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This work aims to explore coupled integrable modified Kortewegde Vries (mKdV) models
through the framework of the Ablowitz-Kaup-Newell-Segur (AKNS) matrix spectral problem.
By proposing and applying a set of dual group reductions, we derive reduced matrix integrable
mKdV models. The results yield new examples of integrable models and offer valuable insights
into the classification of mKdV type integrable models.
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1. Introduction

A central challenge in soliton theory is the construction and classification of integrable
models. These models are characterized by rich mathematical structures,’»? including
Lax pairs, infinite hierarchies of symmetries, conserved quantities, and exact solutions
such as solitons, breathers, and rogue waves. The development of integrable models
deepens our understanding of nonlinear wave phenomena and provides powerful tools
for solving physically relevant partial differential equations. Techniques such as
inverse scattering, bilinear transformations, and group reductions are frequently
employed to uncover or construct integrable structures.®'! In particular, matrix
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generalizations and nonlocal extensions of classical integrable models have recently
attracted significant attention (see, e.g. Refs. 12-15), opening new avenues for both
theoretical exploration and practical application in fields such as optics, fluid
dynamics, and quantum physics. Within the Lax pair formulation, integrable models
arise from the compatibility condition of two matrix spectral problems:

_i¢a: = U(”: /\)dja - 7¢t = V(ua )‘)¢7 (11)
where u denotes the dependent variable and X is the spectral parameter. The
associated zero curvature equation,

U, -V, +ilU, V] =0, (1.2)
where [A, B] denotes the commutator, leads to an integrable model.'® To construct
new reduced integrable models, we consider a dual group reduction imposed on the
Lax pair:

SUNE L = -UT(=)), AUNAT=U(), (1.3)
and

VST = —VI(=)), AVN)ATT=V()), (1.4)
where A~! and AT denote the inverse and transpose of the matrix A, respectively. It

is notably challenging to formulate such a dual group reduction for a given Lax
pair.!” ¥ These reductions preserve the form of the zero-curvature condition:

Z(Uf - Vr + Z[U7 V])(A)E_l = 7(Ut - VT + Z[U7 V])T(i/\% (15)
and

AU =V, +ilU, V) (NAT! = (U, = V, +ilU, V) (V). (1.6)
Thus, we obtain a reduced integrable model governed by the same zero-curvature
equation but subject to the symmetry constraints defined by (1.3) and (1.4). Once
the constant matrices ¥ and A are specified, the resulting reductions generate novel
integrable models. While the general AKNS matrix spectral problems with free
potentials are standard and widely applicable, the reduced spectral problems are
more constrained and technically more demanding. Nonetheless, dual group
reductions offer a systematic route to discovering diverse integrable structures.
As a concrete example, we derive the matrix spectral problem given by

-1 .
—A 0
2 b D2 P3
1
0 5)\ P3 D2 Y41
1
U=U=U@MN=|p p -51 0 0 | (1.7)
0 1>\ 0
Y2 Y2 B
0 0 1)\
_Pl p3 2
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where u = (py, D2, p3)”. The associated coupled integrable mKdV model takes the
form:

P = Prace + 3[(4p1Ds + P3)P1s + Pa(P1 + D3)pas + (207 + D3 + 203)p3.],
p2‘t = pZa:.m: + 3{p2(p1 + p3)(p1,m + pS,m) + [(pl +p3)2 + 4p%]p277‘}7 (18)
D3t = DP3aae + 3[(20% + P34+ 203)p1 0 + Po(p1 + P3)Pos + (4p1D3 + P3)P3. ).

In this paper, we analyze a general framework for generating reduced matrix
integrable mKdV models using dual group reductions applied to the AKNS matrix
integrable mKdV models. The structure of the remainder of the paper is as follows. In
Sec. 2, we review the AKNS matrix spectral problems and their associated integrable
hierarchies, and in Sec. 3, outline the procedure of performing dual group reductions.
In Sec. 4, we present a concrete example of dual group reductions and derive the
corresponding reduced matrix integrable mKdV models, including two specific
examples of reduced spectral matrices and the resulting integrable models. Finally, in
the concluding section, we summarize the results and provide further remarks.

