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This study explores dispersion-induced lump structures in a generalized (2+1)-dimensional

Kadomtsev{Petviashvili-like framework. Starting from a generalized bilinear representation of
the governing equation, we derive positive quadratic wave solutions through symbolic com-

putation, which yield lump structures. The analysis reveals that the stationary points of these

quadratic waves lie along a straight line in the spatial domain and move at constant velocities.
Along this characteristic line, the lump wave amplitude becomes zero. The development of these

lump waves is attributed to the combined e®ects of ¯ve distinct dispersion terms in the model.
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1. Introduction

Exact and explicit closed-form solutions are of primary importance in mathematical

physics and engineering sciences, as they provide deep insights and general frame-

works for addressing complex nonlinear problems. Yet, obtaining such solutions is

often a challenging task. Considerable research has therefore been devoted either to

deriving closed-form expressions directly or to identifying conditions under which

they can exist.
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In the context of soliton theory and integrable models, wave structures, such as

solitons, rogue waves and lump waves, are frequently constructed through symbolic

analysis or computational techniques. These dispersive waves arise from the intricate

interplay between nonlinearity and dispersion, making their construction, whether

analytical or numerical, a key focus in the study of wave dynamics across diverse

physical and engineering settings.

Two cornerstone techniques in soliton theory and the analysis of integrable

models are the Inverse Scattering Technique (IST)1 and the Hirota bilinear method.2

The IST acts as a nonlinear generalization of the Fourier transform, tailored for

integrable systems. It is widely used to solve initial data problems for nonlinear

equations via their associated Lax pairs,3 and to investigate the asymptotic dynamics

of dispersive waves in the long-time limit, including those lacking solitons.4 In con-

trast, the Hirota method provides an e±cient framework for generating exact wave

solutions, such as lump waves and solitons, especially for nonlinear dispersive

equations in (2+1)- and (3+1)-dimensional settings.5{10

Let x and y denote spatial coordinates, and t represent time. Given a polynomial

Pðx; y; tÞ, we can formulate a Hirota bilinear di®erential equation in (2+1)-dimen-

sions:

PðDx;Dy;DtÞf � f ¼ 0; ð1:1Þ
where Dx;Dy and Dt are Hirotas bilinear operators,2 de¯ned by

Dm
x D

n
yD

k
t f � f ¼ @

@x
� @

@x0

� �
m @

@y
� @

@y0

� �
n

@

@t
� @

@t0

� �
k

fðx; y; tÞfðx0; y0; t0Þ
����
x0¼x;y0¼y;t0¼t

;

withm;n; k being nonnegative integers. By using the Bell polynomial theory, one can

often derive nonlinear PDEs for a scalar function u from Hirota bilinear forms via

logarithmic derivative transformations (see, e.g. Ref. 11), for example,

u ¼ �ðln fÞxx; �ðln fÞyy; �ðln fÞxy; �ðln fÞx; �ðln fÞy; ð1:2Þ

where � is an appropriate nonzero constant. Hirotas bilinear method allows for the

construction of N-soliton solutions in the exponential superposition form (see, e.g.

Refs. 5 and 12):

f ¼
X
�¼0;1

exp
XN
i¼1

�i�i þ
X
i<j

�i�jcij

 !
; ð1:3Þ

where the sum
P

�¼0;1 runs over all combinations �1; �2; . . . ; �N 2 f0; 1g. Phase shifts
cij and the wave variables �i are given by

exp ðcijÞ ¼ � Pð!j � !i; ki � kj; li � ljÞ
Pð!j þ !i; ki þ kj; li þ ljÞ

; where 1 � i < j � N ð1:4Þ
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and

�i ¼ kixþ liy� !itþ �i;0; where 1 � i � N: ð1:5Þ
The only requirement ensuring the existence of N-soliton solutions is the dispersion

relation:

P ð�!i; ki; liÞ ¼ 0; where 1 � i � N : ð1:6Þ
A central problem is to determine whether a function f of the form (1.3) indeed solves

the bilinear equation (1.1) under the dispersion conditions (1.6). A systematic al-

gorithm for this veri¯cation, with examples in both (1+1)-and (2+1)-dimensional

cases, is presented in Refs. 12 and 13.

Another class of explicit wave solutions in nonlinear integrable models consists of

lump waves and rogue waves, which are closely related to solitons and capture a

broad range of nonlinear phenomena.14 Lump waves are rationally localized in space,

vanishing at in¯nity in all directions at ¯xed time.14,15 For example, the Kadomt-

sev{Petviashvili I (KPI) equation admits a wide variety of lump solutions,6 some of

which emerge in the long-wave limit of multi-soliton con¯gurations.16 These localized

structures are not con¯ned to integrable systems: Lump-type waves also emerge in

nonintegrable (2+1)D KP, BKP and KP{Boussinesq-type extensions,17 and even in

certain linear wave settings in higher dimensions through linear superposition.18,19

A common technique for constructing lump solutions is the sum-of-squares

ansatz, in which a positive quadratic function is substituted into a bilinear equa-

tion.6,14 Applying logarithmic derivative transformations to such quadratic forms

yields lump solutions for various nonlinear model equations. In this paper, we employ

this method to examine a (2+1)-D generalized Kadomtsev{Petviashvili(gKP)-like

equation incorporating four nonlinear and ¯ve distinct dispersive terms. These

nonlinear and dispersive e®ects act as the balancing mechanisms that sustain lump

structures. We derive lump solutions symbolically using computer algebra systems

and analyze the stationary points of the underlying quadratic function to gain insight

into the wave dynamics. The paper concludes with remarks and prospective direc-

tions for related problems.

