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The aim of this paper is to construct a six-component integrable hierarchy associated with a
matrix spatial spectral problem of arbitrary order. The adopted method is the zero curvature
formulation. The corresponding Hamiltonian formulation is furnished by using the trace iden-
tity, which guarantees the Liouville integrability for the resulting hierarchy. Two illustrative
examples of integrable equations of lower orders are six-component coupled nonlinear
Schrodinger equations and modified Korteweg—de Vries equations.
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1. Introduction

The zero curvature formulation is a fundamental tool for generating integrable
equations. It starts from a Lax pair of matrix spatial and temporal spectral problems’
and the associated inverse scattering transform allows for the construction of solu-

tions to Cauchy problems.?*

Let us consider an n-dimensional potential: u = (uy, ...,

u,)" and assume that \

is the spectral parameter. A general procedure for constructing integrable equations
in the zero curvature formulation is as follows (see Refs. 4 and 5). First, adopt a loop
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algebra ¢ to formulate a spectral matrix:
U= U(“v >‘) = fO(A) + ulfl(A) +ee un,fn()\)v (11)

where fi,..., f, are linear independent elements in g and f; is a pseudo-regular
element in g:

Ker ady @ Im ady, = g, and Ker ad;, is commutative.

This property guarantees that there exists a Laurent series solution Y =
2 o A5Yl to the stationary zero curvature equation:

Y, = iU, Y]. (1.2)
Then, an integrable hierarchy can be presented through zero curvature equations:
U, - vl iu, vl =0, r>0, (1.3)

which are the compatibility conditions between the spatial and temporal matrix
spectral problems:

—ip, =U¢, —ig, =Vip, r>0. (1.4)

Hamiltonian structures of the resulting integrable equations could be furnished*® by
using the trace identity:

6 ou 0 oU
— 2\ U el
ou /tr(Y B)\)dx A 13 A tr(Y 8u)’ (15)

where % is the variational derivative with respect to w and =y is the constant deter-
mined by

A0

__r9 2
T=-3 5 In | tr(Y?)]. (1.6)

Various integrable hierarchies are generated in such a way, on the basis of the
special linear algebras (see Refs. 3 and 6—13), and the special orthogonal algebras (see
Refs. 14-18). Bi-Hamiltonian formulations can often be furnished, which exhibit the
Liouville integrability of the associated zero curvature equations.'® Integrable hier-
archies with two components, let us say p and ¢, are of great importance. The four
well-known such integrable hierarchies are associated with the following spectral
matrices:

A p A2 Ap A A v Ap
U= U= U= U= 1.7
[q _A], [Aq >l . e

where pg+v?> = 1. The corresponding integrable hierarchies are the Ablowitz—
Kaup-Newell-Segur hierarchy,® the Kaup—Newell hierarchy,?” the Wadati—-Konno—
Ichikawa hierarchy?’ and the Heisenberg hierarchy,’? respectively. The four

2350143-2



A siz-component integrable hierarchy and its Hamiltonian formulation

counterparts of spectral matrices associated with so(3,R) are

0 ¢ —\ 0 —Xg -\
U=|q 0 —p|, U=|XA¢ 0 =Xp (1.8)
Ap O Ao xp 0
and
0 —A -—-AX 0 —A —\
U=|XN 0 =Xp|, U={(X 0 =Xp], (1.9)
A 0 AV Ap 0

where p? + ¢> + v? = 1 (see Refs. 23-26, respectively).

This paper aims to construct an integrable hierarchy of six-component equations
associated with a matrix spectral problem of arbitrary order within the zero curva-
ture formulation. By using the trace identity, we furnish a Hamiltonian formulation
for the resulting hierarchy. Two illustrative examples of lower orders are six-
component integrable coupled nonlinear Schrodinger equations and six-component
integrable coupled modified Korteweg—de Vries equations, whose coefficients depend
on numbers of copies of six potentials appeared in the spectral matrix. The final
section provides a conclusion and some concluding remarks.

