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Abstract: Let k,I be two integers with k > 0 and I > 2, ¢ a real number greater than or
equal to 1, and f a multivariable function satisfying f(wy, wp, w3, ---,w;) > 0 when wq,w, > 0.

We consider an arbitrary order nonlinear difference equation with the indicated function f: z,, 11 =
c(zntzy i) +(c=D)zuzy_g+cf (2n,2n kW3, W)
ZnZy_k+f(2n,20_pws, - 1) +c
w;, i > 3, are arbitrary functions of zj, n— k < j < n. We classify its solutions into three types with
different asymptotic behaviors, and verify the global asymptotic stability of its positive equilibrium

solution Z = c.

, n > 0, where initial values z_y,z_j1,- - -, Zp are positive and

Keywords: difference equation; positive equilibrium; oscillatory solution; strong negative feedback;
global asymptotic stability
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1. Introduction

Difference equations regard time as a discrete quantity, and are treated in mathematics as
discrete dynamical systems. Examples include inflation and unemployment data, published once
a month or once a year, which tells us an inverse correlation between inflation and unemployment.
Difference equations are similar to differential equations, but the latter regard time as a continuous
quantity and examples include continuous dynamical systems.

There are various ways of solving linear difference equations [1]. However, for nonlinear difference
equations, properties of solutions, in various situations, can only be observed and conjectured by
numerical simulations, and they are extremely difficult to verify rigorously in mathematical ways [2].
Global asymptotics of special functions also play key roles in formulating algebro-gemoetric solutions
to soliton equations (see, e.g., [3,4]) and determining scattering data in matrix spectral problems
(see, e.g., [5]). It is, therefore, fundamentally important to make qualitative analysis on nonlinear
difference equations, particularly global behaviors, and this is the topic of the current study. There have
been some related mathematical studies on rational difference equations in the literature (see, e.g., [6-11]).

In numerical mathematics, an iterative algorithm (see, e.g., [12]) to approximate a zero of a given
function g reads

5ag(0) —vaglin1) o
8(xn) — g(xn-1) -
An application of this algorithm to a quadratic function g(x) = x
rational difference equation

Xnel =

2 —a, a > 0 gives a special

XnXp—1+4a

,n>0. )
Xn + Xp—1

Xpn4+1 =

In this paper, we would like to consider a more general difference equation.
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Let k,I be two integers with k > 0 and | > 2, ¢ a real number greater than or equal to 1, and f a

multivariable function satisfying that
fwi,wa, w3, -+ ,wy) >0, when wy, wy > 0. ®)

We would like to study a (k + 1)th-order nonlinear difference equation involving an indicated
function f:

c(zn +zp—x) + (¢ = V)znzy_g +cf (zn, 2y_r, w3, - - ,Wy)
ZnZp—k + f(ZnIZ]’l*k/ w3, rwl) +c

Zp+1 = , 1 2 0/ (4)
with positive initial values z_y,z_fi1,---,zp and w;, i > 3, being arbitrary functions of zZj,
n —k < j < n. Taking positive initial values and the property (3) guarantees positive solutions. It is
direct to see that this difference Equation (4) possesses only one equilibrium: Z = ¢, among positive
solutions. Upon taking a transformation

=y n> -k, (5)
n
we obtain an equivalent difference equation
C(YnYn—k +) + flC/Yn ¢/Ynt)YnlYnr ©)

Y1 = c(Yn+Ynr+c—1)+ f(c/ynlc/yn—k)ynyn—kl
where f = f(wq,w;) is assumed. The positive equilibrium solution z = ¢ of the difference Equation (4)
becomes the positive equilibrium solution ¥ = 1 of the transformed difference Equation (6).

A reduction with ¢ = 1 and f = 0 yields the rational difference equation studied in [9,10]:

YnYn—k 1
=——— n2>0. 7
Yni Yn Yn—k ( )

Introducing x, = \/ay, into (7) generates

where a > 0. This resulting difference equation in the case of k = 1 is exactly the numerical algorithm
in (2).

In this paper, we would like to show that there are three solution categories for the nonlinear
difference Equation (4). A characterization of oscillatory solutions will be made, and the global
asymptotic stability properties of the positive equilibrium solution Z = ¢ will be verified. Finally, a few
illustrative examples of solutions will be presented.

