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This paper aims to generate a Liouville integrable Hamiltonian hierarchy by introducing a
specific matrix eigenvalue problem with four components. The adopted approach is the zero
curvature formulation. A bi-Hamiltonian formulation is furnished through applying the trace
identity, which shows the Liouville integrability of the resulting hierarchy. Two examples of
generalized combined nonlinear Schrédinger equations and modified Korteweg—de Vries equa-
tions are presented.
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1. Introduction

Integrable models are associated with Lax pairs of matrix eigenvalue problems,’
based on which one can explore remarkable integrable properties, for example,
infinitely many symmetries and conserved quantities.”® They have various
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applications in physical and engineering sciences, including nonlinear optics, water
waves and quantum mechanics.

Typical examples of integrable models include the Ablowitz—Kaup—Newell-Segur
(AKNS) hierarchy’ and its various hierarchies of integrable couplings.” Matrix
algebras play a crucial role in formulating meaningful Lax pairs.%" It is always
intriguing to see what kind of Lax pairs could lead to integrable models. In this
paper, we would like to propose a new matrix eigenvalue problem and compute an
associated integrable hierarchy.

Let us discuss about the zero curvature formulation for constructing integrable
hierarchies briefly (see Refs. 6 and 7 for details). First, let us denote a ¢-dimensional
column potential vector by u = (uy, ..., uq)T and the spectral parameter by A. Using
a given loop matrix algebra ¢ with the loop parameter A\, we formulate a spatial
spectral matrix:

M = M(u, \) = w1 Ey(N) + - -+ u By (A) + Ey(N), (1.1)
where the elements F,. .., E, are linear independent in g. The above element E is
assumed to be pseudo-regular:

Imadg, @ Keradg, =g, [Ker adg,Keradg] =0,

where ad, stands for the adjoint action of £ on g. This generally ensures that the
stationary zero curvature equation

Y, = [M,Y] (1.2)
will have a Laurent series solution Y =Y ,50A Y in the underlying loop
algebra g.

Second, we introduce an infinite sequence of temporal spectral matrices
m
NI = (mY), + A, = Z Xyl L AL m >0, (1.3)
n=0

where A, € g,m >0, as the other parts of a sequence of Lax pairs, to form a
hierarchy of integrable models:

u, = XM = XM(w), m>o0, (1.4)
through the zero curvature equations:
M, =N LM N =0, m>o0. (1.5)

“m

They represent the solvability conditions of the spatial and temporal matrix eigen-
value problems:

0. =Mep, ¢, =Ny, m=>0. (1.6)

Finally, applying the so-called trace identity:

O (M -y (M

2450319-2



Four-component combined integrable equations

where % is the variational derivative with respect to u, and k is a constant,
independent of the spectral parameter A, we furnish the hierarchy (1.4) with a
Hamiltonian formulation and thus explore its Liouville integrability.

Various hierarchies of Liouville integrable models have been presented.*'” The
well-known integrable hierarchies with two components include the AKNS hierar-
chy,* the Heisenberg hierarchy,'® the Kaup—Newell hierarchy'? and the Wadati—

Konno-Ichikawa hierarchy.?’

- A Uq B A’U/g )\Ul N )\2 )\Ul
M[W —)\}7 M_[)‘UQ —)\U:i]’ ML\UQ -]

A )\Ul
)\'LLQ 7)\ ’

Their spectral matrices read

. { (1.8)

where uuy + ug = 1, respectively.

This paper aims to present a hierarchy of four-component Liouville integrable
models through the zero curvature formulation. The corresponding bi-Hamiltonian
formulation is furnished via the trace identity. Two illustrative examples of gener-
alized combined integrable nonlinear Schrédinger and modified Korteweg—de Vries
models are presented. The final section gives a conclusion and a few concluding
remarks.

