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This paper aims to generate a Liouville integrable Hamiltonian hierarchy by introducing a

speci¯c matrix eigenvalue problem with four components. The adopted approach is the zero

curvature formulation. A bi-Hamiltonian formulation is furnished through applying the trace
identity, which shows the Liouville integrability of the resulting hierarchy. Two examples of

generalized combined nonlinear Schr€odinger equations and modi¯ed Korteweg–de Vries equa-

tions are presented.
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1. Introduction

Integrable models are associated with Lax pairs of matrix eigenvalue problems,1

based on which one can explore remarkable integrable properties, for example,

in¯nitely many symmetries and conserved quantities.2,3 They have various
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applications in physical and engineering sciences, including nonlinear optics, water

waves and quantum mechanics.

Typical examples of integrable models include the Ablowitz–Kaup–Newell–Segur
(AKNS) hierarchy4 and its various hierarchies of integrable couplings.5 Matrix

algebras play a crucial role in formulating meaningful Lax pairs.6,7 It is always

intriguing to see what kind of Lax pairs could lead to integrable models. In this

paper, we would like to propose a new matrix eigenvalue problem and compute an

associated integrable hierarchy.

Let us discuss about the zero curvature formulation for constructing integrable

hierarchies brie°y (see Refs. 6 and 7 for details). First, let us denote a q-dimensional

column potential vector by u ¼ ðu1; . . . ;uqÞT and the spectral parameter by �. Using

a given loop matrix algebra ~g with the loop parameter �, we formulate a spatial

spectral matrix:

M ¼ Mðu; �Þ ¼ u1E1ð�Þ þ � � � þ uqEqð�Þ þ E0ð�Þ; ð1:1Þ
where the elements E1; . . . ;Eq are linear independent in ~g. The above element E0 is

assumed to be pseudo-regular:

Im adE0
�Ker adE0

¼ ~g; ½Ker adE0
;Ker adE0

� ¼ 0;

where adE0
stands for the adjoint action of E0 on ~g. This generally ensures that the

stationary zero curvature equation

Yx ¼ ½M;Y � ð1:2Þ
will have a Laurent series solution Y ¼ P

n�0�
�nY ½n� in the underlying loop

algebra ~g.

Second, we introduce an in¯nite sequence of temporal spectral matrices

N ½m� ¼ ð�mY Þþ þ�r ¼
Xm
n¼0

�m�nY ½n� þ�m; m � 0; ð1:3Þ

where �m 2 ~g;m � 0, as the other parts of a sequence of Lax pairs, to form a

hierarchy of integrable models:

utm ¼ X½m� ¼ X½m�ðuÞ; m � 0; ð1:4Þ
through the zero curvature equations:

Mtm �N ½m�
x þ ½M;N ½m�� ¼ 0; m � 0: ð1:5Þ

They represent the solvability conditions of the spatial and temporal matrix eigen-

value problems:

’x ¼ M’; ’tm ¼ N ½m�’; m � 0: ð1:6Þ
Finally, applying the so-called trace identity:

�

�u

Z
tr Y

@M
@�

� �
dx ¼ ��� @

@�
��tr Y

@M
@u

� �
; ð1:7Þ
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where �
�u is the variational derivative with respect to u, and � is a constant,

independent of the spectral parameter �, we furnish the hierarchy (1.4) with a

Hamiltonian formulation and thus explore its Liouville integrability.

Various hierarchies of Liouville integrable models have been presented.4–17 The

well-known integrable hierarchies with two components include the AKNS hierar-

chy,4 the Heisenberg hierarchy,18 the Kaup–Newell hierarchy19 and the Wadati–
Konno–Ichikawa hierarchy.20 Their spectral matrices read

M ¼ � u1

u2 ��

� �
; M ¼ �u3 �u1

�u2 ��u3

� �
; M ¼ �2 �u1

�u2 ��2

� �
;

M ¼ � �u1

�u2 ��

� �
;

ð1:8Þ

where u1u2 þ u 2
3 ¼ 1; respectively.

This paper aims to present a hierarchy of four-component Liouville integrable

models through the zero curvature formulation. The corresponding bi-Hamiltonian

formulation is furnished via the trace identity. Two illustrative examples of gener-

alized combined integrable nonlinear Schr€odinger and modi¯ed Korteweg–de Vries

models are presented. The ¯nal section gives a conclusion and a few concluding

remarks.

