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This study introduces a framework of matrix spectral problems associated with the general symplectic Lie alge-
bras sp(2m), and establishes their corresponding integrable hierarchies through the zero-curvature formulation.
The trace identity is employed to establish the bi-Hamiltonian structures, while the associated Lax pairs ensure
the existence of Darboux transformations. Furthermore, the N-fold Darboux transformation is systematically for-
mulated through iterations of first-order Darboux transformations, and an explicit single-step application is also

1. Introduction

In soliton theory, Lax pairs play a central role in the study of in-
tegrable systems. The concept of a Lax pair [1] involves formulating
a linear eigenvalue problem associated with a given matrix Lie alge-
bra. By constructing appropriate solutions to the corresponding sta-
tionary zero-curvature equation, one can generate a commuting hierar-
chy of model equations with remarkable integrable properties, includ-
ing infinitely many symmetries and conserved Hamiltonian functionals
[2,3].

The associated Lax pairs enable the explicit construction of gen-
eral soliton solutions, which are closely related to the inverse scatter-
ing transform [4-6], the Darboux transformation (see, e.g., [7-10]), the
Riemann-Hilbert problem [11,12], the dressing procedure [13,14], ver-
tex operators [15-18], and z-functions (see, e.g., [19,20]). These con-
structions are often framed in terms of affine (also called Kac-Moody or
Euclidean) Lie algebras (see, e.g., [3,17]), specifically within Hermitian
symmetric spaces (see, e.g., [2,21-23]).

In the formulation of Lax pairs, we typically denote the potential (or
the dependent variable) by u, and the spectral parameter by 1. A Lax
pair consists of a set of linear eigenvalue problems:

(0, U, 1)p=0, (0, =V (4, 1)) =0, 1.1)
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or equivalently,

O =U, Do, ¢, =Vu, Mo, (1.2)

where ¢ is the eigenfunction, and U and V, referred to as the spatial

and temporal spectral matrices, respectively, belong to the loop algebra

g associated with a Lie algebra g:

g:{zg,mg,eg,kez}. 1.3)
I<k

The loop algebra g can be decomposed into a direct sum:

£=8,®8., 1.4

where the two sub-Lie algebras are defined as

§+={ZgM’IgIEg,kZO},g_z{ZgMIIgIEg}‘ (1.5)

0<i<k <0

The way the potential and the spectral parameter enter the Lax pair is

essential for characterizing the associated integrable system. The com-

patibility condition, also known as the zero-curvature condition, is ex-

pressed as

[0, —U,0,—V1=0, orequivalently, U, -V, +[U,V]=0, (1.6)

where [U, V'] denotes the Lie bracket of U and V. This condition ensures
that the eigenfunction ¢ evolves consistently in both the spatial and
temporal directions, thereby leading to the integrable system.
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$\tau $


$A^{(1)}_r$


$2n$


$\lambda ^*,\lambda $


$N$


$\tau $


$u$


$\lambda $


\begin {equation}\bigl (\partial _x -U(u,\lambda )\bigr ) \phi =0,\ \bigl ( \partial _t -V\bigl (u,\lambda ) \bigr )\phi =0,\end {equation}


\begin {equation}\phi _x=U (u,\lambda )\phi ,\ \phi _t= V (u,\lambda )\phi ,\end {equation}


$\phi $


$U$


$V$


$\tilde g$


$g$


\begin {equation}\tilde g = \Bigl \{\sum _{l\le k} g_l \lambda ^l \, |\, g_l\in g,\ k\in \mathbb {Z} \, \Bigr \} . \label {eq:loopalgebra:ma791}\end {equation}


$\tilde g$


\begin {equation}\tilde g = \tilde g_+\oplus \tilde g_-,\end {equation}


\begin {equation}\tilde g_+=\Bigl \{\sum _{0\le l \le k} g_l \lambda ^l \, |\, g_l\in g ,\ k\ge 0 \, \Bigr \} , \
\tilde g_-=\Bigl \{\sum _{l\le 0} g_l \lambda ^l \, |\, g_l\in g\, \Bigr \} .\end {equation}


\begin {equation}[ \partial _x -U,\partial _t -V]=0, \ \
\textrm {or equivalently,}\ \
U_t-V_x+[U,V]=0 , \label {eq:zce:ma791}\end {equation}


$[U,V]$


$U$


$V$


$\phi $


$\widetilde {\textrm {sl}}(2,\mathbb {C})$


\begin {equation}U (u,\lambda )=\left [\begin {array}{cc} \lambda & p \\ q & -\lambda \end {array} \right ],\
V(u,\lambda )=\left [\begin {array}{cc} a & b \\ c & -a \end {array} \right ],\end {equation}


$p$


$q$


$a,b$


$c$


$\lambda $


$u$


$u$


\begin {equation}p_t=p_{xx} -2p^2q,\
q_t=-q_{xx} +2 p q^2,\end {equation}


\begin {equation}a=2\lambda ^2 -pq, \ b =2\lambda p+ p_x, \ c=2\lambda q -q_x .\end {equation}


$U$


$V$


$W \in \tilde g_-$


\begin {equation}[\partial _x -U, W]=0, \ \ \textrm {i.e.},\ \ W_x - [U,W]=0. \label {eq:szce:ma791}\end {equation}


\begin {equation}\textrm {ad}^* _W (\partial _x -U)=0 ,\end {equation}


$\textrm {ad}^*$


$\tilde g$


$\hat g$


$\tilde g$


\begin {equation}\frac {\delta }{\delta u} \int \textrm {tr}\bigl ( { W } \frac {\partial { U }}{\partial \lambda } \bigr )\, dx = \lambda ^{-\gamma } \frac {\partial }{\partial \lambda } \lambda ^{\gamma } \textrm {tr}\bigl ({W } \frac {\partial {U }}{\partial u}\bigr ), \label {eq:traceidentity:ma791}\end {equation}


$\frac {\delta }{\delta u}$


$u$


$\gamma $


$\lambda $


$\gamma $


\begin {equation}\gamma = -\frac \lambda 2 \frac d {d \lambda } \ln \textrm {tr}\ (W^2).\end {equation}


\begin {equation}\phi '= D\phi \end {equation}


$u'= u'(u)$


$D = D(u, \lambda )$


$u$


$\lambda $


$\phi '$


\begin {equation}\phi '_x = U'\phi '= U(u',\lambda )\phi ',\ \phi '_t = V'\phi '=V(u',\lambda )\phi ',\end {equation}


$U'$


$V'$


$D$


\begin {equation}U'D= DU + D_x, \ V'D= DV + D_t,\end {equation}


$\hat G$


$\hat g$


\begin {equation}D(\partial _x -U)D^{-1}=\partial _x -U', \
D(\partial _t -V)D^{-1}=\partial _t -V'.\end {equation}


$U$


$V$


$n$


\begin {equation}D(\lambda ) = \lambda I_n - S,\end {equation}


$I_n$


$n\times n$


$S$


$n \times n$


$\lambda $


$\lambda _1 , \lambda _2,\cdots ,\lambda _n$


$\phi ^{[i]}$


\begin {equation}\phi ^{[i]}_xU(u, \lambda _i)\phi ^{[i]} , \ \phi ^{[i]}_t = V(u,\lambda _i )\phi ^{[i]} ,\ 1\le i \le n,\end {equation}


$u$


\begin {equation}H= (\phi ^{[1]},\cdots ,\phi ^{[n]}),\ A=\textrm {diag}(\lambda _1,\cdots ,\lambda _{n}),\end {equation}


$S$


\begin {equation}S=HAH^{-1},\end {equation}


\begin {equation}D(\lambda _i)\phi ^{[i]}=0,\ 1\le i\le n.\end {equation}


$D(\lambda )$


$u' = u'(u)$


$(2m)$


$(2m)$


$m$


\begin {equation}\textrm {sp}(2m)=\textrm {sp}(2m,\mathbb {C})=\left \{ \left .\left [ \begin {array} {cc} A &B \\ C &-A^T\end {array} \right ]_{2m \times 2m} \, \right |\, B^T=B,\ C^T=C \right \},\end {equation}


$\widetilde {\textrm {so}}(2m)$


$\lambda $


$2m$


$\widetilde {\textrm {sp}}(2m)_+$


\begin {equation}\phi _x={U} \phi ={U} (u,\lambda )\phi , \label {eq:spatialpartofLaxpair:ma791}\end {equation}