2. A Four-Component Integrable Hierarchy

Let 6 be an arbitrary number, and T be a square matrix of order r such that
T2 = -1, (2.1)

where I, denotes the identity matrix of order r. Let us form a set of block

A A
o-{a- L 1)
AS A4 2rx2r
It is easy to see this forms a matrix Lie algebra under the matrix commutator
[A,B] = AB — BA. We will use the Lie algebra with r =2 and

T:[(l) _01} or [_01 (1)] (2.3)

matrices

A4 = TAIT_I, A3 == 5TA2T_1}. (22)

to formulate a specific spectral matrix below.
Let o, and a, be two arbitrary numbers, and u = u(z,t) = (uy,us, us, us)’ be a
four-component potential vector. Assume that

a=a; —ay #0. (2.4)
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Motivated by recent studies on matrix eigenvalue problems with four potentials (see,
e.g. Refs. 21-25), we consider a matrix eigenvalue problem of the following form:

Oél)\ Uq Uy 0
Ug O[2>\ 0 Uy

0, = Mp = M(u,N)p, M= ; (2.5)

6U4 0 O[z)\ —Us
0 5U2 —UuU; Qaq A

where A is again the spectral parameter. This spectral matrix M belongs to the
previous matrix algebra g, with 7 = 2 and T being defined by (2.3). The eigenvalue
problem cannot be any reduction of the matrix AKNS eigenvalue problem (see, e.g.
Ref. 26). Interestingly, from this eigenvalue problem, we can generate an integrable
hierarchy of Hamiltonian equations, which shows particular combined structures of
integrable models. Obviously, the case of § = 0 yields integrable couplings, which are
not of perturbation type.

To construct an associated Liouville integrable hierarchy, we first solve the cor-
responding stationary zero curvature equation (1.2) by assuming Y to be of the
following Laurent series type:

a b e f

c —a f g _
Y = = E Ayl 2.6
bg —6f —a —c = ’ (2:6)
—6f e —b a

where the basic objects can be stated as follows:

a=>» ATall, b= Al =" Ancl,

n20 n=>0 n>0 (27)
e — Z Al f = Z Al g = Z A~ glnl,
n>0 n>0 n>0

Tt is sufficient to take a solution of the form in (2.6), since the commutator of a matrix
A € gand Umust be of that form. It is readily seen that the corresponding stationary
zero curvature equation (1.2) engenders the initial conditions:

al =0, ==l = g0l g 0=, (2.8)
and the recursion relations to determine the Laurent series solution:
1
plnt+l] = — [b[q"] + 2(1["]7.L1 + 26f[”]u2]’
«
. (2.9)
1l = — Z el — 240y + 268 flrl,],
«o
1.
eln+1] — = [eL(L] — 2fuy + 2al"uy),
@ . (2.10)
gt = ~ g — 2fluy — 2alu,],
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{aj[l:b+1] — C[n+1]u1 4 6g[n+1]u2 _ b[7L+1]u3 _ 66[7L+1]u47 (2 11)

Lnﬂ] = gl+lly — ety + el iy, — pl+lly,

where n > 0. To have a unique Laurent series solution, we go with the initial data

1 1
[o] — 0 _ = 2.12
a 5 B, f 57 (2.12)

where ( and ~ are two arbitrary constants, and take the constants of integration to
be zero

a[”]|u:0 = Oa f[n]|u:0 = 07 n Z 1. (213)

Then, one can work out that

o) = L (Buy + 67u), = L (Buy — yu),
o (0%
1

1
el = — = (yu; — Buy), g == (yuz + Buy),
o (0%

alll = fll =,

1 1
b[Q] = ? (ﬂul,m —+ 6"}/'1142,47;), C[Q] = - ? (/BUS,J: - 67“4,.7))7

1 1
6[2] = _E(VULI - ﬂuZm)a 9[2] = _E(’yu&,f + 5u471)’
1
a[2] = —E [(’}/U?) — 6’}/U4)U1 + 5(7“3 + ﬂu-/l)uQ]?
1
o= T a2 [(yus + Bug)uy — (Bug — dyuy)us),