2. A Four-Component Integrable Hierarchy

Let � be an arbitrary number, and T be a square matrix of order r such that

T 2 ¼ �Ir; ð2:1Þ

where Ir denotes the identity matrix of order r. Let us form a set of block

matrices

g ¼ A ¼ A1 A2

A3 A4

� �
2r�2r

����A4 ¼ TA1T
�1;A3 ¼ �TA2T

�1

� �
: ð2:2Þ

It is easy to see this forms a matrix Lie algebra under the matrix commutator

½A;B� ¼ AB�BA. We will use the Lie algebra with r ¼ 2 and

T ¼ 0 �1

1 0

� �
or

0 1

�1 0

� �
ð2:3Þ

to formulate a speci¯c spectral matrix below.

Let �1 and �2 be two arbitrary numbers, and u ¼ uðx; tÞ ¼ ðu1;u2;u3;u4ÞT be a

four-component potential vector. Assume that

� ¼ �1 � �2 6¼ 0: ð2:4Þ
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Motivated by recent studies on matrix eigenvalue problems with four potentials (see,

e.g. Refs. 21–25), we consider a matrix eigenvalue problem of the following form:

’x ¼ M’ ¼ Mðu; �Þ’; M ¼
�1� u1 u2 0

u3 �2� 0 u4

�u4 0 �2� �u3

0 �u2 �u1 �1�

2
6664

3
7775; ð2:5Þ

where � is again the spectral parameter. This spectral matrix M belongs to the

previous matrix algebra g, with r ¼ 2 and T being de¯ned by (2.3). The eigenvalue

problem cannot be any reduction of the matrix AKNS eigenvalue problem (see, e.g.

Ref. 26). Interestingly, from this eigenvalue problem, we can generate an integrable

hierarchy of Hamiltonian equations, which shows particular combined structures of

integrable models. Obviously, the case of � ¼ 0 yields integrable couplings, which are

not of perturbation type.

To construct an associated Liouville integrable hierarchy, we ¯rst solve the cor-

responding stationary zero curvature equation (1.2) by assuming Y to be of the

following Laurent series type:

Y ¼
a b e f

c �a f g

�g ��f �a �c

��f �e �b a

2
6664

3
7775 ¼

X
n�0

��nY ½n�; ð2:6Þ

where the basic objects can be stated as follows:

a ¼
X
n�0

��na½n�; b ¼
X
n�0

��nb½n�; c ¼
X
n�0

��nc½n�;

e ¼
X
n�0

��ne½n�; f ¼
X
n�0

��nf ½n�; g ¼
X
n�0

��ng½n�:

8><
>: ð2:7Þ

It is su±cient to take a solution of the form in (2.6), since the commutator of a matrix

A 2 g and Umust be of that form. It is readily seen that the corresponding stationary

zero curvature equation (1.2) engenders the initial conditions:

a ½0�
x ¼ 0; b½0� ¼ c½0� ¼ e½0� ¼ g½0� ¼ 0; f ½0�

x ¼ 0; ð2:8Þ
and the recursion relations to determine the Laurent series solution:

b½nþ1� ¼ 1

�
½b ½n�x þ 2a½n�u1 þ 2�f ½n�u2�;

c½nþ1� ¼ � 1

�
½c ½n�x � 2a½n�u3 þ 2�f ½n�u4�;

8>><
>>: ð2:9Þ

e½nþ1� ¼ 1

�
½e ½n�

x � 2f ½n�u1 þ 2a½n�u2�;

g½nþ1� ¼ � 1

�
½g ½n�

x � 2f ½n�u3 � 2a½n�u4�;

8>><
>>: ð2:10Þ
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a
½nþ1�
x ¼ c½nþ1�u1 þ �g½nþ1�u2 � b½nþ1�u3 � �e½nþ1�u4;

f
½nþ1�
x ¼ g½nþ1�u1 � c½nþ1�u2 þ e½nþ1�u3 � b½nþ1�u4;