2. Global Behavior
2.1. Classification of Solutions

Immediately from the difference Equation (4), we can derive

(c —zy)(zy—i — )
Z —C = 7 n Z O/ 9
et ZnZy—k +f(znr Zn—k, W3, - ,ZU[) +c ©)

(c—zn)[(zn + V)zyi + f(2Zn, 24—, w3, - -, wy)]
ZnZp—k + f(2Zn, Zn—, w3, -+, W) + ¢

Zytl — Zn = ,n>0, (10)
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and
(¢ — zy—i) [(znok + 1)zn + f (20, 2k, w3, - - -, wy)]
ann,k +f(zl’l/ ank/ w3, - /wl) + c

Zn+1 — Zn—k = , 1 =>0. 11)
Now from the equalities (10) and (11), we can easily get the following solution properties.
Proposition 1. Let {z,}5__, be a solution to the nonlinear difference Equation (4). Then we have

Zyy1 > zpifzn < c, and z, 11 < zy if 24 > ¢, (12)

and
Zni1 > Zn—k if Zy—k < €, and zy 1 < Zp_gif Zy_g >, (13)

where n > 0.

If we take k = 0, then the nonlinear difference Equation (4) becomes a first-order difference equation

ZCZn + (C — 1)231 + Cf(znlzn/ w3, - /wl)
22 + f(zp, zn, w3, -+ ,w;) + ¢

ZTl-‘rl = 7 n 2 0. (14)

On one hand, for n > 0, we have z,,,1 < ¢, since —z% + 2¢z, < 2. On the other hand, for n > 1,
wehave z,, 11 > z,, because c + (¢ — 1)z, > z%, due to z,, < c. Therefore, z,, increases to ¢, when n — oo.

Generally, the equality (9) and the property (12) directly tell that there are three types of solutions
to the higher-order nonlinear difference Equation (4) as follows.

Theorem 1 (Classification of solutions). Let k > 1. Suppose that {z,}>__, solves the (k + 1)th-order
nonlinear difference Equation (4) with a function f satisfying (3). Then it

(i)  eventually equals c, more precisely z, = ¢, n > m, which occurs when z,, = ¢ for some m > 0;

(ii) is eventually less than c, more precisely z, < z,41 < ¢, n > m+k, which occurs when
Zim, Zm4ls " Zmark < C for some m > —k; or

(iii) oscillates about c with at most k + 1 consecutive decreasing terms greater than c and at most k consecutive
increasing terms less than c.

We point out that another situation that a solution of (4) is eventually greater than c does not
occur, which is guaranteed by (9).

A solution {z,}?°__, in the third type of solutions (iii) of Theorem 1 is called an oscillatory solution.
For an oscillatory solution to the nonlinear difference Equation (4), we can verify its decreasing and
increasing characteristics as follows.

Let 11,15 > 0 be two integers satisfying 17 < n;. Based on (10), we can compute that

an - an = (Zi’lz - Z'rl1+1) + (Z'rl1+1 - Zi’ll)

n2—1
= 2 (Zj+1 - Zj) + (Zny 41 — Zny)
j:n1+1
=D+ (zn+1 — Zny), (15)

with D being defined by

"ol (e —z)[(zj + V)zjg + f(zj, 2j—k w3, - -+, wp)]

p- v

j=m 1 zjzjk + f(2j, 2k w3, -+ wp) +c

/ (16)

where an empty sum is conventionally assumed to be 0. Now if n, = n; + 1, the monotonicity
follows from the solution property (12). Hence, we assume that 1, > n; + 2. Consider the case of
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zy > ¢, n1 < n < np. Using the definition of D in (16), we know D < 0, and so z,, < zy,, due to (15).
Consider the case of z,;, < ¢, n; < n < ny. Using the definition of D in (16), we know D > 0, and so
Zn, > Zn,, due to (15).

2.2. Global Asymptotic Stability

Please note that the (k + 1)th-order nonlinear difference Equation (4) has the unique positive
equilibrium solution z = c.

Because a globally attractive equilibrium solution of a first-order difference equation cannot be
unstable [13], the positive equilibrium solution z = c of the first-order difference Equation (14) is
globally asymptotically stable. This is for the case of k = 0 in the nonlinear difference Equation (4).

In what follows, we would like to establish the same result for the general case of k > 1. We can
show the global asymptotic stability property of the positive equilibrium solution zZ = ¢, by verifying
the local asymptotic stability and the global attractivity, which imply the global asymptotic stability [2].
Instead, we are going to prove a strong negative feedback property [14], which guarantees the global
asymptotic stability (see [15] for a generalization of the strong negative feedback property).