1
b[3] = 5 [ﬂuldu + 67”2,451: - 2(5“3 - 67“’4)”% - 46(7”3 + ﬂu4)u1u2

+26(Bus — 6’yu4)u%},

1
=3 [Bu3 2 — 6YUy gy — 2(Buy + 57’“2)“% + 46(yuy — Bug)uzuy

o
\

+26(Buy + dyug)ujl,
. 1
ebl = pe] [=YU1 2o + Big gy + 2(yus + ﬂm)U% — 4(Buz — dyuy)usus
- 25('7“3 + BU4)U%]7

y 1
gBl = — (VU3 4 + Bty y — 2(yuy — Buy)ui — 4(Buy + Syug)uguy

+26(yu; — Bug)uil,
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and

ab¥l = % [—(Bug — dyuy)uy , — 6(yug + Bug)us . + (Buy + dyug)us,
- 6(7“1 - ﬁUQ)UzL,xL

S8l = % [—(yus + Bug)uy, + (Bug — dyug)ug . + (yug — Bug)us,
+ (Buy + dyug)uy .,

b = % {BU1 gz + 67U gy — 6[ug (Bug — dyuy) + dug(yus + Bug)luy ,
- 65[“1(’7“3 + Buy) — ug(Bug — Syuy)|us ;. },
M =—— {ﬁug vaw = OV gy — 6[uy (Bug — 6yuy) + Sug (yug + Buy)]us ,
+ 65["1(’7“3 + Buy) — ug(Bug — Syuy)|uy .},
el = % {=7U1 200 + Bt gy + 6[ug (Yug + Buy) — us(Bug — dyuy)|uy ,
= 6[u; (Bug — dyug) + dug(yuz + Buy)lug .},

1
g- =- J {’YUS‘L'L‘L + ﬁu4,a:ww - 6[“’1 (’7”3 + ﬁU4) - UQ(ﬂU'S - 67“4)]’&3,1'

— 6[uy (Bug — Oyuy) + dug(yus + Buy)uy, b,

1

alh = ot [—(Bug — 6yug)uy 4y — O(yug + Bug)uy 40 — (Buyg + 6yusg)us 4,
+ 6(7“1 - ﬁu2)u4,aw + (ﬂu&,a: - 67“4,.%)“1,.% =+ 6(7“37;1: + ﬂuzl,.’v)uz:v
+3(Bu3 — 26yuguy — 6Bu?)ui + 68(yu3 + 2Buguy — Syul)ujuy
—3(5(ﬁu§ — 26yuzuy — 68u)ul],

f[4 = [ (’7U3 + 5”4)“’1 TT (/Buj - 57“4)/&2,277, - (’Y’Lbl - ﬁu2)u3,m:

- (ﬂul + 6’7“2)“4,%.@ + (’YUB,.T + ﬂu4,m)ul,m - (ﬂu&a: - 6’7“4@)“2,&0
+ 3(’)’“:2; + 2Buguy — 5’7“3)“% - 6(6“:2; — 20yuguy — 55%21)“1”2
— 36(yu + 2Buguy — dyud)us).

Upon considering these results, we can impose A, = 0, m > 0, to formulate

LPt”l,

which are the temporal matrix eigenvalue problems within the zero curvature
formulation. The conditions that guarantee the solvability of the spatial and
temporal matrix eigenvalue problems in (2.5) and (2.14) are given by the zero cur-

vature equations in (1.5). They generate a hierarchy of evolution models with

— N[W](P — N[m] (’U,7 )\%07 N[m] _ )\mY Z}\ny[m n) m > O7 (214)
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four potentials:

u = X[m] _ X[m] (u) _ (ab[m+1]7ae[m+1]’ 70&0[m+1], 7ag[m+1])T’ m >0, (215)

“m

or more concretely,

— +1 — +1 — +1
U, = ablm i, Uag, = ael 1, Ust, = —aclm

2.16
uy, = —agmtl m >0. (2.16)

sbm

As particular examples, this hierarchy contains the model of combined integrable
nonlinear Schrodinger equations:

1

Uiy, =g (B e + VU — 2(Bug — Syug)ut — 46uiug(yug + Buy)
+26(Buy — Syuy)u3),
1

Uzt, = 3 [~ VU e+ Blg g + 2(yuz + Bug)u — 46ujuy(Bus — 6yuy)