2. A Generalized Kadomtsev{Petviashvili-like Model

We consider a category of generalized bilinear di®erential operators, introduced in

Ref. 20

Dm
p;xD

n
p;yD

k
p;tf � f ¼ @

@x
þ �p

@

@x0

� �
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@y0
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þ �p
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@t0
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k

fðx; y; tÞfðx0; y0; t0Þ
����
x0¼x;y0¼y;t0¼t

; ð2:1Þ

where

�k
p ¼ ð�1ÞrðkÞ where k � rðkÞ mod p; 0 � rðkÞ < p: ð2:2Þ
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For example, taking p ¼ 3 yields the pattern

�3 ¼ �1; �2
3 ¼ �3

3 ¼ 1; �4
3 ¼ �1; �5

3 ¼ �6
3 ¼ 1; . . . ð2:3Þ

and taking p ¼ 5 gives

�5 ¼ �1; �2
5 ¼ 1; �3

5 ¼ �1; �4
5 ¼ �5

5 ¼ 1; �6
5 ¼ �1;

�7
5 ¼ 1; �8

5 ¼ �1; �9
5 ¼ �10

5 ¼ 1; . . . :
ð2:4Þ

Setting p ¼ 3, we consider a gKP-like bilinear equation:

FgKP-likeðfÞ :¼ðD4
3;x þ �1D3;tD3;x þ �2D3;tD3;y þ �3D

2
3;x

þ �4D3;xD3;y þ �5D
2
3;yÞf � f

¼ 2½3f 2
xx þ �1ðftxf � ftfxÞ þ �2ðftyf � ftfyÞ þ �3ðfxxf � f 2

xÞ
þ �4ðfxyf � fxfyÞ þ �5ðfyyf � f 2

y Þ� ¼ 0; ð2:5Þ

where D3;x;D3;y and D3;t denote the generalized bilinear derivatives, and �i for

1 � i � 5 are arbitrary constants. This represents a natural generalization of the

standard KP equation. By rede¯ning the dependent variable through

u ¼ 2ðln fÞx; ð2:6Þ
we obtain the corresponding generalized gKP-like model equation:

PgKP-likeðuÞ :¼ 3uxuxx þ 3uu2
x þ

3

2
u3ux þ

3

2
u2uxx

þ �1utx þ �2uty þ �3uxx þ �4uxy þ �5uyy ¼ 0: ð2:7Þ
This new model includes four nonlinear terms and ¯ve dispersion terms.

In the case �1 ¼ �5 ¼ 1 and all other coe±cients set to zero, the generalized

equation reduces to the standard KP-like equation:

3uxuxx þ 3uu 2
x þ

3

2
u3ux þ

3

2
u2uxx þ utx þ uyy ¼ 0; ð2:8Þ

whose rational solutions have been studied in Ref. 21.

The model equation (2.7) is exactly related to the generalized bilinear equation

(2.5) via

PgKP-likeðuÞ ¼
FgKP-likeðfÞ

f2

� �
x

: ð2:9Þ

Hence, u, de¯ned by (2.6), solves the nonlinear generalized model equation (2.7)

whenever f satis¯es the generalized bilinear equation (2.5).

Many questions remain regarding the integrability of this new model, including

whether it admits lump solutions, which are typical in integrable systems. In the

following section, we analyze this problem, focusing particularly on a class of lump

solutions in°uenced by the dispersion terms.
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3. Lump Waves Managed by Dispersion

We now focus on constructing lump wave solutions for the gKP-like model equation

(2.7) by performing symbolic computations on the corresponding generalized bilinear

equation (2.5). In particular, we demonstrate that the ¯ve dispersion terms are

essential for generating lump waves and examine the stationary points of the

resulting quadratic function.

3.1. Implementation of the sum-of-squares ansatz

The sum-of-squares ansatz is a well-established framework for formulating lump

solutions of nonlinear evolution equations in higher dimensions, as demonstrated in

Ref. 6. The approach begins by assuming that the dependent variable can be

represented in terms of a logarithmic derivative of a positive quadratic function.

Typically, this quadratic form is written as a sum of squared linear terms plus a

constant:

f ¼ � 21 þ � 22 þ a9; �1 ¼ a1xþ a2yþ a3tþ a4; �2 ¼ a5xþ a6yþ a7tþ a8; ð3:1Þ

which ensures the rationally localized solution in all spatial directions. Substituting

this form into the generalized bilinear representation of the target equation reduces

the problem to solving an algebraic system for the nine parameters ai. This frame-

work provides a foundation for generating general lump wave structures of lower

order in (2+1)-dimensional settings,14 with symbolic computation used to determine

the coe±cients.