$\lambda $


$u$


$m\times m$


$p$


$q$


\begin {equation}u=(p^T,q^T)^T =\left [ \begin {array}{c} p \\ q \end {array} \right ] .\end {equation}


$U$


\begin {equation}{U}= \left [\begin {array} {cccc} \lambda I_m & p \\ q & - \lambda I_m \end {array} \right ]=\lambda \Lambda +P ,\ p^T=p,\ q^T=q, \label {eq:spatialpartofLaxpair:ma791}\end {equation}


\begin {equation}\Lambda = \left [\begin {array} {cccc} I_m & 0 \\ 0 & - I_m \end {array} \right ],\
P =\left [\begin {array} {cccc} 0 & p \\ q & 0 \end {array} \right ].\end {equation}


$I_m$


$m\times m$


$\Lambda $


$\widetilde {\textrm {sp}}(2m)$


$m=1$


$m> 1$


$\Lambda $


$\textrm {ad}_\Lambda $


$\textrm {ad}_EF=[E,F]$


$\Lambda $


$\widetilde {\textrm {sp}}(2m)_-$


\begin {equation}{W} = \left [\begin {array} {cccc} a & b \\ c &-a^T \end {array} \right ] =\sum _{l\ge 0} \lambda ^{-l} {W} ^{ [l] }, \ b^T=b,\ c^T=c, \label {eq:solutionWofszce:ma791}\end {equation}


$\lambda $


\begin {equation}a=\sum _{l \ge 0}\lambda ^{-l } a^{[l]},\
b=\sum _{l\ge 0}\lambda ^{-l} b^{[l]},\
c=\sum _{l \ge 0}\lambda ^{-l} c^{[l]}.\end {equation}


\begin {equation}\left \{ \begin {array} {l} a_x=p c- b q, \vspace {0mm}\\ b_x= 2 \lambda b - p a^T - a p, \vspace {0mm}\\ c_x= qa +a^T q -2 \lambda c . \end {array} \right . \label {eq:formulaforZ:ma791}\end {equation}


$W$


\begin {equation}a^{ [ 0] }_x=0,\ b^{ [0] }=c^{ [0] }=0,\end {equation}


\begin {equation}\left \{ \begin {array} {l} b^{ [l+1] }= \frac 12 (b_{x} ^{ [l] } + p a^{ [l] T}+ a ^{[l]} p ) , \vspace {0mm}\\ c^{ [l+1] }= -\frac 12 (c_{x} ^{ [l ] } - q a^{ [l ] }- a ^{ [l] T } q ) , \vspace {0mm}\\ a ^{ [l +1] }_x = p c^{ [l +1] } - b^{ [l +1] } q , \end {array} \right . \label {eq:recursionrelationforbca^{n+1}:ma791}\end {equation}


$[l]$


$\lambda ^{-l}$


$l\ge 0$


\begin {equation}a ^{[ 0] }= I_m , \label {eq:initialvaluesforW:ma791}\end {equation}


\begin {equation}a ^{ [l] }|_{u=0}=0,\ l\ge 1.\end {equation}


$\{a^{ [l] },b^{[l]},c^{ [l]}\}$


$l\ge 1$


\begin {equation*}\begin {array} {l} \D b^{ [1] } = p , \
c^{ [1] } = q , \
a^{ [1] } =0 ; \vspace {2mm} \\ b^{ [2] } =\frac 1 {2} p_{x} , \
c^{ [2] } =-\frac 1 {2} q_{x} , \
a^{ [2] } =-\frac 1 {2} pq ; \vspace {2mm} \\ b^{ [3] } =\frac 1 {4} ( p_{xx} - 2 pqp ), \
c^{ [3] } =\frac 1 {4} ( q_{xx} - 2 qpq ) , \
a^{ [3] } =\frac 1 {4} ( pq_x -p_x q) ; \end {array}\end {equation*}


\begin {equation*}\left \{ \begin {array} {l} b^{ [4] } =\frac 1 {8} (p_{xxx} - 3 pq p_x - 3 p_x q p ), \vspace {2mm} \\ c^{ [4] } =-\frac 1 {8} ( q_{xxx} - 3 q_x pq - 3 qp q_x ) , \vspace {2mm} \\ a^{ [4] } =- \frac 1 {8} ( pq_{xx} - p_x q_x +p_{xx}q - 3 pqpq ); \end {array} \right .\end {equation*}


\begin {equation*}\left \{ {\fontsize {7}{8}{\selectfont {\begin {array} {l} b^{ [5] } =\frac 1 {16} \bigl [ p_{xxxx} - 4 pq p_{xx} - 2 (3 p_x q+p q_x) p_x - 2 ( 2 p_{xx} q + p_x q_x + p q_{xx} - 3 pqpq ) p \bigr ], \vspace {2mm} \\ c^{ [5] } =\frac 1 {16} \bigl [ q_{xxxx} - 4 q_{xx}pq - 2 q_x (3 p q_x +p_x q) - 2 q ( 2 p q_{xx} + p_x q_x + p_{xx} q - 3 pqpq ) \bigr ], \vspace {2mm} \\ a^{ [5] } =-\frac 1 {16} \bigl [ 2 p( q_x p - qp_x ) q - 4 p_x qpq + 4 pqpq_x + p_{xxx} q - p q_{xxx} +p_x q_{xx} -p_{xx} q_x \bigr ]; \end {array}}}} \right .\end {equation*}


\begin {equation*}\left \{ {\fontsize {6.7}{8}{\selectfont { \begin {array} {l} b^{ [6] } =\frac 1 {32} ( p_{xxxxx} - 5 p_{xxx}qp - 5 pq p_{xxx} -10 p_{xx}qp_x -10 p_x q p_{xx} - 5 p_{xx} q_x p - 5 p q_x p_{xx} \vspace {1mm}\\ \qquad \ \
- 5 p_{x} q_{xx} p - 5 p q_{xx} p_x - 10 p_xq_x p_x + 10 p_x qpqp + 10 pq p_x qp + 10 pq pq p_x ), \vspace {2mm} \\ c^{ [6] } =-\frac 1 {32} ( q_{xxxxx} - 5 q_{xxx}pq - 5 q p q_{xxx} -10 q_{xx}p q_x -10 q_x p q_{xx} - 5 q_{xx} p_x q - 5 q p_x q_{xx} \vspace {1mm}\\ \qquad \ \
- 5 q_{x} p_{xx} q - 5 q p_{xx} q_x - 10 q_x p_x q_x + 10 q_x pqp q + 10 q p q_x p q + 10 q p q p q_x ), \vspace {2mm} \\ a^{ [6] } =-\frac 1 {32} ( p_{xxxx}q +pq_{xxxx} -p_{xxx}q_x-p_xq_{xxx}+p_{xx}q_{xx} -5 pqpq_{xx} -5 pqp_{xx} q -5 pq_{xx} pq \vspace {1mm}\\ \qquad \ \
-5 p_{xx} qpq -5 p_xqp_xq- 5 pq_x p q_x -5 pq_xp_xq + 5 p_x qpq_x +10 pqpqpq ), \end {array}}}} \right .\end {equation*}


$p$


$q$


$m\times m$


$\Delta _k=0$


$k\ge 0$


\begin {equation}\phi _{t_k}={{V}}^{[k ]} \phi = {V }^{[k]} (u,\lambda )\phi , \ {{V}} ^{[k]} = (\lambda ^k {{W}} )_+= \sum _{l=0}^k \lambda ^l {W } ^{[k-l]} , \ k\ge 0. \label {eq:temporalpartofLaxpair:ma791}\end {equation}


\begin {equation}{U} _{t_k}-{V} ^{[k]}_x+[{U} ,{V} ^{[k]}]=0,\ k\ge 0. \label {eq:ZCEs:ma791}\end {equation}


\begin {equation}u_{t_k } =X^{[k]}(u) = \left [ \begin {array} {c } 2 b^{[k+1]} \\ -2c^{[k+1]} \end {array} \right ] ,\end {equation}


\begin {equation}p_{t_k }= 2 b^{[k +1]}, \
q_{t_k }= -2 c^{[k +1]},\ k\ge 0, \label {eq:integrablehierarchy:ma791}\end {equation}