—26(vyuz + Bug)uj],

] (2.17)
Uz, = ? [7511’3,:17.7: + 67“4,:17.7: + Q(ﬂul + 57“2)“% - 46(7“1 - ﬂUQ)U3U4
— 26(Buy + byuy)ui],
1
Ust, = 5 [=YU3 20 — By e + 2(yuy — Bug)uj + 48(Buy + Syug)uzuy
= 26(uy — Pug)ul,
and the model of combined integrable modified Korteweg—de Vries equations:
1
Uy g, = Pl {Buy gy + 6V 1y — 6y (Bug — dyuy) + Sug(yus + Buy))uy ,
— 66[uy (yus + Buy) — us(Bug — 6yug)lug .},
1
u?,t;; =3 {_’YUI,ZL‘(IXL' + ﬂUQ,J:ww + 6[“’1 (7“3 + 6“4) - u2(ﬁu3 - 67”4)]”1,1‘
od
— 6[uq (Bug — dyuy) + dug(yus + Buy)|ug, }y
[uy (Bus Yy) 2(Yuz + Buy)] 2,: } (2.18)

1

u3,t3 = 5 {ﬁu?),wxzv - 67“4,L‘L£ - 6[“1 (ﬁu3 - 67“4) + 6“’2(7“3 + Buﬁl)]u?),x
+ 66[uy (yug + Bug) — ug(Bug — 6yuy)]uy .},
1

u4,1‘,3 = 5 {7”3@1‘1: + ﬁuﬁl,am'z - 6[“’1 (’)/U3 + ﬁuﬁl) - UQ(ﬁUg - 67“4)]“’3,1‘

— 6[uy (Bug — Oyuy) + dug(yus + Buy)]uy, }-

These systems provide two typical coupled integrable models, which extend the
category of coupled integrable models of nonlinear Schrédinger equations and
modified Korteweg—de Vries equations (see, e.g. Refs. 23, 27 and 28). One interesting
character is that every equation contains two derivative terms of the highest order,
and so, we call them combined models.
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Three special subcases of § =0, 3 =0 and 7= 0 in the above hierarchy are
interesting. The first subcase presents novel integrable couplings of the AKNS hi-
erarchy, which are not of perturbation type. The other two subcases produce reduced
hierarchies of uncombined integrable models.

3. Recursion Operator and bi-Hamiltonian Formulation

Let 6 # 0 now. To furnish a bi-Hamiltonian formulation and show the Liouville
integrability”’*" for the soliton hierarchy (2.16), one can apply the so-called trace
identity (1.7) to the spatial matrix eigenvalue problem (2.5). The trace identity uses
the Laurent series solution Y determined by (2.6). One can then easily work out

oM\ oM\ T
tr (Yﬂ> = 2aa, tr(YW) = (2¢, 269, 2b,26e)" , (3.1)

and accordingly, the trace identity presents

o

0
—(n+1) ,,,[n+1] — )\ K Kk—n( .[n] [n] pln] [n\T > 0. )
5 A aa™ N dr = X 8)\)\ (™, 6g™ b ™) n >0 (3.2)

Checking with n = 2 yields x = 0, and consequently, one arrives at
6
EHM _ (C[nJrl]’ (Sg[n+1],b[7l+l],(Se[nJrl])T, n>0, (33)

where the Hamiltonian functionals are taken as

[n+2]
bl _ _/O;L“H dz, n>0. (3.4)

This allows us to propose a Hamiltonian formulation for the hierarchy (2.16):

SHIM
=X =7 , 3.5
ut,,t 1 Su m =V, ( )
where J; is the Hamiltonian operator:
_ 00
0 o
"%
J = (3.6)
—a 0
0 -= '
L o i

and H["™ are the functionals defined by (3.4). It follows directly from the Hamiltonian
theory that there exists an interrelation S = J; % between a symmetry S and a
conserved functional H of the same model.

2450319-8
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It is known that these vector fields X[ satisfy a characteristic commutative
property:
[xlml, xel] = Xl (y)[XxIR]) — XV (y)[ X)) =0, nyn, >0 (3.7)

This property can been derived from an algebra of Lax operators:

[NVl Nl = ATl () [ XTnel] — Aol () [ XTl] o (VI P2l = 0, gy my > 0,
(3.8)

which can directly be checked by analyzing the relation between the isospectral zero
curvature equations (see Ref. 31 for the detailed proof).