(
ð2:11Þ

where n � 0. To have a unique Laurent series solution, we go with the initial data

a½0� ¼ 1

2
�; f ½0� ¼ 1

2
�; ð2:12Þ

where � and � are two arbitrary constants, and take the constants of integration to

be zero

a½n�ju¼0 ¼ 0; f ½n�ju¼0 ¼ 0; n � 1: ð2:13Þ

Then, one can work out that

b½1� ¼ 1

�
ð�u1 þ ��u2Þ; c½1� ¼ 1

�
ð�u3 � ��u4Þ;

e½1� ¼ � 1

�
ð�u1 � �u2Þ; g½1� ¼ 1

�
ð�u3 þ �u4Þ;

a½1� ¼ f ½1� ¼ 0;

8>>>>><
>>>>>:

b½2� ¼ 1

�2
ð�u1;x þ ��u2;xÞ; c½2� ¼ � 1

�2
ð�u3;x � ��u4;xÞ;

e½2� ¼ � 1

�2
ð�u1;x � �u2;xÞ; g½2� ¼ � 1

�2
ð�u3;x þ �u4;xÞ;

8>><
>>:

a½2� ¼ � 1

�2
½ð�u3 � ��u4Þu1 þ �ð�u3 þ �u4Þu2�;

f ½2� ¼ � 1

�2
½ð�u3 þ �u4Þu1 � ð�u3 � ��u4Þu2�;

8>><
>>:

b½3� ¼ 1

�3
½�u1;xx þ ��u2;xx � 2ð�u3 � ��u4Þu2

1 � 4�ð�u3 þ �u4Þu1u2

þ2�ð�u3 � ��u4Þu 2
2�;

c½3� ¼ 1

�3
½�u3;xx � ��u4;xx � 2ð�u1 þ ��u2Þu2

3 þ 4�ð�u1 � �u2Þu3u4

þ 2�ð�u1 þ ��u2Þu 2
4�;

8>>>>>>><
>>>>>>>:

e½3� ¼ 1

�3
½��u1;xx þ �u2;xx þ 2ð�u3 þ �u4Þu2

1 � 4ð�u3 � ��u4Þu1u2

� 2�ð�u3 þ �u4Þu2
2�;

g½3� ¼ 1

�3
½�u3;xx þ �u4;xx � 2ð�u1 � �u2Þu2

3 � 4ð�u1 þ ��u2Þu3u4

þ 2�ð�u1 � �u2Þu2
4�;

8>>>>>>><
>>>>>>>:
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a½3� ¼ 1

�3
½�ð�u3 � ��u4Þu1;x � �ð�u3 þ �u4Þu2;x þ ð�u1 þ ��u2Þu3;x

� �ð�u1 � �u2Þu4;x�;
f ½3� ¼ 1

�3
½�ð�u3 þ �u4Þu1;x þ ð�u3 � ��u4Þu2;x þ ð�u1 � �u2Þu3;x

þð�u1 þ ��u2Þu4;x�;

8>>>>>>><
>>>>>>>:

and

b½4� ¼ 1

�4
f�u1;xxx þ ��u2;xxx � 6½u1ð�u3 � ��u4Þ þ �u2ð�u3 þ �u4Þ�u1;x

� 6�½u1ð�u3 þ �u4Þ � u2ð�u3 � ��u4Þ�u2;xg;
c½4� ¼ � 1

�4
f�u3;xxx � ��u4;xxx � 6½u1ð�u3 � ��u4Þ þ �u2ð�u3 þ �u4Þ�u3;x

þ 6�½u1ð�u3 þ �u4Þ � u2ð�u3 � ��u4Þ�u4;xg;

8>>>>>>><
>>>>>>>:

e½4� ¼ 1

�4
f��u1;xxx þ �u2;xxx þ 6½u1ð�u3 þ �u4Þ � u2ð�u3 � ��u4Þ�u1;x

� 6½u1ð�u3 � ��u4Þ þ �u2ð�u3 þ �u4Þ�u2;xg;
g½4� ¼ � 1

�4
f�u3;xxx þ �u4;xxx � 6½u1ð�u3 þ �u4Þ � u2ð�u3 � ��u4Þ�u3;x

� 6½u1ð�u3 � ��u4Þ þ �u2ð�u3 þ �u4Þ�u4;xg;