2. Revisiting the Standard AKNS Matrix Integrable Hierarchies

Within the AKNS framework for integrable models (see, e.g. Ref. 20), we denote the
dependent variable as u = u(p, q), where p = p(z,t) = (Djr)mxn and g = q(x,t) =
(@kj)nxm are two matrix-valued potentials. The AKNS matrix spectral problems
involve the Lax pair:

_iqb.’v = U¢7 - Z¢t = V[T]d)a (21)
where the spectral matrix and the Lax matrix are defined as
U=U(u,\) =M+ P, VI=v(u)\)=XxQ+Q, (2.2)

respectively. Here, the matrices A, P, €, and QU are given by

Oéllm 0 -0 P
A = P: 2.3
|: 0 O‘ZLL:|7 L4 0:|7 ( )

and
alr=sl  plr—s]

ﬂlIm 0 7 — ; [
0= [l — s 2.4
|: 0 Bol, |’ @ ; A clr=sl glr=s] |’ (24)

where A is the spectral parameter, I, denotes the k x k identity matrix, and a; # ay,
By # By are constants. By convention, QU is the zero matrix. The stationary
zero-curvature equation,

W, =ilU, W], (2.5)
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has a unique solution given by the Laurent expansion
alsl  plsl
=) Amwhl=) " 2.
W SZ; w ; [C[S] dls) ] ’ (26)

with the initial condition W) = Q. This expansion generates a hierarchy of com-
muting integrable systems (see, e.g. Refs. 21-24).
The compatibility condition of the Lax pair (2.1), i.e. the zero-curvature equation

U, — VI 4iu, v =o, (2.7)
leads to the matrix AKNS integrable hierarchy:
py = iadbl U g = —iad) o =ay — as. (2.8)

When m = n = 1, this reduces to the scalar AKNS system.?” Every model in this
hierarchy possesses a bi-Hamiltonian structure along with infinite symmetries and
conserved quantities (see, e.g. Refs. 26-28).

For r=2s+1, s> 1, the hierarchy (2.8) yields a matrix mKdV integrable
hierarchy. In particular, for s = 1, the Lax matrix VP takes the form

Bp_ 0 s oy B 3
NP = S M (PP 40P = (PP + Py +2PY), (29)

3
where 1, = diag(l,,,—1,) and 3= (3 — ;. This leads to the matrix mKdV
integrable model:

B

ol

VB = X3 +

p

(Pazz + 30aps + 3p2qp), @ = — e (@uae + 34,04+ 3qpq,),  (2.10)

Pr =

which serve as a foundational example in the study of matrix mKdV integrable
models. Higher-order generalizations can be systematically derived (see, e.g. Ref. 29).

3. The Procedure of Dual Group Reductions
3.1. Dual group reductions of the AKNS matrix spectral problems

Let 3; and 3, be two constant, invertible, symmetric matrices of orders m and n,
respectively. Similarly, let A; and A, be constant invertible matrices of the same
respective orders. Using these, define two block-diagonal matrices of order m + n by

2:{% 202], A:ﬁf AOJ. (3.1)

We consider two simultaneous reductions applied to the AKNS spectral matrix U
defined in (2.2):

SUNE = —UT(=\) = —(U(=N)", AUNA~ = U(N), (3.2)

where A~! and AT again denote the inverse and transpose of the matrix A, respec-
tively. The first condition in (3.2) corresponds to a transpose reduction, which is
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shown in Ref. 30 to preserve the zero-curvature condition. The second condition is a
similarity constraint that maintains the structure of the AKNS problem.

Given the block structure of the spectral matrix U, these reductions imply the
following constraints on the potential matrix P:

YpPyt=—_pPf, APA'=P. (3.3)
From these, we derive corresponding conditions on the matrix potentials p and ¢:
p=-%1q"S org=-%;p'%, (3.4)
and
p=ApAyY,  g=AyAT (3.5)

Combining these yields the following compatibility conditions. Either

Ayp = pAy, ZIIA?ZW :PEEIAQTEza (3.6)
or, equivalently, the matrix potential ¢ must satisfy

gA; = Doq, gETIATE =55 AT, (3.7)

Under these reductions, the original AKNS spectral problem reduces to either of the
following forms. In terms of p, we have:

d) U¢ U [ alAIm p :| <3 8)
1Py = ) = ) .
L _Zz_lpTxl a2)‘1n,
where p satisfies the conditions in (3.6). Alternatively, in terms of ¢:
[y, —27'¢"S
—ig, =Up, U= | TEd 2}, (3.9)
L q O‘2>‘In,

where ¢ satisfies the conditions in (3.7).