Furthermore, from the recursion relation Xt = ® X" we can work out a
hereditary recursion operator ® = ()44’ for the hierarchy (2.16) as follows:

1 1
(bll = E (am — 2U16_1U3 — 26U28_1U4), @12 = E (72611418_1@64 + 25u23_1u3),

1 1
@13 = — (—2u18_1u1 —+ 26U28_1U2), @14 = — (—26U18_1U2 — 26U28_1ul),
(0% (%

(3.9)
1 —1 —1 1 —1 —1
‘1)21 = — (2U18 Uy — 2U28 ’LL3), (1)22 = — (8z — 2U18 Uz — 26U28 U4),
« «
1 —1 —1 1 -1 —1
@23 = E (—2U16 Ug — 2’1,&28 ’U,l), @24 = — (2U16 Uy — 2(5’&28 ’U,Q),
«
(3.10)
1 —1 —1 1 -1 -1
@31 = E (2u35 Uz — 26U46 U4), @32 = a (26U36 Uy + 26U48 U3)7
1 1
@33 = E (—813 —+ 2U38_1U1 —+ 26“48_1U2), @34 = E (26U38_1U2 — 26U48_1U1),
(3.11)
1 -1 -1 1 -1 -1
(1)41 = E (2u38 Uy + 2u48 ’LL3>, @42 = E <—2U38 us + 26U48 U4>7
1 1
@43 = — (—2’1,63871’&2 + 2U4871U1), @44 = E (—(9I + 2’1113871’[11 + 2(5’&4871’(},2).
«

(3.12)

With some analysis, we can observe that J; and J, = ®J; constitute a Hamiltonian
pair, that is, an arbitrary linear combination of J; and J, is again Hamiltonian, and
thus the hierarchy (2.16) possesses a bi-Hamiltonian formulation®’:

S SHIm

w, = X0 = Sy =g = J

m > 1. (3.13)
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Further, we can see that the associated Hamiltonian functionals commute with each
other under the corresponding two Poisson brackets®:

SH Il T §H 2]
and
SHIMINT sl
{H[wz,ll,mw]}Jz/( 5 ) Jy—g—dz =0, ny,ny 2 0. (3.15)

To conclude, each model in the hierarchy (2.16) is Liouville integrable and pos-
sesses infinitely many commuting symmetries {X ["]}f: o and conserved functionals
{H[}1 2. In particular, the systems in (2.17) and (2.18) provide two specific
examples of nonlinear combined Liouville integrable Hamiltonian models.

4. Concluding Remarks

A Liouville four-component integrable hierarchy with Hamiltonian formulations has
been generated from a specific special matrix eigenvalue problem. The success comes
from the existence of a particular Laurent series solution of the corresponding sta-
tionary zero curvature equation. The resulting integrable models have been shown to
be bi-Hamiltonian via the trace identity to the underlying matrix eigenvalue problem.

We point out that the case of § = 0 corresponds to integrable couplings and the
variational identity is required to furnish a Hamiltonian formulation (see, e.g. Ref. 5 for
details). It should be particularly interesting to explore mathematical structures of
solitons to the presented integrable models. Powerful and effective approaches to solitons
include the Riemann—Hilbert technique,® the determinant approach,*? the Zakharov—
Shabat dressing method,** and the Darboux transformation.*” " Besides solitons, lump,
kink, breather and rogue wave solutions, including their interaction solutions (see, e.g.
Refs. 38-43), are also interesting, and one can compute them from solitons by wave
number reductions. On the other hand, considering nonlocal group reductions of matrix
eigenvalue problems under similarity transformations, one can generate nonlocal re-
duced integrable models and study their solitons (see, e.g. Refs. 44-46).

Integrable models are of great interest. They significantly advance our under-
standing of complex nonlinear mathematical and physical problems (see, e.g.
Ref. 47). They offer insights into the dynamic behavior of physical systems and have
close connections to various areas of mathematics, including algebraic geometry,
representation theory, and the theory of special functions.
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