2. An Integrable Hierarchy with Six Potentials

Let us fix three natural numbers n;,n, and ns. To construct integrable equations
within the zero curvature formulation, we need to pick up a matrix spectral problem,
and in this paper, we begin with a matrix spectral problem of the following form:
A vy vy vy O
w, 0 0 0 vTI
—ip, =Usdp=Uu,\)p, U= |wy 0 0 0 vi]|, (2.1)
ws 0 0 0 vI

0 wi wi wi -\

where ¢ is the eigenfunction, A is again the spectral parameter, u is the potential with
six components:

U = U’(:E7t) = (’()171}2,7}3,’11)1,11}2,’[1}3)71, (22)
and
vi=(vj,...,v), w;=(wj,...,w;)", 1<;j<3 (2.3)
~—— ——

The above spectral problem cannot be reduced from the matrix Ablowitz—Kaup—
Newell-Segur spectral problem, though there are various meaningful reductions (see
Refs. 27 and 28).
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In order to construct an associated integrable hierarchy within the zero curvature
formulation, we first solve the stationary zero curvature equation (1.2) among
Laurent series matrices of the following form:

[ a b1 b2 b3 0 7
Cy 0 d1E7L|,7L2 dZEn],n;; b{
Y= Co 7d1En2,n1 0 dI3En2,n3 bg Z SY[ (24)

C3 _d2En3,n| _d3En3,n2 0 b? =

L0 ct cl ct —a |

where
bJ:(bJ,7b]), C]:(CJ,,CJ)T, 1§]S37 (25)
N — N —

oo o0 o0
_ —5 . [s _ —s7, 8] _ —s . [5]
afz;)\ al, bjfz;wb , CFZ;A .,
= N = (2.6)
d=> avd, 1<j<3

It is easy to check that the corresponding stationary zero curvature equation
yields the initial conditions:

o =0, B0 bl = ol = —0, d¥—al =t =0, (2)

and the recursion relations:

b%sﬂ] _ _Zb[ls]T + vyl + nQUQd[ s ngvsd[ 5]
by = —Zb[QS]T +upall — nyod ] + ngvyd}) 28)
bi[fﬂl — —’Lb[;]z + vgald — nlvld[;] - ”2”?di[;]’
o+l ZC[;]L + wial — nowyd ! — ngwsyd},
el Z.ng]w + wya + nywd — ngudld (2.9)
el — e ] +wsal) + nywdy + ngw,d!,
dlt = ot — byl el
4B il — ught 4o, C[ 1] clotly, (2.10)
Bt = iyl = wgb Y et et
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and

[s+1]

s+1 [s+1]
I ] —ngwsbs "+ nyvicy

b [s+1]

+ n2v20[2 1 + ngv CESH])

) s+1
= i(—njwb] ' — nywy b[; ]

[s] [s]

= f(nlwlb[l“’]x + anzb[ 4 ngwgb[ s nivic), + Ngvacy, + n3v30g]z)

(2.11)
where s > 0. To have a unique Laurent series solution, we take the initial values
all =1, dV =q¥ =a =0 (2.12)
and choose the constants of integration as zero
Neg =0, d]mg = d3)|ucg =) =0, s>1. (2.13)
Then, we can uniquely determine that
b[ll] = vy, b[;] = 0y, bgl] = 03,
0[11] = wy, 0[21] = Wy, cg] = ws,

dV=all =all =0, al=0;