3.2. Reductions of the matriz mKdV integrable hierarchies

Due to the uniqueness of the Laurent series solution to the stationary zero-curvature
equation (2.5), the reductions in (3.2) induce the following symmetry properties of
the formal series W(A) defined in (2.6):

SWAS ! =W (=A) = (W(=N)T, AWNA =W(\). (3.10)

As a result, the Lax matrices V121 = (A1), for s > 0, inherit the following
invariance:

ZV[QsH]()\)Z—l _ _V[25+1]T(_>\) _ _(V[25+1] (_)\))T7 AV[Z.s-o—l](/\)A—l _ V[Qs+1] ()\)
(3.11)

Therefore, the zero-curvature condition

U, — VU L, visti) = o, (3.12)

2550233-5



W.-X. Ma

is preserved under both group reductions:
Z(Ut _ VI[25+1] + ’L[U, V[25+1]])()\)271 — _(UtT + V[[Qerl]T + i[UT, ‘/'[QSJrl]T])(_)\)7
(3.13)
and
AU = VN o, VR )AT = (U, = VET iU V(). (3.14)
This leads to the reduction of the matrix AKNS hierarchy (2.8) into the following
reduced matrix mKdV integrable hierarchies. In terms of p, we have:
pr=iabP | o s >0, (3.15)
where p satisfies (3.6). Alternatively, in terms of ¢, we obtain:

¢ = —iac?t? =515, 520, (3.16)

with ¢ satisfying (3.7).

Each member of the reduced hierarchy is associated with a spatial spectral
problem of the form (3.8) or (3.9), and admits an infinite set of commuting
symmetries and conserved quantities inherited from the full AKNS hierarchy.

The corresponding temporal parts of the Lax pairs are given by:

—7:(,2515 = V[25+1]|q:7251pT21¢7 52> 07 (317)
or
—ip, = Vst l——xoigrs, @, $20, (3.18)

and together with the spatial spectral problems, these form the Lax pairs for the
reduced p-based hierarchy and the g¢-based hierarchy.

4. An Application

In this section, we introduce a class of dual group reductions aimed at constructing
novel integrable mKdV models. We concentrate on the cases where m = 2 and n = 3,
for which the spectral matrix takes the following form:

Ol1>\_[2 P :|

4.1
q g3 (4.1)

Ulu,\) = [
where pis a 2 x 3 matrix-valued potential, ¢is a 3 X 2 matrix-valued potential, and A
is the spectral parameter.
To begin, we choose two pairs of matrix blocks:

0 0 (51 03 0 gy
0 51 01 05
A= s D=0 & 0]; ¥= s Xe=10 oo O,
61 0 (% 0q
61 0 0 gy 0 03
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where 81, 09 are arbitrary but nonzero constants, and o4, 03, 0, and o5 are arbitrary,
subject to the conditions 0% # o2 and 3 # o3 to ensure the invertibility of Ay, A,,
3, and ¥,. Based on the preceding general procedure, we obtain the following forms

for the matrix potentials:

p= P1 P2 D3
ps P2 p)’
and

(0405 — 0103)p1 + (0104 — 0305)ps (0305 — 0104)p1 + (0405 — 0103)p3

o} —o} of —of
q= (o1 +035)ps (o1 +05)p
09 09

(0305 — 0104)171 + (0405 - 0103)133 (0405 — 0103)p1 + (0104 - 0305)103

ol —o? o —o?

Thus, the reduced matrix spectral problem takes the form:

aA 0 D1 P2
0 aA P3 P2
(0405 — 0103)p1 + (0104 — 0305)ps (0305 — 0104)py + (0405 — 0103)ps A 0
02 —0o? 02— 0?2 a2
P 3 1 3704
_Z¢z n (01 +05)p2 (01 +05)pa
-_— —-_— 0 2%
02 T2
(0305 — 0104)p1 + (0405 — 0103)ps (0405 — 0103)py + (0104 — 0305)ps 0 0
L of—of oi—o}

(4.3)

¢,

s\

(4.5)

where p;, py, p3 are the potentials, and A is the spectral parameter. Consequently, the

corresponding class of reduced coupled integrable mKdV models is given by

30
pl,t = __3p1,1'sz + 3
o adoy(03 — o}

306

P2t = =3 P2aux T 37T
’ a3 T oBay(og + 0y

30
P3si = ——3P3aax
a

adoy(03 — o}

+(01 + 035) (03 — 03)p3 + 209(0103 — 0405)2?%]171,1-

+ (01 + 05)(03 — 0)p2(p + p3)pas + [—209(0104 — 0305)p]

2

) {oa(o1 4 05)pa(p1 + P3) (P12 + P3.2)

+ (01 + 05)[o9(p1 + p3)* + 4(03 + 00)P3Pa )

+ (01 + 05) (03 — 03)p3 — 209(0104 — 0305)p3]p1.
+ (01 + 05) (03 — 01)pa(p1 + P3)Pas + [209(0103 — 0405)pT

—doy(0104 — 0305)p1ps + (01 + 05) (05 — 07)p3 + 209(0y05 — 0405)P§]P3,m}-
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Here, «, 8, 09 are arbitrary nonzero constants, while oy, 03,04 and oy are arbitrary,
with the constraints o? # o2 and 03 # o3. Interestingly, §; does not appear in
the resulting integrable mKdV models. The higher-order integrable models in the
corresponding reduced integrable hierarchy can also be computed directly.