8>>>>>>><
>>>>>>>:
a½4� ¼ 1

�4
½�ð�u3 � ��u4Þu1;xx � �ð�u3 þ �u4Þu2;xx � ð�u1 þ ��u2Þu3;xx

þ �ð�u1 � �u2Þu4;xx þ ð�u3;x � ��u4;xÞu1;x þ �ð�u3;x þ �u4;xÞu2;x

þ3ð�u2
3 � 2��u3u4 � ��u2

4Þu2
1 þ 6�ð�u2

3 þ 2�u3u4 � ��u2
4Þu1u2

�3�ð�u2
3 � 2��u3u4 � ��u2

4Þu 2
2�;

f ½4� ¼ 1

�4
½�ð�u3 þ �u4Þu1;xx þ ð�u3 � ��u4Þu2;xx � ð�u1 � �u2Þu3;xx

�ð�u1 þ ��u2Þu4;xx þ ð�u3;x þ �u4;xÞu1;x � ð�u3;x � ��u4;xÞu2;x

þ 3ð�u2
3 þ 2�u3u4 � ��u 2

4Þu2
1 � 6ð�u2

3 � 2��u3u4 � ��u 2
4Þu1u2

� 3�ð�u2
3 þ 2�u3u4 � ��u2

4Þu 2
2�:

Upon considering these results, we can impose �r ¼ 0; m � 0; to formulate

’tm ¼ N ½m�’ ¼ N ½m�ðu; �Þ’; N ½m� ¼ ð�mY Þþ ¼
Xm
n¼0

�nY ½m�n�; m � 0; ð2:14Þ

which are the temporal matrix eigenvalue problems within the zero curvature

formulation. The conditions that guarantee the solvability of the spatial and

temporal matrix eigenvalue problems in (2.5) and (2.14) are given by the zero cur-

vature equations in (1.5). They generate a hierarchy of evolution models with

W.-X. Ma
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four potentials:

utm ¼ X½m� ¼ X½m�ðuÞ ¼ ð�b½mþ1�; �e½mþ1�;��c½mþ1�;��g½mþ1�ÞT ; m � 0; ð2:15Þ
or more concretely,

u1;tm ¼ �b½mþ1�; u2;tm ¼ �e½mþ1�; u3;tm ¼ ��c½mþ1�;

u4;tm ¼ ��g½mþ1�; m � 0:
ð2:16Þ

As particular examples, this hierarchy contains the model of combined integrable

nonlinear Schr€odinger equations:

u1;t2 ¼
1

�2
½�u1;xx þ ��u2;xx � 2ð�u3 � ��u4Þu 2

1 � 4�u1u2ð�u3 þ �u4Þ

þ 2�ð�u3 � ��u4Þu2
2�;

u2;t2 ¼
1

�2
½��u1;xx þ �u2;xx þ 2ð�u3 þ �u4Þu2

1 � 4�u1u2ð�u3 � ��u4Þ

� 2�ð�u3 þ �u4Þu 2
2�;

u3;t2 ¼
1

�2
½��u3;xx þ ��u4;xx þ 2ð�u1 þ ��u2Þu2

3 � 4�ð�u1 � �u2Þu3u4

� 2�ð�u1 þ ��u2Þu2
4�;

u4;t2 ¼
1

�2
½��u3;xx � �u4;xx þ 2ð�u1 � �u2Þu2

3 þ 4�ð�u1 þ ��u2Þu3u4

� 2�ð�u1 � �u2Þu 2
4�;

8>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>:

ð2:17Þ

and the model of combined integrable modi¯ed Korteweg–de Vries equations:

u1;t3 ¼
1

�3
f�u1;xxx þ ��u2;xxx � 6½u1ð�u3 � ��u4Þ þ �u2ð�u3 þ �u4Þ�u1;x

� 6�½u1ð�u3 þ �u4Þ � u2ð�u3 � ��u4Þ�u2;xg;
u2;t3 ¼

1

�3
f��u1;xxx þ �u2;xxx þ 6½u1ð�u3 þ �u4Þ � u2ð�u3 � ��u4Þ�u1;x

� 6½u1ð�u3 � ��u4Þ þ �u2ð�u3 þ �u4Þ�u2;xg;
u3;t3 ¼

1

�3
f�u3;xxx � ��u4;xxx � 6½u1ð�u3 � ��u4Þ þ �u2ð�u3 þ �u4Þ�u3;x

þ 6�½u1ð�u3 þ �u4Þ � u2ð�u3 � ��u4Þ�u4;xg;
u4;t3 ¼

1

�3
f�u3;xxx þ �u4;xxx � 6½u1ð�u3 þ �u4Þ � u2ð�u3 � ��u4Þ�u3;x

� 6½u1ð�u3 � ��u4Þ þ �u2ð�u3 þ �u4Þ�u4;xg:

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

ð2:18Þ

These systems provide two typical coupled integrable models, which extend the

category of coupled integrable models of nonlinear Schr€odinger equations and

modi¯ed Korteweg–de Vries equations (see, e.g. Refs. 23, 27 and 28). One interesting

character is that every equation contains two derivative terms of the highest order,

and so, we call them combined models.

Four-component combined integrable equations
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Three special subcases of � ¼ 0, � ¼ 0 and � ¼ 0 in the above hierarchy are

interesting. The ¯rst subcase presents novel integrable couplings of the AKNS hi-

erarchy, which are not of perturbation type. The other two subcases produce reduced

hierarchies of uncombined integrable models.

3. Recursion Operator and bi-Hamiltonian Formulation

Let � 6¼ 0 now. To furnish a bi-Hamiltonian formulation and show the Liouville

integrability29,30 for the soliton hierarchy (2.16), one can apply the so-called trace

identity (1.7) to the spatial matrix eigenvalue problem (2.5). The trace identity uses

the Laurent series solution Y determined by (2.6). One can then easily work out

tr Y
@M
@�

� �
¼ 2�a; tr Y

@M
@u

� �
¼ ð2c; 2�g; 2b; 2�eÞT ; ð3:1Þ

and accordingly, the trace identity presents

�

�u

Z
��ðnþ1Þ�a½nþ1� dx ¼ ��� @

@�
���nðc½n�; �g½n�; b½n�; �e½n�ÞT ; n � 0: ð3:2Þ

Checking with n ¼ 2 yields � ¼ 0; and consequently, one arrives at

�

�u
H½n� ¼ ðc½nþ1�; �g½nþ1�; b½nþ1�; �e½nþ1�ÞT ; n � 0; ð3:3Þ

where the Hamiltonian functionals are taken as

H½n� ¼ �
Z

�a½nþ2�

nþ 1
dx; n � 0: ð3:4Þ

This allows us to propose a Hamiltonian formulation for the hierarchy (2.16):

utm ¼ X½m� ¼ J1
�H½m�

�u
; m � 0; ð3:5Þ

where J1 is the Hamiltonian operator:

ð3:6Þ

andH½m� are the functionals de¯ned by (3.4). It follows directly from the Hamiltonian

theory that there exists an interrelation S ¼ J1
�H
�u between a symmetry S and a

conserved functional H of the same model.

W.-X. Ma
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It is known that these vector ¯elds X½n� satisfy a characteristic commutative

property:

½½X½n1�;X½n2��� ¼ X½n1�0ðuÞ½X½n2�� �X½n2�0ðuÞ½X½n1�� ¼ 0; n1;n2 � 0: ð3:7Þ
This property can been derived from an algebra of Lax operators:

½½N ½n1�;N ½n2��� ¼ N ½n1�0ðuÞ½X½n2�� � N ½n2�0ðuÞ½X½n1�� þ ½N ½n1�;N ½n2�� ¼ 0; n1;n2 � 0;

ð3:8Þ

which can directly be checked by analyzing the relation between the isospectral zero

curvature equations (see Ref. 31 for the detailed proof).

Furthermore, from the recursion relation X½mþ1� ¼ �X½m�, we can work out a

hereditary recursion operator � ¼ ð�jkÞ4�4
29 for the hierarchy (2.16) as follows:

�11 ¼
1

�
ð@x � 2u1@

�1u3 � 2�u2@
�1u4Þ; �12 ¼

1

�
ð�2�u1@

�1u4 þ 2�u2@
�1u3Þ;

�13 ¼
1

�
ð�2u1@

�1u1 þ 2�u2@
�1u2Þ; �14 ¼

1

�
ð�2�u1@

�1u2 � 2�u2@
�1u1Þ;

8>><
>>:

ð3:9Þ

�21 ¼
1

�
ð2u1@

�1u4 � 2u2@
�1u3Þ; �22 ¼

1

�
ð@x � 2u1@

�1u3 � 2�u2@
�1u4Þ;

�23 ¼
1

�
ð�2u1@

�1u2 � 2u2@
�1u1Þ; �24 ¼

1

�
ð2u1@

�1u1 � 2�u2@
�1u2Þ;

8>><
>>:

ð3:10Þ

�31 ¼
1

�
ð2u3@

�1u3 � 2�u4@
�1u4Þ; �32 ¼

1

�
ð2�u3@

�1u4 þ 2�u4@
�1u3Þ;

�33 ¼
1

�
ð�@x þ 2u3@

�1u1 þ 2�u4@
�1u2Þ; �34 ¼

1

�
ð2�u3@

�1u2 � 2�u4@
�1u1Þ;

8>><
>>:

ð3:11Þ

�41 ¼
1

�
ð2u3@

�1u4 þ 2u4@
�1u3Þ; �42 ¼

1

�
ð�2u3@

�1u3 þ 2�u4@
�1u4Þ;

�43 ¼
1

�
ð�2u3@

�1u2 þ 2u4@
�1u1Þ; �44 ¼

1

�
ð�@x þ 2u3@

�1u1 þ 2�u4@
�1u2Þ:

8>><
>>:

ð3:12Þ
With some analysis, we can observe that J1 and J2 ¼ �J1 constitute a Hamiltonian

pair, that is, an arbitrary linear combination of J1 and J2 is again Hamiltonian, and

thus the hierarchy (2.16) possesses a bi-Hamiltonian formulation30:

utm ¼ X½m� ¼ J1
�H½m�

�u
¼ J2

�H½m�1�

�u
; m � 1: ð3:13Þ

Four-component combined integrable equations
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Further, we can see that the associated Hamiltonian functionals commute with each

other under the corresponding two Poisson brackets6:

fH½n1�;H½n2�gJ1 ¼
Z

�H½n1�

�u

� �T

J1
�H½n2�

�u
dx ¼ 0; n1;n2 � 0 ð3:14Þ

and

fH½n1�;H½n2�gJ2 ¼
Z

�H½n1�

�p

� �T

J2
�H½n2�

�u
dx ¼ 0; n1;n2 � 0: ð3:15Þ

To conclude, each model in the hierarchy (2.16) is Liouville integrable and pos-

sesses in¯nitely many commuting symmetries fX½n�g1
n¼0 and conserved functionals

fH½n�g1
n¼0. In particular, the systems in (2.17) and (2.18) provide two speci¯c

examples of nonlinear combined Liouville integrable Hamiltonian models.

4. Concluding Remarks

A Liouville four-component integrable hierarchy with Hamiltonian formulations has

been generated from a speci¯c special matrix eigenvalue problem. The success comes

from the existence of a particular Laurent series solution of the corresponding sta-

tionary zero curvature equation. The resulting integrable models have been shown to

be bi-Hamiltonian via the trace identity to the underlying matrix eigenvalue problem.

We point out that the case of � ¼ 0 corresponds to integrable couplings and the

variational identity is required to furnish a Hamiltonian formulation (see, e.g. Ref. 5 for

details). It should be particularly interesting to explore mathematical structures of

solitons to the presented integrablemodels.Powerful and e®ective approaches to solitons

include the Riemann–Hilbert technique,32 the determinant approach,33 the Zakharov–
Shabat dressingmethod,34 and theDarboux transformation.35–37 Besides solitons, lump,

kink, breather and rogue wave solutions, including their interaction solutions (see, e.g.

Refs. 38–43), are also interesting, and one can compute them from solitons by wave

number reductions. On the other hand, considering nonlocal group reductions of matrix

eigenvalue problems under similarity transformations, one can generate nonlocal re-

duced integrable models and study their solitons (see, e.g. Refs. 44–46).
Integrable models are of great interest. They signi¯cantly advance our under-

standing of complex nonlinear mathematical and physical problems (see, e.g.

Ref. 47). They o®er insights into the dynamic behavior of physical systems and have

close connections to various areas of mathematics, including algebraic geometry,

representation theory, and the theory of special functions.
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