$p$


$q$


$m\times m$


\begin {equation}p_{t_2}=\frac 12 (p_{xx}-2 pq p),\ q_{t_2}=-\frac 12 (q_{xx}-2qpq); \label {eq:coupledNLSeqns:ma791}\end {equation}


\begin {equation}p_{t_3}=\frac 14 (p_{xxx}-3 pq p_x -3 p_x qp ),\ q_{t_3}=\frac 14 (q_{xxx}-3q_x pq- 3 q p q_x ); \label {eq:coupledmKdVeqns:ma791}\end {equation}


\begin {equation}\left \{\begin {array} {l}\D p_{t_4}=\frac 18 [p_{xxxx}-2( 2p_{xx} q p + p q_{xx} p + 2 pq p_{xx}) -2 (p_x q_x p + 3 p_x q p_x +p q_x p_x ) + 6 pqpqp ], \vspace {2mm}\\ \D q_{t_4}=- \frac 18 [q_{xxxx}-2( 2 q_{xx} p q +q p_{xx} q + 2 q p q_{xx} ) -2 (q_x p_x q + 3 q_x p q_x +q p_x q_x ) + 6 qpqp q], \end {array} \right . \label {eq:coupled4thorderNLSeqns:ma791}\end {equation}


$p^T=p$


$q^T=q$


$W$


\begin {equation}\textrm {tr} \bigl ({W} \frac {\partial {U} }{\partial \lambda }\bigr )= 2\,\textrm {tr} \,a , \
\textrm {tr} \bigl ( {W} \frac {\partial {U} }{\partial u }\bigr )= ( c, b )^T=\left [\begin {array} {c} c^T\\ b^T \end {array} \right ] ,\end {equation}


\begin {equation*}\frac {\delta }{\delta u} \int \lambda ^{-(l+1)} (2\, \textrm {tr} \, a^{ [ l +1] }) \, dx = \lambda ^{-\gamma }\frac \partial {\partial \lambda } \lambda ^{\gamma -l} ( c^{ [l] }, b ^{ [l] } ) ^T, \ l\ge 0.\end {equation*}


$l =2$


$\gamma =0,$


\begin {equation}\frac {\delta }{\delta u} {\cal H}^{ [k] } = ( c^{[ k +1]}, b^{[ k +1] } )^T, \ k\ge 0,\end {equation}


\begin {equation}{\cal H}^{ [k] }=-\int \frac { 2 } {k +1} \, (\textrm {tr}\, a ^{[ k+2]} ) \, dx,\ k\ge 0 . \label {eq:defofHamiltonianfunctions:ma791}\end {equation}


\begin {equation}u_{t_k}={X} ^{ [k] } = J_1 \frac {\delta {\cal H}^{ [k] }} {\delta u},\ J_1=\left [ \begin {array} {cc} 0& 2 I_m \\ -2 I_m &0 \end {array} \right ], \ k\ge 0,\end {equation}


$J_1$


${\cal H}^{ [k] }$


$S = J_1 \frac {\delta {\cal H}}{\delta u}$


$\cal H$


$S$


${X }^{ [k] }$


\begin {equation}[\![ {X} ^{ [k_1] },{X} ^{ [k_2] } ]\!]= {X} ^{ [k_1] }{'}(u)[{X} ^{ [k_2] }]-{X} ^{ [k_2] }{'}(u)[{X} ^{ [k_1] }]=0,\ k_1,k_2\ge 0. \label {eq:cormutingpropertyofsymmetries:ma791}\end {equation}


\begin {equation}[\![{{V}}^{ [k_1] },{{V} }^{ [k_2] }]\!]= {{V} }^{ [k_1] }{'}(u)[{X} ^{ [k_2] }] - {{V} }^{ [k_2] }{'}(u)[{X} ^{ [k_1] }] +[ {{V}}^{ [k_1] },{{V} }^{ [k_2] }] =0,\end {equation}


$k_1,k_2\ge 0$


$R'(u)[X]$


\begin {equation*}R'(u)[X]= \lim _{\varepsilon \to 0}\frac {R(u+\varepsilon X)-R(u)}{\varepsilon } .\end {equation*}


$\lambda _{t_k}=0$


${X}^{ [k +1] } = \Phi {X}^{ [k] }$


$\Phi = (\Phi _{ij})_{ 2\times 2}$


$\Phi $


\begin {equation}\Phi = \left [ \begin {array} {cc} \frac 1 {2 } \partial - \frac 12 p \bigl (\partial ^{-1} q (\cdot ) \bigr ) -\frac 12 \bigl (\partial ^{-1} (\cdot )q \bigr ) p & -\frac 1 2p \bigl ( \partial ^{-1} (\cdot )p\bigr ) -\frac 1 2 \bigl (\partial ^{-1}p(\cdot )\bigr )p \vspace {2mm}\\ \frac 1 2 q \bigl ( \partial ^{-1}(\cdot )q\bigr ) +\frac 12 \bigl ( \partial ^{-1} q(\cdot )\bigr ) q & - \frac 1 2 \partial +\frac 12 q \bigl (\partial ^{-1} p(\cdot )\bigr ) +\frac 12 \bigl ( \partial ^{-1}(\cdot )p\bigr ) q \end {array} \right ], \label {eq:defofPhi:ma791}\end {equation}


$\Phi _{11}$


$\Phi _{12}$


\begin {equation*}\left \{ \begin {array} {l} \bigl [p \bigl ( \partial ^{-1} q (\cdot ) \bigr )\bigr ] X_1= p \bigl (\partial ^{-1} (q X_1 ) \bigr ), \
\bigl [\bigl ( \partial ^{-1} (\cdot )q \bigr ) p\bigr ] X_1 =\bigl ( \partial ^{-1}( X_1q ) \bigr ) p, \vspace {2mm} \\ \bigl [ p\bigl ( \partial ^{-1} (\cdot )p\bigr )\bigr ]X_2=p\bigl ( \partial ^{-1} (X_2p)\bigr ) , \
\bigl [\bigl (\partial ^{-1}p(\cdot )\bigr )p \bigr ]X_2=\bigl (\partial ^{-1}(p X_2)\bigr ) p, \end {array} \right .\end {equation*}


$X_1$


$X_2$


$m\times m$


$\Phi _{21}$


$\Phi _{22}$


\begin {equation}J_2= \Phi J_1=\left [ \begin {array} {cc} p\bigl ( \partial ^{-1} (\cdot ) p \bigr )+ \bigl ( \partial ^{-1} p (\cdot ) \bigr ) p & \partial - p \bigl ( \partial ^{-1} q (\cdot ) \bigr ) -\bigl ( \partial ^{-1} (\cdot ) q \bigr ) p \vspace {2mm}\\ \partial - q \bigl ( \partial ^{-1} p (\cdot ) \bigr ) -\bigl ( \partial ^{-1} (\cdot ) p \bigr ) q & q\bigl ( \partial ^{-1} (\cdot ) q \bigr )+ \bigl ( \partial ^{-1} q (\cdot ) \bigr ) q \end {array} \right ],\end {equation}


$J_1$


$J_2$


$m=1$


\begin {equation}u_{t_k }=X^{ [k] }=J_1\frac {\delta {\cal H}^{ [k] }}{\delta u}=J_2 \frac {\delta {\cal H}^{ [k -1] }}{\delta u},\ \ k\ge 1.\end {equation}


\begin {equation}\{ {\cal H}^{ [k_1] },{\cal H}^{ [k_2] } \} _{J_i} =0,\ k_1,k_2\ge 0,\ i=1,2, \label {eq:cormutingproperty1ofconservedfunctionals:ma791}\end {equation}


\begin {equation}\{ {\cal H},{\cal K} \} _{J_i} =\int \bigl (\frac {\delta {\cal H}}{\delta u}\bigr )^T J_i \frac {\delta {\cal K}}{\delta u} \, dx,\ i=1,2. \label {eq:cormutingproperty2ofconservedfunctionals:ma791}\end {equation}


$\{{\cal H}^{[l]}\}_{l=0}^\infty $


$\{X^{[l]}\}_{l=0}^\infty $


$\lambda $


\begin {equation}D(\lambda )=\lambda I_{2m}-S, \label {eq:defforD:ma791}\end {equation}