2 _ . 2 _ 2] .
bl - _Zvl,wa b2 - _7"U2,wa b3 - _ZU?),(E?
2] _ . 2] _ . 2] _ .
i = “UL;J:: Coy = ZwZ,arv C3” = ZwS.,:m
2 2 2
d[l} = —U1Wy + VaWy, d[g] = —U1W3 + V3w, dél = —UW3 + V3Wo,
al?l = —N1V1W; — NV Wy — N3V3W3;
(3] _ 2 2 2
by = =1 4y + (=110] + n9v3 + N3v3)wy — 2(n9vews + Nyvzws)vy,
(3] _ 2 2 2
by = —Vg 4, + (MU — Nyv3 4 N3v3)wy — 2(nyv1wy + NyVzWs3) Vs,
Bl _ 2 2 2
by U3 20 T (MVT + Nov3 — N3v3)wy — 2(n VW1 + Novyws V3,
(B8] _ 2 2 2 9
Cy = —Wy gy + (—mwT + ngwi + ngw3)v — 2(Ngvwsy + Ngvsws)wy,
(B _ 2 2 2 9
Cy = —Wyap + (NWT — Now3 + N3w3)vy — 2(Nqvywy + Ngvzws)ws,
(3] _ 2 2 2 9 )
Cy = —Ws3 4y + (MWT + Nows — nzw3) vy — 2(n V1w + Nyvws ) W3,
d[3] ( _ + )
Ulw21 U2w1,x /UI,IU)Q /U?,$w1 )
B _
d (Ulwiz _USwlz _Ulzwi—i_vizwl)
di = —i( - - + )
3 = U VW3, — VgWy ,; — Vg, W3 T Vg ;W ),
3 )
bl = —i(NV1W1 5 — NV LW+ NgVaWy ; — N9V Wy + N3V3W3 , — NgV3 ;W3 )5
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and
q .
b[1] = 1(V1 gy + 3N1V101 Wy + 3N901 Vg Wy + N30V W3
— 3NgUg ;W1 — 3N3V3V3 LWy + 3NV L VIWy + N30 ,V3Ws3),
M4 _
by’ = (Vg ypy + 310105 ;W1 — 31901V L Wo + 3NqV; VW,
+ 3n90905 Wy + 3N309V3 W5 + 3NgV VW3 — 3N3V3V3 L Wo),
M4 _
by’ = (V3 400 + 3NV1V3 W1 — 3110101 W3 + 3NV LUWY
— 3N9UgUy W3 + BNgVaUs Wy + 3N9Vy V3Wy + 3N303V3 W),
M4 _ .
ey = —i(Wy gy + 3N VIWIW] 5 — 3NV WeWS , — 3N3V WW3
+ 3n900wy Wy + 3NoVaw Wy, + 3NgVzW W3 + 3NzVsW WS ),
M4 _
Cy' = —i(Woppp — 3NVW WY 4, + 3N VW Wo , + 3NV WY LW
+ 37’7/2’02’111211}2@ — 37’L3U2’U)3’ll)g_;E + 3713’1}3’(1}2111371- + 3n3v3w2_zw3),
4 _ .
ey = —i(Ws 4y + 3N VIW WG, 4 3NV WY LW — 3N VZWIWY
+ 3n9Uawots ;4 3N9VeWs W3 — 3NV3WoW, ; + 3N3V3W3W3 ),
al = 3( + + )(viwy — vywy) + -
1 — 2\ V1 Wy T NaUaWg T N3U3W3 ) (V1 Wy — VoW V1,00 W2 — Vg 22, W1
- U2w1,.7::c + ’UIU)Q,.I':C - Ul,;cw2,;c + vZ,a:wl,a:a
4 _
dy' = 3(njvywy + Noywy + Nyvzws ) (VW3 — V3Wy) + V) 4 W3 — Vs Wy
- USwl,zx + Ule,zx - Ul,zw?:,z + UB,zwl,z7
4 _
dy’ = 3(nv1wy + Navewsy + N3V3w3 ) (VaWz — VgWs) + Vg 4y W3 — V3 4 Wo
- U3w2,zz + U2w3,zz - v2,zw3,z + US,wa,za
N 2 2 9y 2 3 2 2 2 2
al¥ = 5”1(”111)1 — NoW3 — NW3)VT — 5”2(”1“’1 — nowj + Ngw3)vy

3 2 2 2 2
- 5”3(”1101 + nows — ngw3) vy + 61101 (Navawy + Ngvzws)wy

+ 6nangvU3waws + NV WY 4y + N V) 4 W1+ NpVoWa 4y + MgV 4 W

+ N3V3W3 1 + NZV3 1z W3 — NV ;W — NV ;Wa 5 — N3V3 W3 -

At this moment, we notice that we can assume the temporal matrix spectral
problems to be of the following form:

,

—ig, =Vl =Vi(u,\)g, VI=(\Y), = Z Nylr=sl >0, (2.14)

5=0
which are the other parts of Lax pairs of matrix spectral problems in the zero
curvature formulation. The compatibility conditions of the spatial and temporal
matrix spectral problems in (2.1) and (2.14) are exactly the zero curvature equations
in (1.3).
These equations generate a six-component integrable hierarchy:

u, = X[T] _ (Z.b[lrJrl],Z.b[7"+1])z.b[r+1]7 _ic[r'Jrl] _Z.C[QTJrl], _Z.C[7'+1])T

2 3 15 3 r >0 (2.15)

)
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or more concretely,

. [r+1 . [r+1 . [r+1
Ul,tr = Zb[lJr ]a UZ,t, = Zb[QJr ]7 US,t,. = Zb[3+ ]7
r>0. (2.16)
] ] )
Wiy, = —1Cy 7, Woy = —1Cy 7, W3; = —U1C3

The first two nonlinear examples in this integrable hierarchy are the integrable
coupled nonlinear Schrodinger equations:

. _ 2 2 2

W14, = U1 g0 + (NVT — Novs — N33 )Wy + 2(Nyvowy + Nyuzw;)vy,

. 2 2 2

Vg4, = Vg 4y — (MU — NV3 + N3v3)wy + 2(Nyv 1wy + N3v3w3) vy, (2.17)

. _ 2 2 2
34, = U340 — (NVT + Novs — N33 w3 + 2(n V1w + Nyvowy ) vy

and
Wy g, = —Wy 4y + (—MwT + Nywi + nzw3)v; — 2(ngvawy + Nyvzw3)wy,
Wy, = —Wyp + (NyWT — Now3 + N3w3)vy — 2(Ny 0 w1 + N3v3W3 )Wy, (2.18)
Wy, = —W3 4, + (MW + now3 — nzw3)vy — 2(nyvyw; + Ngvyws )ws

and the integrable coupled modified Korteweg—de Vries equations:
Vit, = —Viges — 3”1”1”14;“’1 - 3”2”1”2,3:102 - 3”3”1”3,mw3

+ 3novgs ywy + 3N3U303 LW — 3NV VWY — 3NV L U3WS,

Vot, = —V2paa — 3”1”102,3:101 + 3”1”1”1,:5102 - 3”17)1,;1302101 (2 19)
— 3ngUyvy ;W — 3N3VaU3 L W3 — 3N3Vy L U3W3 + 3N3U3V3 4 Wo,
Vg1, = —U3 gqp — SMNUIV3 W1 + 31010 W3 — N1V L U3WH
+ 3noU9vy W3 — 3NgUeV3 LWy — 3NV V3 Wy — 3N3V3V3 L W3
and
W g, = =W ggp — IMUIWIW1 5 + 3NV W9, + N3V W3WS
— 3novowy LWy — INVW Wy — 3N3V3W L W3 — 3NFVZW W3 4,
Wy, = —W zax + 3”1U2w1w1,m - 3n1v1w1w273, - 3“1”1101,;#02 (2 20)
- 3”2”2“’2“12@ + 3”3U2w3w3,m - 3n3v3w2w3,m - 3“3“3w2,mw3» .
W3, = —W3 4py — SMUIWIW3 , — 3N VIW1 W3 + 3N VW W

— 377/2’112’(1}2’11]371. — 3”2’[}2’(1}2’1‘11}3 + 37’12’0311]2’(1}2’1; — 37’13’(}3’[,0311}371.

The coefficients in these systems depend on three arbitrary numbers, n;,n, and
ns, and so we can have abundant novel integrable coupled nonlinear Schrodinger
equations and modified Korteweg—de Vries equations with six potentials.