Theorem 2 (Global asymptotic stability). The positive equilibrium solution z = c of the (k + 1)th-order
nonlinear difference Equation (4) with a function f satisfying (3) is globally asymptotically stable.

Proof. Let g, = f(zn, 2k, W3, - - ,w;). Beginning with the nonlinear difference Equation (4), we can
obtain by a direct computation:

2

_ (C - ank)[(c — 1>ann7k +CZy+C8n + CZ]
—Zn41 =

, n>0.
Zn—k Zn—k[znzn—k +8n + C]

It now follows from this equality and the equality (11) that

2

(Zn—k — Zn41) (Z — Zp41)

n—k
__ (¢ = zn_1)?[2nZu_ + 2n + gnl[(c = V)zuzy g + 2y +cgn + 7] n>0
ank[znznfk +8nt C]z T

7

which implies a strong negative feedback property:

c2

(Zp—k — Zn+1)(z —2Zy41) <0, >0,

n—k

with equality for all # > 0 if and only if z, = ¢, n > —k. Finally, by a stability theorem in [14]
(Theorem 4 in [14]), the positive equilibrium solution Z = ¢ of the nonlinear difference Equation (4) is
globally asymptotically stable. The proof is finished. [

2.3. lllustrative Examples

To illustrate the oscillation property and the global asymptotic stability in Theorems 1 and 2,
we present two sets of specific examples associated with two special choices for ¢ and f:

c=2, f(wy,wy) = w% + 2wy wy,

and
c=3, f(wy, wy) = 3w, + w1w%.
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For the first choice, we take

6 7 9 8
k = _3 = = _n = = 1 = = = —
3, z_3 5 2= 3/ 2175, 0= 3,
and
—J, 45 7/ 74_5/ —3_3/ —2_3/ 71_2/ 0_2'
The two corresponding plots are displayed in Figure 1.
2.6 2.4
2.4
- 2.2
2.2 1 ol o
z = - zZ 1.8
1.8 1 -
1.6+
1.6 1 -
1.4+
1.4
° 1.2 4
=3 -1 1 3 5 7 9 11 13 15 =5 =3 =1 1 3 5 7 9 11 13 15
Figure 1. Profiles of {z,}?° , withc=2and f = w% + 2wywy: k = 3 (left), k = 5 (right).
For the second choice, we take
18 8 33 7
k—4, 4 = =, - =y _ :2/ _ -—, = -,
Z4 Z-3 3 Z-2 Z1 10 20 3
and
f—g, 5 W 2 2 7 10 12
— 0, 4-6 2r 75—51 —4_10/ 73_7r 72_3/ —1_3/ 0_5'

The two corresponding plots are displayed in Figure 2.
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@ 3.2
3.2 1 8
z 2.8 z
284
2.64
-
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2.2
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-4 2 0 2 4 6 8 10 12 -6 -4 -2 0 2 4 6 8 10 12
" "

Figure 2. Profiles of {z,}}> _, withc =3 and f = 3w, + wlw%: k = 4 (left), k = 6 (right).
From the four plot pictures, we see that the rate of convergence is excellent in every case.

3. Concluding Remarks

50f7

In this paper, we showed that there are three types of solutions to an arbitrary-order nonlinear
difference equation involving a pretty arbitrary function. A decreasing and increasing characteristic
of oscillatory solutions has been explored and the global asymptotic stability of the unique positive

equilibrium solution has been verified.
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We remark that if we take ¢ = 1 and f = 0, Theorem 2 provides the result in [7] for k = 1,
the one in [8] for k = 2 and the one in [10] for a general k. There have also been similar studies on
global behaviors of polynomial difference equations (see, e.g., [16]) and rational difference equations
or systems (see, e.g., [6-11,17]), and other recent studies on positive rational function solutions,
called lump solutions, to both linear and nonlinear partial differential equations (see, e.g., [18,19]).

Letk > 1. Suppose that {z,, }°__, is an oscillatory solution to the nonlinear difference Equation (4).
We define

Ng = {n|zy >candn >0}, N; = {n|z, < cand n > 0}.

Because {z,};>__, is oscillatory, it follows directly from Theorem 1 that both Ny and N; have
infinitely many numbers. An interesting question is what kind of conditions on f will guarantee that
zy is decreasing on Ny and increasing on N;.
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