$S$


\begin {equation*}U'D=DU+D_x,\end {equation*}


\begin {equation}U'= \lambda \Lambda +P ',\ P '=\left [\begin {array} {cc} 0& p' \\ q' & 0\end {array} \right ] , p'^{T}=p',\ q'^{T}=q'\end {equation}


\begin {equation*}(\lambda \Lambda +P ') (\lambda I_{2m}-S) =(\lambda I_{2m}-S) (\lambda \Lambda +P )-S_x.\end {equation*}


$\lambda $


\begin {equation}P '=P + [\Lambda , S], \label {eq:exressionforU':ma791}\end {equation}


\begin {equation}S_x=P 'S-SP =[P + \Lambda S,S]. \label {eq:conditionforS_x:ma791}\end {equation}


$k\ge 0$


\begin {equation*}V^{[k]'}D=DV^{[k]}+D_t ,\end {equation*}


\begin {equation}V^{[k]'}=(\lambda ^k W' )_+= \sum _{l=0}^k W^{[k]'}\lambda ^{k-l},\ W'=\sum _{l\ge 0} W^{[l]'} \lambda ^{-l},\
W'_x=[U',W'],\end {equation}


\begin {equation*}V^{[k]'}(\lambda I_{2m} -S) =(\lambda I_{2m} -S) V^{[k]} - S_t.\end {equation*}


\begin {equation}\left \{ \begin {array} {l} W^{[0]'} =W^{[0]}(=\Lambda ) , \\ W^{[l]'}=W^{[l]}+W^{[l-1]'} S -S W^{[l-1]},\ 0< l\le k, \end {array} \right . \label {eq:exressionforW':ma791}\end {equation}


\begin {equation}S_t=W^{[k]'}S-SW^{[k]}. \label {eq:conditionforS_t:ma791}\end {equation}


$\phi ^{[i]}$


\begin {equation}\phi ^{[i]}_x=U(u,\lambda _i)\phi ^{[i]},\ \phi ^{[i]}_t=V^{[k]}(u,\lambda _i)\phi ^{[i]},\ 1\le i\le 2m,\end {equation}


$\lambda _i\in \mathbb {C}, \ 1\le i\le 2m$


$S$


\begin {equation}S=HA H^{-1}, \label {eq:defofS:ma791}\end {equation}


$H$


$A$


\begin {equation}H=(\phi ^{[1]},\cdots ,\phi ^{[2m]}),\ A=\textrm {diag}(\lambda _1 ,\cdots ,\lambda _{2m}).\end {equation}


\begin {equation}D(\lambda _i )\phi ^{[i]}=0,\ 1\le i\le 2m ,\end {equation}


$D(\lambda )$


$S$


\begin {equation}H_x= \Lambda HA + P H, \ H_t= \sum _{l=0}^k W^{[l]} H A^{k-l}. \label {eq:derivativesofH:ma791}\end {equation}


$S$


$x$


\begin {equation*}\begin {array} {l} S_x= H_xAH^{-1}-HA(H^{-1}H_xH^{-1}) \vspace {2mm} \\ \ \ \ \
= \Lambda HA^2 H^{-1}+P HAH^{-1}-HAH^{-1}( \Lambda HA+P H)H^{-1} \vspace {2mm} \\ \ \ \ \
= \Lambda HA^2 H^{-1}+P HAH^{-1}- HAH^{-1}\Lambda HAH^{-1}-HAH^{-1} P \vspace {2mm} \\ \ \ \ \
=[Q,S]+[\Lambda ,S]S, \end {array}\end {equation*}


$S$


$t$


\begin {equation*}\begin {array} {l} \D S_t= H_tAH^{-1}-HA(H^{-1}H_tH^{-1}) \\ \D \quad = \bigl (\sum _{l=0}^k W^{[l]} H A^{k-l}\bigr ) A H^{-1}-HAH^{-1}\bigl (\sum _{l=0}^k W^{[l]}HA^{k-l} \bigr ) H^{-1} \vspace {2mm} \\ \D \quad = \sum _{l=0}^k W^{[l]}S^{k-l+1} - S \sum _{l=0}^k W^{[l]}S^{k-l} = \sum _{l=0}^k (\textrm {ad}_{W^{[l]}}S ) S^{k-l}, \end {array}\end {equation*}


$\textrm {ad}_E F=[E,F]$


\begin {equation}W^{[k]'}= W^{[k]}+\sum _{l=0}^{k-1} (\textrm {ad}_{W^{[l]}} S) S ^{k-l-1},\end {equation}


$S$


\begin {equation}\phi '=D(\lambda ) \phi , \ U'=DUD^{-1}+D_xD^{-1},\ V^{[k]'}=DV^{[k]}D^{-1}+D_t D^{-1},\end {equation}


$D(\lambda )$


\begin {equation}D(\lambda )=\lambda I_{2m}-S,\ U'=\lambda \Lambda + P ' ,\
V^{[k]'}= \sum _{l=0}^k W^{[k]'}\lambda ^{k-l},\end {equation}


$P '$


$W^{[k]'}$


$U$


$U'$


\begin {equation}p'=p + 2 S_{12}, \ q'=q - 2S_{21},\end {equation}


$S$


$M_{jk}$


$(j,k)$


$M$


$U$


$S_{12}$


$S_{21}$


$W^{[0]'}=W^{[0]}$


$N$


$N$


\begin {equation}D^{[N]}(\lambda )=\sum _{j=0}^N D^{[N]}_{N-j} \lambda ^j,\end {equation}


$D^{[N]}_0=I_{2m},$


\begin {equation}D^{[N]}(\lambda _ i )\phi ^{[i]}=0,\ 1\le i\le 2mN, \label {eq:defofD^{[N]}:ma791}\end {equation}


$\phi ^{[i]}$


$\lambda _i$


\begin {equation}H^{[N]}=\left [\begin {array} {cccc} \phi ^{[1]} & \phi ^{[2]} &\cdots & \phi ^{[2mN]} \vspace {2mm} \\ \lambda _1 \phi ^{[1]} & \lambda _2 \phi ^{[2]} &\cdots & \lambda _{2mN} \phi ^{[2mN]} \vspace {2mm} \\ \vdots & \vdots & \ddots & \vdots \vspace {2mm} \\ \lambda _1^{N-1} \phi ^{[1]} & \lambda _2^{N-1} \phi ^{[2]} &\cdots & \lambda _{2mN} ^{N-1}\phi ^{[2mN]} \end {array} \right ].\end {equation}


$\det H^{[N]}\ne 0$


\begin {equation}(D^{[N]}_N,D^{[N]}_{N-1},\cdots , D^{[N]}_1) H^{[N]} =-(\lambda _1 ^N \phi ^{[1]},\cdots , \lambda _{2mN} ^N \phi ^{[2mN]} ),\end {equation}


$D^{[N]}_1,D^{[N]}_2,\cdots , D^{[N]}_N$


$D^{[N]}(\lambda )$


$N$


$\lambda _i,\ 1\le i\le 2mN$


\begin {align*}(u;U,V^{[k]})\to (u[1];U[1],V^{[k]}[1])\to (u[2];U[2],V^{[k]}[2])\to \cdots \to (u[N];U[N],V^{[k]}[N]),\end {align*}


$N$


\begin {equation}D^{[N]}(\lambda )=(\lambda I_{2m}-S_1)(\lambda I_{2m}-S_2)\cdots (\lambda I_{2m}-S_N),\end {equation}


$N$


\begin {equation}P '=P +[\Lambda , -D_1^{[N]}]=P +[\Lambda , S_1+S_2+\cdots +S_N].\end {equation}


$\lambda _i$


\begin {equation}\phi ^{[i]}=(\phi _1^{[i]T},\phi _2^{[i]T})^T\end {equation}


\begin {equation}\left \{ \begin {array} {l} \phi _1^{[i]}= \textrm {exp}( \lambda _i I_m x + \lambda _i^k I_m t ) \mu _1^{[i]}, \vspace {2mm}\\ \phi _2^{[i]}= \textrm {exp}(- \lambda _i I_m x -\lambda _i^k I_m t ) \mu _2^{[i]} , \end {array} \right .\ 1\le i\le 2m,\end {equation}


$\mu _1^{[i]},\mu _2^{[i]}\in \mathbb {C}^m$


\begin {equation}p'=[\Lambda , S]_{12}= 2 S_{12},\ q'= [\Lambda , S]_{21}=-2 S_{21},\end {equation}