Let us now work out a few specific examples. First, consider the case where

az—ﬁzal :1, 09 ::tl, 03 :i27 gy :¥17 05 = —2. (47)
Then the corresponding spectral matrix takes the form
aA 0 yai Y2 P3
0 apA P3 P2 b1
U=U(u,\) = |£tp; =£p1 (oy — 1A 0 0 , (4.8)
:I:p2 :l:p2 O (Ozl — 1))\ 0
tp, Epy 0 0 (a -1\

where u = (py,p,,p3)” and «; is an arbitrary constant. The resulting coupled
integrable mKdV model is
Pri = Dreee £ 3[(4P1ps + P3)P1o + a1 + P3)Pa + (207 + P35+ 2p5)ps.],
Dot = Pager £ 3{P2(P1 +13) (Pra + Ps.2) + (1 +13)* + 4p3]ps. ), (4.9)
P3¢ = D3zae £ 3[(201 + 03+ 203)D10 + D2(P1 + D3)D2x + (4P1D3 + P3)Ps.]-
Note that the coefficients are structured in a specific and symmetric pattern,

reflecting the chosen parameter symmetries.
Next, consider the parameter choice:

a=-06=1, o=-3, o0y=1, 03=2, o4=-1, o05=—6. (4.10)

The spectral matrix becomes

U=U(u,\)
A 0 y4i y2) P3
0 A p3 V2] y4i
= | 4p; +5p;  Bpr+4ps (o — 1A 0 0 , (4.11)
9p, 9Ip, 0 (g — 1A 0
5p; +4ps  4p; + 5p3 0 0 (g = 1A

along with u = (py,pa,p3)"

integrable mKdV system is

and «; is arbitrary. The corresponding coupled

D1t = Plgze T+ 3(8p1 + 20pp3 + 9p3 + 8P§)p1,g; +27py(p1 + p3)P2s

+ 3(10p1 + 16p;ps + 9p3 + 10p3)ps .
Dot = Poas + 2T02(P1 + P3) (D1 + P32) + 27[(p1 + p3)* + 4p3]pas, (4.12)
D3t = 3(10p7 + 16p;ps + 9p3 + 10P§)P1,m +27py(p1 + P3)P2e

+ 3(8pT + 20p1ps + 9p3 + 8p3)ps .-
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Here, the distribution of coefficients differs significantly from the previous example,
illustrating the structural diversity induced by different group reductions.

Extending this approach to larger values of m and n increases the complexity of
the analysis but significantly expands the potential for discovering new matrix
spectral problems and associated integrable models. Symbolic computation, for
instance using Maple, can be effectively employed to identify new configurations of
matrix blocks suitable for formulating dual group reductions. This, in turn, facil-
itates the construction and analysis of additional integrable models characterized by
reduced Lax pairs.

5. Conclusion and Remarks

A set of dual group reductions has been introduced and analyzed to reduce the
AKNS matrix spectral problems, leading to associated reduced matrix mKdV inte-
grable hierarchies. The first nonlinear system in each hierarchy corresponds to a new
integrable coupled mKdV model. In this reduction framework, one group reduction
imposes a constraint between the two matrix potentials in the original AKNS
spectral problem, while the other applies a constraint to each potential individually.
This type of dual group reduction differs from those considered in earlier studies,
which typically focus on nonlocal group reductions.

Various methods, such as the Darboux transformation, Hirota’s bilinear method,
Bécklund transformations, and the Wronskian determinant technique, may be
employed to generate soliton-type solutions (see, e.g. Refs. 31-33). These include
rational solutions,?* lump solutions,* 37 breather and rogue waves,? 40
action solutions.*! Additionally, the Riemann—Hilbert approach provides a powerful
tool for constructing soliton solutions, especially in the presence of multiple poles in
the scattering data.*?

It is worth noting that the reduced integrable models correspond to specific
constraints on the potentials in the original system. While these constraints can
make the reduced models more challenging to derive and solve, they also produce
special classes of solutions to the unreduced system that are of significant interest in
their own right. We hope that this work contributes to the classification of integrable

and inter-

models and enriches the theory of integrable models through the lens of dual group
reductions and reduced Lax pairs.
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