce

Uy us 0 us
q= = , (3.9)
Ug  Ug —us 0
dn fn 0 hn
b, = , Cp = ,n >0, (3.10)
€n gn _hn 0

wherew;, 1 < ¢ < 5, is scalar variables, and,, e,,, f, g, andh,, are scalar functions.
Then, setting: = (u1, uz, us, uq, us)’, the resulting Lax integrable hierarchy (3.8) can be
rewritten as

[ oo+ u2ay, — usfrn, — (4 L)ush, 7 M dy, T
en,z — U1Gn — Usgn — (@ + L)ughy, en ~
g, = | fnp+waan +usd, + (@ +Duth, | =J| fu | = J%, n>1, (3.11)
In,z — Usn + Usepn, + (a+ ughy, In
L iy o i L hn
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where the Hamiltonian operator is given by

T 04+ us0 g —u20" uy w0 tug —usy —udluz —(a+ 1Dug T
—u10 g 0+ u 0 uy — w10 uy w0 tug —us  —(a+ 1uy
J=| w0 lus +us —uy 0 1y 0+ w0 tuy —us0 lug (a4 1ug
—u30" Tuy uz0 tuy + us —u30 Ly O+uz0 tug  (a+1)uy
L (a+1)us (a4 1)ugy —(a+ 1uy —(a+ 1)ug -0 i
(3.12)

Taking the initial values as follows
ap=1, by =0, ho =0,
and setting each integration constant to zero, then the first few quantdies ar
a1 =0, by =¢q, h1 =0;
dy = —ugy + uqus, €2 = Ul — U3Us, fo = —Usy — U2U5, g2 = U3y + UIUs,
as = —%(u% + U3 4 ul + u3), hy = ujug — ugus.

Thus, the first and second nonlinear systems of Hamiltonian equations imxhate-
grable hierarchy (3.8) with = (uy, uo, u3, us, us)” read

Uly — U3US5,
U2z — U4U5, -
uy, = | use +urus, | = J%>
ou
Uqg + UU5,
L 0 -
and
[ —usgs + 2udpus + ugusy — suspr — (o + Dujuguy |
Uge — 2Usps — UsUsg + suip2 + (o + 1)uguguy N
Uty = —Udgy — 2U2,U5 — U2Usgy — %U4p3 - (Oé + 1)“1”2“3 = J%a
Usga + 2U1pUs + Uruse + Susps + (o + Duguguy
i a(urug — uguz)s .
where

p1=ud +u3 — (2a+ Duj + uj — 2u2,
p2 = ud +u3 +ui — (20 + 1)ui — 2u2,
p3 = —(2a 4+ L)uf + ud + u3 + uf — 2u2,

pa = ui — (20 + 1)ud + ui + uj — 2ud,
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the Hamiltonian operatof is defined by (3.12), and the Hamiltonian functionals and
H, are given by

~ 1
iy = [ 00+ 1+ o o) d,

~ 1 1 1 1
Hy = /[(U1U4 - UQU3)U5 - 5“1“2&: + 5“1;1:“2 - §U3'LL4Q; + §U3$U4] dx.

4. Concluding Remarks

A higher-order matrix spectral problem involving two arbitrary matrices ing®duced,
and an associated Lax integrable hierarchy were presented throlegtingeappropriate
temporal parts of Lax pairs. The key in the construction is to force theceded zero
curvature equations to yield evolution equations. The presented multi-cemipbax in-
tegrable hierarchy was proved to possess Hamiltonian structure by nfe¢aegmce vari-
ational identity. An example with five components and its first two nonlinear Haralon
systems were computed.

We point out that if we take
On = QCpy1, 1> 1,

where« is a constant, the Lax pairs in Section 2. leads to another interesting Lax inte-
grable hierarchy of multi-component Hamiltonian equations, and the resultingltenian
structure is local [9]. Note that the Hamiltonian operafadefined by (3.12) is non-local.

We also mention that multi-component integrable equations can be generatgghtiother
approaches such as perturbations [5, 14], loop algebra method=srd &nlarging spectral
problems based on semi-direct sums of loop algebras [16, 17]. Thqseaapes pro-
vide clues for classifying multi-component integrable equations, in partjddéniltonian
equations [13, 18].
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