$S=HAH^{-1}$


$U$


$m=2$


\begin {equation}S_{12}^T=S_{12},\ S_{21}^T=S_{21}.\end {equation}


\begin {equation}\lambda _1=\lambda _2,\ \lambda _3 =\lambda _4,\end {equation}


\begin {equation}\left \{ \begin {array} {l} \mu _{1,1,1}\mu _{2,2,1}+\mu _{1,1,2}\mu _{2,2,2}-\mu _{1,2,1}\mu _{2,1,1}-\mu _{1,2,2}\mu _{2,1,2}=0, \vspace {2mm}\\ \mu _{3,1,1}\mu _{4,2,1}+\mu _{3,1,2}\mu _{4,2,2}-\mu _{3,2,1}\mu _{4,1,1}-\mu _{3,2,2}\mu _{4,1,2}=0 . \end {array} \right . \label {eq:cond1forsymmetryproperty:ma791}\end {equation}


\begin {equation}\lambda _1=\lambda _2= \lambda _3 ,\end {equation}


\begin {equation}\left \{ \begin {array} {l} \left [\left (-\mu _{3,2,2} \mu _{2,1,1}+\mu _{2,2,2} \mu _{3,1,1}\right ) \mu _{1,2,1}+\left (\mu _{2,1,1} \mu _{3,2,1}-\mu _{2,2,1} \mu _{3,1,1}\right ) \mu _{1,2,2}\right . \vspace {2mm}\\ \left . + \left (\mu _{3,2,2} \mu _{2,2,1}-\mu _{2,2,2} \mu _{3,2,1}\right ) \mu _{1,1,1} \right ] \mu _{4,2,1} +\left [ \left (-\mu _{2,1,2} \mu _{3,2,2}+\mu _{2,2,2} \mu _{3,1,2}\right ) \mu _{1,2,1} \right . \vspace {2mm}\\ +\left (\mu _{2,1,2} \mu _{3,2,1}-\mu _{2,2,1} \mu _{3,1,2}\right ) \mu _{1,2,2} \left . +\left (\mu _{3,2,2} \mu _{2,2,1}-\mu _{2,2,2} \mu _{3,2,1}\right ) \mu _{1,1,2} \right ]\mu _{4,2,2} =0, \vspace {2mm}\\ \left [\left (\mu _{2,1,2} \mu _{3,2,1}-\mu _{2,2,1} \mu _{3,1,2}\right ) \mu _{1,1,1}+\left (-\mu _{2,1,1} \mu _{3,2,1}+\mu _{2,2,1} \mu _{3,1,1}\right ) \mu _{1,1,2}\right . \vspace {2mm}\\ \left . + \left (\mu _{3,1,2} \mu _{2,1,1}-\mu _{2,1,2} \mu _{3,1,1}\right ) \mu _{1,2,1}\right ] \mu _{4,1,1} +\left [\left (\mu _{2,1,2} \mu _{3,2,2}-\mu _{2,2,2} \mu _{3,1,2}\right ) \mu _{1,1,1} \right . \vspace {2mm}\\ \left . +\left (-\mu _{3,2,2} \mu _{2,1,1}+\mu _{2,2,2} \mu _{3,1,1}\right ) \mu _{1,1,2}+ \left (\mu _{3,1,2} \mu _{2,1,1}-\mu _{2,1,2} \mu _{3,1,1}\right )\mu _{1,2,2} \right ] \mu _{4,1,2}=0 . \end {array} \right . \label {eq:cond2forsymmetryproperty:ma791}\end {equation}


\begin {equation}\mu _{i,j,k}=\mu ^{[i]}_{j,k}, \
\mu ^{[i]}_j = (\mu ^{[i]}_{j,1},\cdots , \mu ^{[i]}_{j,m}) ^T,\ 1\le i\le 2m, \ j=1,2,\ 1\le k \le m.\end {equation}


\begin {equation*}\mu _1^{[1]T}\mu _2^{[2]}- \mu _2^{[1]T}\mu _1^{[2]}=0,\end {equation*}


\begin {equation*}\mu ^{[1]T}\Delta \mu ^{[2]}=0,\end {equation*}


\begin {equation*}\phi ^{[1]T}\Delta \phi ^{[2]}=0,\end {equation*}


\begin {equation*}\Delta =\left [\begin {array} {cc} 0& I_m \\ - I_m & 0 \end {array} \right ] , \
\mu ^{[i]}=\left [ \begin {array} {c} \mu _1^{[i]}\\ \mu _2^{[i]} \end {array} \right ],\ i=1,2.\end {equation*}


$2m$


$N$
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To illustrate, let us consider the Ablowitz-Kaup-Newell-Segur
(AKNS) system, a classical framework for generating scalar integrable
equations. The AKNS spectral problems [24] are defined through the
Lax pair matrices in sl(2, C):

Aop

U(u,l)=[ P a

],V(u,/l)=[ ‘C‘ K ] 1.7)

where p and ¢ are scalar potentials, and a, b, and ¢ are polynomials in
the spectral parameter A with differential polynomial coefficients in u.
The explicit forms of these entries depend on the particular integrable
equation being modeled. Imposing the zero-curvature condition (1.6)
produces nonlinear evolution equations for u. A prototypical example is
the nonlinear Schrodinger (NLS) system:

Py = Py — 204, 4, = —qyy + 204", (1.8)
which arises from the specific choice:
a=2A%—pq, b=2Ap+p., c=24g—q,. (1.9

The integrable structure of such systems is characterized by their associ-
ated spectral problems, which give rise to soliton solutions, and infinite
hierarchies of symmetries and conserved Hamiltonian quantities.

By appropriately selecting U and V, one can systematically de-
rive many classical integrable systems, including the sine-Gordon and
Korteweg-de Vries equations. These systems not only possess remarkable
integrable properties but also admit powerful analytical approaches, in-
cluding the inverse scattering transform and the Darboux transforma-
tion. More generally, the Lax pair (or equivalently, the zero-curvature)
formulation provides a unifying principle for constructing Liouville-
integrable Hamiltonian hierarchies associated with various Lie alge-
bras: special linear algebras (see, e.g., [24-32]), special orthogonal al-
gebras (see, e.g., [33-35]), and non-semisimple Lie algebras (see, e.g.,
[36=39]). Such hierarchies play a central role in modern integrable sys-
tems theory, offering a systematic framework for revealing soliton dy-
namics, Hamiltonian structures, and underlying conservation laws and
symmetries.

Hamiltonain formulation:

Hamiltonian structures are fundamental in the study of integrable
systems, providing a rigorous framework for analyzing the integrability
and conservation properties of the associated models. One of the most
effective approaches for generating Hamiltonian structures is based on
the trace identity (see [25,26]) for semi-simple Lie algebras and its gen-
eralization, the variational identity (see [27]), for non-semi-simple Lie
algebras. In particular, the trace identity has proven to be a powerful
and elegant tool for constructing bi-Hamiltonian formulations and es-
tablishing the integrability of nonlinear evolution equations.

Let W € g_ be a solution to the stationary zero-curvature equation

[0,-U,W]=0, ie, W,—[U W]=0. (1.10)
Geometrically, the left hand side can be interpreted as
ad;, (0, — U) =0, (1.11)

via the coadjoint action ad” of  on the dual space of a central extension
algebra g of 3.

The trace identity provides a fundamental link between the Lax rep-
resentation and the Hamiltonian structure of an integrable hierarchy
(see [25] for details):

LA tr(WQ) dx = Wimr(wﬂ),
ou oA dA

» (1.12)

where % denotes the variational derivative with respect to u and tr
represents the trace of a matrix, and y is a constant independent of the

spectral parameter A. In particular, y can be determined by
__4id 2
r=T5 0 Intr (W*). (1.13)

This identity establishes a direct correspondence between the spectral
problem and the Hamiltonian formulation of the hierarchy, elucidating
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how the variational derivative of a trace functional involving the spec-
tral parameter encapsulates the integrable structure of the hierarchy.