3. Hamiltonian Formulation

To establish a Hamiltonian formulation for the integrable hierarchy (2.15), we apply
the trace identity (1.5) to the matrix spatial spectral problem (2.1). Using the
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solution Y given by (2.4), we can directly compute that
ou ou
tr(Ya)\> = QCL, tr(Yau) = 2(”101,71202,713C3,nlbl,nQbQ,ngbg)T, (31)

and consequently, we have

6 8 S S S S S S
5_ )\_S_la[SH]dx - )\_ﬁ/a)\w_s(nlcl[(]v nQCg]7n3cg]7nlb&]’n2b[2]7n3bg])T> s 2> 0.
u

(3.2)

Upon considering the case with s = 2, we obtain v = 0, and further, we arrive at

6 S S S S S S
%HM = (nlcg‘ H], ngcg +1],n3cg‘ H], nlbg‘ +1], ngb[2 +1], ngbg H])T, s>0, (3.3)
where based on (3.2), the Hamiltonian functionals are given by
) als+2
HM:—/ dz, s>0. (3.4)
s+1

This allows us to furnish the Hamiltonian formulation for the integrable hierarchy
(2.15) as follows:

i i 0 07
n1
0 0 i 0
[r] 0 0 Li
up, = x1 = g )
ou 1 9 0
0 —5i 0 0
L O 0 —n%z ]

(3.5)

where J is a Hamiltonian operator, i.e., {F,G}; = [ (25)T.J % dz defines a Poisson

bracket, and the Hamiltonian functionals H!") are defined by (3.4). This Hamiltonian
formulation exhibits a relation S = J % from a conserved functional H to a sym-
metry S. The commuting property of these symmetries:

[[X[sl]’X[sﬂ]] — X[sl]/(u)[X[sﬂ] _ X[SQ]’(U)[X[SJ] =0, 81,8 >0, (3.6)
comes from a Lax operator algebra:

[Vl Vil = Vil (u) [ X)) — Vil (u) [ XT0)) 4 (Vi) V=) =0, 51,5, >0,
(3.7)
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which is guaranteed by an algebraic structure associated with the isospectral zero
curvature equations (see Ref. 29 for details). Further, a consequence of the Hamil-
tonian formulation is that the conserved functionals also commute under the cor-
responding Poisson bracket:

s\ T S9
{H[SILH[SZ]}] — / (6?;12 ]> Jé/};i ] dx = 0’ S1, 89 > 0. (38)

By combining .J with a recursion operator ®,% generated from K5t = &K, a bi-
Hamiltonian formulation' can also be furnished for the integrable hierarchy (2.16).
This ensures the Liouville integrability of every member in the hierarchy.

4. Concluding Remarks

An integrable hierarchy of Hamiltonian equations with six components had been
generated from a matrix spectral problem of arbitrary order within the zero curva-
ture formulation. It is crucial to determine a Laurent series solution to the corre-
sponding stationary zero curvature equation. The resulting integrable hierarchy
possesses a Hamiltonian formulation, furnished by the trace identity, which exhibits
its Liouville integrability.

It would be of great importance to explore structures of soliton solutions to the
resulting integrable equations. The Riemann-Hilbert technique,®' the Zakharov—
Shabat dressing method,*” the Darboux transformation®**! and the determinant
approach®”*% could be helpful. Taking wave number reductions of soliton solutions
can lead to other types of interesting solutions, including lump and breather wave
solutions (see Refs. 37-40). Conducting nonlocal group reductions of matrix spectral
problems will yield local and nonlocal reduced integrable equations (see Refs. 28
and 41-44, respectively). It needs further investigation to determine mathematical
structures of soliton solutions to the resulting new integrable equations and their
corresponding nonlocal integrable counterparts, even with numerical approaches
that are efficient for solving algebraic-differential equations and fractional differential
equations (see Refs. 45 and 46).

We also remark that our matrix spectral problem could be generalized further by
including conjugate copies of v;, 1 < j < 3, or involving more potentials. Generalized
matrix spectral problems will lead to more general integrable coupled equations (see
Refs. 47 and 48), including integrable couplings (see Refs. 17, 49 and 50).
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