Darboux transformation:
A Darboux transformation consists of a gauge transformation

¢' = D¢

accompanied by a transformed potential v’ = «/(u), where D = D(u, 1) is
a matrix function depending on the potential u and the spectral param-
eter A. The new eigenfunction ¢’ is required to satisfy the same type of
matrix spectral problems:

b =U'¢ =UW DY, ¢;=V'¢ =V, D,

(1.14)

(1.15)

where U’ and V' preserve the structure form of the original Lax pair
matrices (see, e.g., [40,41]). The matrix D, referred to as the Darboux
matrix, must satisfy the spatial and temporal compatibility conditions:

U'D=DU+D,, V'D=DV +D,, (1.16)

which provide a constructive scheme for generating new Lax pairs. The
Darboux transformation can also be derived from the invariant condi-
tions under the adjoint action of the corresponding Lie group G on the
centrally extended algebra §:

D@, -U)D™' =0, -U’, D@, -V)D'=09,-V". 1.17)

Assume the matrices U and V are of order n. A commonly used first-
order Darboux matrix takes the form:

D(A) =, - S, (1.18)

where I, denotes the n X n identity matrix, and S is an » X n matrix
independent of the spectral parameter A.

Let A, 45, -, 4, be distinct eigenvalues with corresponding eigen-
functions ¢! satisfying:

U@ P, ¢ =V apg!. 1<i<n, (1.19)
where u is a known solution of (1.6). Define the matrices

H =@M, ..., 9", A=diag(4,,,4,), (1.20)
and then the matrix .S can be expressed as:

S=HAH™, 1.21)
which is equivalent to the relations

DU =0, 1<i<n. (1.22)

This means that the Darboux matrix D(A) annihilates all the chosen
eigenfunctions. The transformed potential «’ = u'(u) thereby defines a
new solution to the integrable model (1.6). This Darboux framework
is applicable to general AKNS-type flows in both lower- and higher-
dimensional cases [40-43].

This paper introduces a class of matrix spectral problems associ-
ated with the symplectic Lie algebras sp(2m) and constructs correspond-
ing matrix Liouville integrable hierarchies via the zero-curvature for-
mulation. The resulting hierarchies are demonstrated to possess bi-
Hamiltonian structures by means of the trace identity. Darboux trans-
formations are developed using the annihilating generating procedure,
and a concrete application of the first-order Darboux transformation is
presented. The paper concludes with a summary of the main results and
final remarks.

2. Matrix sp(2m)-integrable hierarchies

Let m be a given natural number. We consider the symplectic Lie
algebra:

A B

sp2m) = sp(2m,C) = { [ C AT

] B"=B, c’ = C},
2mx2m
(2.1)
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and denote by s0(2m) its loop algebra, defined as the algebra of Lau-
rent series in the spectral parameter A with coefficients in sp(2m), as
introduced in (1.3).

Based on the sub-loop algebra $p(2m),., we propose and study a ma-
trix eigenvalue problem of the form:

¢, =Ud=Ulu, M9, (2.2)

where 1 is again the eigenvalue parameter, and the potential u consists
of two symmetric m X m matrices p and ¢, and is expressed as

u=".q"" = [ ’ ] 2:3)
q
The matrix U is given by
U:[ Al P ]:/IA+P,pT:p, ¢ =q, 2.4
q -1,
with
1, 0 0 p
A= " P = . 2.
[ 0 _Im :|, [ q 0 ] 25

Here, I,, denotes the m x m identity matrix. Note that the matrix A lies
in the Cartan subalgebra of $p(2m). When m = 1, the spectral problem
reduces to the standard scalar AKNS eigenvalue problem [24], thus pro-
viding a matrix generalization of the AKNS system. For m > 1, the matrix
A defined above admits multiple eigenvalues, and the kernel of the ad-
joint ad, (where ad; F = [E, F]) is noncommutative. Consequently, one
cannot directly apply the Drinfeld-Sokolov scheme [2]. Typically, this
generating scheme requires the matrix A to have distinct eigenvalues
(see, e.g., [3,22]).

To establish the corresponding Liouville integrable hierarchy, we
first solve the associated stationary zero-curvature Eq. (1.10) by seeking
a Laurent series solution in the sub-loop algebra sp(2m)_, which can be
written as:

W= [ a bT ] =Y AWl b =b, " =, (2.6)
c —a >0

where three fundamental components are expanded as Laurent series in
the spectral parameter A:

a= Z alall b= Z 2l e = z alelh, 2.7)
120 10 >0

It is straightforward to verify that the corresponding associated station-
ary zero-curvature Eq. (1.10) leads to the following relations:

ay = pc — an
b, =2b—- pal — ap, (2.8)
¢, =qa+ alq—2Ac.

This system allows the Laurent series solution W to be determined re-

cursively.
Furthermore, the system (2.8) implies the initial conditions:
al® =, pl0 =l = q, (2.9)

and provides the recursion relations for the coefficients of the Laurent
expansion:

pli+11 = %(bg] + pa'T 4 gl p),
el = 2l - galll — T g), (2.10)

a¥+l] — pc”*’” _ b”+”q,

where the superscript [/] denotes the coefficient at order A~/ for I > 0.
As usual, to specify a unique Laurent series solution, we impose the
initial condition

d"=1,, (2.11)
and take the integration constants to vanish:
dll,.o=0,1>1 (2.12)
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Under these conditions, the sequences of {al’!, b, ¢!} for I > 1 can be
derived recursively and uniquely. The first few terms of these sequences
are given by:

P = p, =g, ol =0,

p2

[2] [2]

1 1 1.
7Px> €7 = 754y, 4T = T3D4;

&)

1 1 1
1(Px = 2pap). P = (g, — 2ap9). a = (pg, — pa);

1
b = 2 (Pxx — 3PAPx = 3Pxap),

1
1 = =5 @xx = 3axpq — 3apq,),
1
a¥ = — 2 (Pdyx = Pxdy + Paxd — 3PAP);

1

BB = = [prxex = 4PAPsx = 2300 + PaID, = 22Psxd + Py + Pdyy — 304PDIP),
1

Pl = = [dnn = 4000Pd = 24, BP4, + Pxa) = 24Py, + Py + Pxxd = 304P0)]s

1
Pl = — = [2p(4xp — ap,)q = 4p<aPg + 4PAPAy + Prxxd = Pdsrx + Pxdxx = Prxds]s
1
B = = (Prxxxx = SPaxdP = 5P4Prx = 10P4xdPy = 10p,GPy = 5Pyl = 5GPy
—=5PGxxP = 5PqyxPx — 10P.4.D + 10p.qpgp + 10pgp.qp + 10pgpgp, ).

0 = — = (@ nr = 500iP = 3PGs — 104,00, = 100,54, — 50,0 = 54D,

=54, Prxq = 5P.xqx — 104,p, 4, + 10q,papq + 10gpq,.pq + 10gpqpq,.),

1
@l = = = (P + Plwns = Prxxx = Prllex  Puxlxx = SP4PAyy = SPAP1xd — 5P4xPd
—5PxxdP9 = 5PxqPxq — 5P4Pq — 5P4.P<q + 5Pxqp4, + 10papqpq),

where p and ¢ are symmetric m X m matrix potentials.
On the basis of the above computations, we set A, =0 (k > 0) to
introduce the temporal matrix eigenvalue problems:

k
b, =V¥p =V @ g, VIH = Grw), = Y AW k>0 (213)
=0

These present the temporal parts of the Lax pairs associated with the
spatial problem (2.4). The compatibility (zero-curvature) conditions en-
suring the solvability of the spatial and temporal eigenvalue problems

are given by
U, -V +u,v¥i=o0, k>o. (2.14)

These zero-curvature equations generate a hierarchy of integrable sys-
tems involving two matrix-valued potentials,

Zb[k+1]
“tk = X[k](u) = [ —2c[k+” . (215)
or equivalently,
Py =260, g, = =2 k>0, (2.16)

where p and ¢ are symmetric m X m matrix-valued functions.

As particular examples, this integrable hierarchy includes coupled
systems of integrable NLS equations and modified Korteweg-de Vries
(mKdV) equations, as well as their higher-order generalizations:

1 1
Py = 5 (P = 2P4P): dpy = =75 (e — 24P9); (2.17)

1 1
Piy = 3 P = 3PPy = 30x4P): diy = 7 (Gxxx = 3909 = 30P3y): (2.18)

1
P =3 [Paxxx = 2(2PyxGP + PayyP + 2pqpy,) — 2(P 4P + 3P 4P + P4, Px) + 6P4PGP],

1
4, = g [0 = 2200Pq + aPq +2ap4.) — 2qepq + 34045 + ap.qy) + 6apapal.
(2.19)
where p” = p and ¢’ = q. These models are typical examples of coupled

integrable systems, further extending the class of multi-component in-
tegrable NLS and mKdV-type systems (see, e.g., [44-46]).
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3. Bi-Hamiltonian structures

The bi-Hamiltonian structures of the integrable hierarchy (2.16) can
be systematically constructed by applying the classical trace identity
(1.12) to the spatial matrix eigenvalue problem (2.4).

3.1. Application of the trace identity to Hamiltonian structures

The trace identity involves the solution W defined in (2.6), based on
which the Hamiltonian densities of the hierarchy (2.16) can be system-
atically derived. Concretely, we have

oUu U

- Uy r_[ <
tr(Wﬁ)—Ztra, tr(W au)—(c,b) _[ o7 ] (3.1)

and consequently, the classical trace identity (1.12) in this case yields

51 / A~ tr gl gy = 477 %ﬂ_’(c“],bm)T, 1>0.
u

When evaluated at / = 2, this relation yields y = 0, and therefore, we
obtain
)

5_H[k1 = (k1 plHINT s (3.2)
u

where the Hamiltonian functionals are computed as

MK = — / ki ; (tra**?Yydx, k > 0. (3.3)

This allows us to establish the Hamiltonian structures for the integrable

hierarchy (2.16):

SHIW [ 0 21,
1

— ylkl —
w,=XW =02 = 0

], k>0, B4
ou m

where J, is clearly skew-symmetric and therefore Hamiltonian, and 7]
are the functionals defined above. An essential property of Hamiltonian
structures is the interrelation S = J; % between a conserved functional
H and a symmetry .S within the same nonlinear model.

The standard soliton theory asserts that the vector fields X*I com-
mute:

Ixtal, xtaly = xtal @y xtel] - xtel/wxt™l) = 0, &,k 0. (3.5)

This property can be seen from an algebra of temporal spectral matrices:

[[V[kl], V[kz]]] — V[kl]’(u)[X[kzl] _ V[kz]/(u)[X[kll] + [V[kll’ V[kzl] =0,
(3.6)

where k,k, > 0 and R’ (u)[X] denotes the Gateaux derivative:

R X)—R
R'W)[X] = lim M
£=0 £
This commutativity can also be verified directly by analyzing the rela-
tionship between the isospectral (/l,k = 0) zero-curvature equations (see,

e.g., [47] for details).

3.2. Recursion operators and bi-Hamiltonian structures

Moreover, by employing the recursion relation X!¥*!l = ®x[¥ 2
straightforward yet lengthy computation results in a recursion operator
@ = (D;)r25 which is established as hereditary [48], for the integrable

hierarchy (2.16). This hereditary recursion operator ® reads:

=1p(071()p) = 5 (07 p())p

—30+34(07'p()) + 5 (07" (Ip)q

s

o _[ 10— 1p(07'q() ~ 3 (07" (Ia)p

14(07'()g) + 3 (071q())q
(3.7)

where the operators in ®,; and ®,, are defined as
{ [p(07'4()] %1 = p(97@XD). (07" (Ia)p] X, = (07'(X10)) .
[P(07'C)p)| X, = p(07'(Xap)), [(07'P())p] X, = (07 (0 X2))p,
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where X, and X, are m X m matrices, and the other operators in ®,; and
®,, are defined similarly.

Despite the nonlocality of the recursion operator defined by (3.7),
the locality of the isospectral flows is maintained. The Hamiltonian for-
mulation implies that each flow in the hierarchy preserves the integrable
structure, ensuring that the derived soliton equations remain solvable by
the inverse scattering transform and other analytical methods applicable

to local soliton equations.
Furthermore, we can work out a second skew-symmetric operator:

p(07'C)p) + (07'p())p 0-p(07q()) = (07'()q)p
J,=®J, = , (3.8)
0—q(07'p()) = (07'C)p)q q(071()q) + (07'q())q
and with some detailed, albeit lengthy, analysis, we can show that J;
and J, constitute a Hamiltonian pair (see [49] for a detailed proof in
the case m = 1). Therefore, the integrable hierarchy (2.16) exhibits the
following bi-Hamiltonian structures [50]:
SHH SHIK1

w, =XW=5=— =1,

—, k2 3.9
ou ou (3.9)

It can then be observed that the resulting Hamiltonian functionals com-
mute:

{H[kl],H[kz]}Jl =0, kj,ky 20, i=1,2, (3.10)
under the corresponding Poisson brackets:

SH\T 8K , . _
{H, K}, _/(E) Jigy dx i=1.2. (3.11)

The two commutativity equalities established above, (3.5) and
(3.10), imply that all isospectral flows possess infinitely many conserved
quantities and symmetries intrinsic to integrable systems. Moreover,
leveraging the recursive and bi-Hamiltonian structures, these conserved
quantities and symmetries can be systematically computed and effec-
tively utilized. This property is fundamental to the practical analysis and
application of integrable systems, as it guarantees that their solutions
exhibit well-defined physical behavior and can be explored through rig-
orous mathematical frameworks.

In summary, the integrable hierarchy (2.16) admits a bi-Hamiltonian
formulation, thereby exhibiting Liouville integrability. Each member of
the hierarchy possesses infinitely many commuting conserved quantities
{HN }2, and symmetries {x1 }%2,- The concrete examples (2.17)-(2.19)
illustrate specific nonlinear coupled Liouville-integrable models en-
dowed with bi-Hamiltonian structures, further enriching the ongoing
developments in the literature (see, e.g., [51-55]).

4. Darboux transformations

We now turn to the construction of a class of Darboux transforma-
tions for the matrix integrable hierarchies associated with the symplectic
Lie algebras presented above, via the annihilating generating procedure.

4.1. Compatibility conditions in the Darboux transformation

Let us consider the first-order Darboux matrix in A:
D) = AL, - S, 4.1

where S is an auxiliary matrix to be determined. The spatial compati-
bility condition

U'D=DU + Dy,
with

O /
U =N+ P, P/=[ J b ],p’T=p’, qT =4 (4.2)

leads to

(AA + P')(AI,, — ) = (AL, — S)AA + P) = S..
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By comparing the powers of 4, we obtain

P =P+[AS), 4.3)
and
S, =P'S—SP=[P+AS,S]. (4.9

For a fixed k > 0, the temporal compatibility condition
U

vI'p = pr¥ + p,,

with

k
v = gt = WA w2 Y Wl Wl = w),

1=0 >0
(4.5)
yields
VI (AL, — 8) = (AL, — SV — s,
It then follows that
w0 = w0l(= ),
{ will = wil g wi-1"'s _ swi-10< 1<k, (4.6)
and
s, =wk's - swik, 4.7)

The expressions in (4.3) and (4.6) determine a new Lax pair of ma-
trices, while the formulas in (4.4) and (4.7) establish the spatial and
temporal compatibility conditions necessary for the existence of Dar-
boux transformations.

4.2. Construction of the Darboux matrix

Following the annihilating generating procedure (see, e.g., [40]), we
choose eigenfunctions ¢!l satisfying the Lax pair equations:

A= UG i, ¢ = VI apgll, 1 <i < 2m, (4.8)
where 4, € C, 1 <i <2m. Then the matrix .S can be constructed as
S=HAH™!, (4.9

where H collects the eigenfunctions as columns, and A is the diagonal
matrix of their eigenvalues:

H = (¢!, g™, A = diag(dy, -, dyyn). (4.10)
This construction equivalently ensures that
DUHP =0, 1 <i <2m, (4.11)

indicating that the Darboux matrix D(4) annihilates the selected eigen-
functions.
To verify compatibility, we compute the derivatives of S using the
identities
k
H,=AHA+PH, H =Y W HA*
=0

(4.12)

Differentiating S with respect to x, we obtain
S, =HAH'—HA(H'H ,H™")
=AHA’H '+ PHAH"' —~HAH '(AHA+ PH)H"!
=AHA’H '+ PHAH ' ~-HAH 'AHAH '~ HAH"'P
=[0,S1+[A, S1S,

which verifies the spatial compatibility condition (4.4).
Similarly, differentiating .S with respect to 7, we compute
S,=HAH'—~HAMH'H,H™)
k k
=D wlHA AH - HAHT (Y W HA ) H!

1=0 =0
k k k

— Z wlilgk=1+1 _ ¢ § il g1 _ z(adwm S)Sk1,
1=0 1=0 1=0
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where ad; F = [E, F] again. On the other hand, we can have

k=1
Wkl — yikl o Z(adW”]S)Sk—l—l’
=0

(4.13)

from (4.6). These two formulas confirm that .S satisfies the temporal
compatibility condition (4.7).

4.3. First-order Darboux transformation

From the above formulation, we obtain the resulting Darboux trans-
formation:

¢ =D, U' =DpUD™" + D, D', v = pyMp=' 4 p D!, (4.14)

where D(4) is defined by (4.1). More specifically, we have

WK i, (4.15)

M»

D(A)= ALy, —S, U =N+ P, VM =

Il
=]

where P’ and W' are defined by (4.4) and (4.6), respectively.
Using the structures of U and U’, or directly from (4.4), the new
potentials are explicitly given by:

P =p+2Sp, ¢ =q-25,, (4.16)

where S is defined by (4.9), and the subscript notation M, denotes the
(j, k)-block component of the matrix M under the partitioning deter-
mined by the spectral matrix U, provided that S|, and .S,, are symmet-
ric.

Since W% = w0, by the uniqueness of the stationary zero-
curvature equation, the two Lax pairs produce the same integrable sys-
tem. This explains why the Darboux transformation successfully gener-
ates new solutions from known ones.

4.4. General Nth-order Darboux transformation

We consider an Nth-order Darboux matrix of the form

N
DMy =Y D W,
j=0

(4.17)

with D([)N 1= 1,,, subject to the conditions
DM ¢! =0, 1 <i<2mN, (4.18)

where ¢!l are eigenfunctions corresponding to the eigenvalues 4;, re-
spectively. Define a matrix

¢[1] ¢[2] ¢[2mN]
N ,11¢[l] 12(1,[2] ,1sz¢[2le
HIN = . (4.19)
N—1g[1] N—14[2] N-14[2mN]
e LT Ao ® "

When det HV! # 0, we can solve

(DN pINT

L DI e DINHHINT = — (AN gl AN | gl2mN), (4.20)

to determine DENJ, DENJ, - D[A]]VJ and hence the Darboux matrix DIN1(4).
Alternatively, one can iterate the first-order Darboux transformation
N times using the eigenvalues 4;, 1 <i <2mN:

@ U, V™) - @1 U1, VHE[1]) - @2]:U[2), V¥]2]) - - - @[N] UIN], VIND),

to obtain an Nth-order Darboux transformation. Due to the commuta-

tivity of Darboux transformations [7,41], we have
DWNI(Q) = (AL, — S)(Alyy, — S5) =+ (Aly,y, — Sy), (4.21)

and consequently, the Nth-order Darboux transformation can be ex-
pressed explicitly. In particular, the new potential matrix is given by

P'=P+[A-D"=P+[A S +S,++Syl. (4.22)
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4.5. Example: Explicit solutions via a single transformation

We illustrate the procedure by considering the zero (vacuum) solu-
tion as the seed. For each eigenvalue 4;, the associated eigenfunction

¢l = @ gy (4.23)
is given explicitly by
" = exp(4;1,x + 24 1,)ul",
1<i<2m, (4.24)

B = exp(=A;1,x — A¥ 1,0l
where ;45”, Mg] € C™ are arbitrary constant column vectors. Substituting
these into the Darboux framework, the new solution is explicitly given
by:

P =AM, S, =251, ¢ =[A, S = -2, (4.25)

where S = HAH™! is constructed from the explicit eigenfunctions de-
termined above, as defined in (4.9). The block components are taken
with respect to the partitioning induced by the spectral matrix U.

Let us consider the case m =2 and determine conditions that guar-
antee

ST, = Sp. 8, =Sy (4.26)
If we take
M= Ay Ay = Ay, 4.27)

then, by a symbolic computation, we find that a set of two sufficient
conditions is

Hi1,1M201 T H112M000 — M12,1H21,1 — H1poM2 10 = 0,
(4.28)
H31,1H42,1 T H312H422 — H32,1Ha 1,1 — H3p2Ha12 = 0.
If we take
M =4y =4, (4.29)

then, similarly, a set of two sufficient conditions is

[(_”3,22”2.1.] + M2,2.2ﬂ3,1,1)l‘1,2,1 + (H2,1.1H3.2,1 - M2A2,1H3,1.1)H1,2A2
H(Hs2bo01 = ooabson ) i) Hans + (<o ak320 + Haots 1 2) 112
+(Ma12M300 = HaniM312) i (3ot = MaooHsn ) Hiia) Hana =0,
(2120321 = Hop k32 110 + (=Ha 1Mo + Moo s 1) g

+(/43,1,zl‘2,1.1 - H2‘1,2/43,1‘1)/41,2‘1]/44,1,1 + [(”2,1,2-‘43.2,2 - ”2,22/43‘1,2)/41‘1,1

+(—M3,2.2/42,1,1 + H2.2,2ﬂ3,1,1)ll1,1,2 + (Mz,l,zﬂz,l,l - ”2.1,2”3.1.1)”1.2.2]”4.1.2 =0.
(4.30)
In the above expressions, we assume
pijae= Wi W= Gl T V< <om j= 12, 1<k <m.
(4.31)

The conditions in (4.28) reflects the orthogonality between the eigen-
functions involved. For example, the first condition in (4.28) can be
written as

ME”TM?J _ Mé”TM&ZJ =0,
which can also be expressed as

ﬂUJTAﬂ[ZJ =0,

indicating that the orthogonality property holds:
¢[1]TA¢)[2] =0,

where
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Nevertheless, it is not clear what type of algebraic or geometric condi-
tions are represented by those in (4.30).

It is remarkable that the presented Darboux transformation gener-
ates new solutions from known ones, illustrating the Bicklund-type self-
consistent closure property of the integrable systems associated with the
general symplectic Lie algebras.

5. Concluding remarks

This study explores matrix integrable hierarchies arising from spe-
cific matrix eigenvalue problems formulated using the symplectic Lie al-
gebras sp(2m). Bi-Hamiltonian structures and Darboux transformations
are established via the trace identity and the annihilating generating
scheme. These bi-Hamiltonian structures are fundamental for under-
standing the integrable dynamics inherent in such models. In general,
starting from the vacuum state, successive iterations of Darboux trans-
formations generate N-soliton solutions.

The concrete examples presented provide specific coupled systems of
nonlinear integrable equations, illustrating the practical application of
the theoretical framework discussed above and highlight the integrabil-
ity and rich structure exhibited by these systems. Notably, such systems
can also be constructed through group reductions or similarity trans-
formations applied to matrix spectral problems within the matrix AKNS
integrable hierarchies (see, e.g., [45,56]). Moreover, group reductions
enable the generation of integrable systems involving reflection points
in time and space can also be generated (see, e.g., [57]).

Employing Laurent series solutions to solve the stationary zero-
curvature equation is a crucial step in the construction process, as it
reveals the underlying structure and integrability of the associated mod-
els. Applying the trace identity to the matrix eigenvalue problem further
deepens our understanding of the bi-Hamiltonian structures inherent in
these systems. Darboux transformations are developed to generate soli-
ton solutions from the vacuum state, offering powerful analytical tools
and insights into nonlinear dynamics [4,5].

Based on the eigenvalues of the associated matrix spectral problem,
general soliton solutions can be classified into negatons, positons and
complexitons [58]. These solutions can be further categorized into soli-
tons, breathers, kinks, anti-kinks, lumps, rogue waves, and mixed in-
teraction solutions, some of which arise through specific reductions of
wave numbers in general soliton solutions (see, e.g., [59,60]).

Increasing the number of potentials or the order of dependence on
the spectral parameter in the spatial spectral matrix naturally leads to
larger and more complex integrable systems (see, e.g., [61,62]). Al-
though the complexity of these systems grows accordingly, making their
analysis more challenging, the study of such extended integrable sys-
tems continues to yield valuable insights into the fundamental princi-
ples governing nonlinear dynamics and integrability in mathematical
physics [57,63].
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