Plugging the function f from (3.1) into the generalized bilinear equation (2.5)

yields a system of algebraic equations. Solving this system via computer algebra gives

explicit expressions for a3; a7 and a9:

a3 ¼ � 1

ða1�1 þ a2�2Þ2 þ ða5�1 þ a6�2Þ2
½a1ða2

1 þ a2
5Þ�1�3 þ a2ða2

1 þ a2
5Þ�1�4

þ ða1a2
2 � a1a

2
6 þ 2a2a5a6Þ�1�5 þ ða2

1a2 þ 2a1a5a6 � a2a
2
5Þ�2�3

þ a1ða2
2 þ a2

6Þ�2�4 þ a2ða2
2 þ a2

6Þ�2�5�; ð3:2Þ

a7 ¼ � 1

ða1�1 þ a2�2Þ2 þ ða5�1 þ a6�2Þ2
½a5ða2

1 þ a2
5Þ�1�3 þ a6ða2

1 þ a2
5Þ�1�4

þ ð2a1a2a6 � a2
2a5 þ a5a

2
6Þ�1�5 þ ð2a1a2a5 � a2

1a6 þ a2
5a6Þ�2�3

þ a5ða2
2 þ a2

6Þ�2�4 þ a6ða2
2 þ a2

6Þ�2�5� ð3:3Þ
and

a9 ¼ � 3ða2
1 þ a2

5Þ2½ða1�1 þ a2�2Þ2 þ ða5�1 þ a6�2Þ2�
ða1a6 � a2a5Þ2ð� 2

1�5 � �1�2�4 þ � 2
2�3Þ

; ð3:4Þ

while all other parameters can be chosen arbitrarily. Frequency parameters a3 and a7
encode dispersion relations in (2+1)-dimensional nonlinear dispersive wave systems,
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whereas the constant a9 depends intricately on the wave numbers, playing a key role

in the formulation of lump waves. Some dispersion relations of higher order have

appeared in studies of lump waves associated with the second °ow of the integrable

KP hierarchy,22 and related dynamical behaviors have been explored in various

generalized KP-type models (see, e.g. Refs. 23 and 24).

All expressions, (3.2), (3.3) and (3.4), are simpli¯ed using symbolic computation.

To ensure the parameters are well de¯ned, the following two conditions on the

dispersion coe±cients and wave numbers must hold:

� 2
1�5 � �1�2�4 þ � 2

2�3 6¼ 0; ð3:5Þ

which implies

� 2
1 þ � 2

2 6¼ 0 ð3:6Þ
and the determinant condition

a1a6 � a2a5 6¼ 0; ð3:7Þ
which ensures

a2
1 þ a2

5 6¼ 0; a2
2 þ a2

6 6¼ 0 ð3:8Þ
and also guarantees that the solution u, de¯ned via the logarithmic derivative

transformation (2.6), decays to zero as x2 þ y2 ! 1, thereby con¯rming its spatial

localization.

Regarding positivity of the solution f de¯ned by (3.1), a necessary and su±cient

condition on the dispersion coe±cients is

� 2
1�5 � �1�2�4 þ � 2

2�3 < 0; ð3:9Þ

which guarantees a9 > 0, and therefore f > 0. This condition can be satis¯ed in three

speci¯c cases:

�1 6¼ 0; �5 < 0; ð3:10Þ
�2 6¼ 0; �3 < 0 ð3:11Þ

and

�1�2�4 > 0; ð3:12Þ
while the other (unmentioned) dispersion coe±cients are all assumed to be zero.

Therefore, the existence of lump waves is fundamentally ensured by the e®ect of

dispersion (see, also Ref. 25).

In summary, the construction of lump wave solutions via the logarithmic deriv-

ative transformation requires the essential conditions (3.7) and (3.9). The former, a

determinate condition, ensures spatial localization in all directions, while the latter, a

dispersion condition, is both necessary and su±cient to ensure the positivity of the

solution f, thereby guaranteeing the well posedness of u throughout the spatial-temporal
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domain. Under these conditions, the resulting u indeed represents a localized lump wave

solution.

3.2. Characteristic trajectory of stationary points

Let us now compute the stationary points of the quadratic function f, de¯ned by

(3.1). To achieve this, we solve the system given by

fxðxðtÞ; yðtÞ; tÞ ¼ 0; fyðxðtÞ; yðtÞ; tÞ ¼ 0:

Since f is a quadratic function in x and y, this leads to the following linear system:

a1�1 þ a5�2 ¼ 0; a2�1 þ a6�2 ¼ 0;

where �1 and �2 are de¯ned as in (3.1). Assuming the nondegeneracy condition (3.7),

we obtain

�1 ¼ a1xþ a2yþ a3tþ a4 ¼ 0; �2 ¼ a5xþ a6yþ a7tþ a8 ¼ 0: ð3:13Þ

The stationary points of the quadratic function f are determined by solving (3.13) for

x and y as functions of t:

xðtÞ ¼ ½ða2
1 þ a 2

5Þ�3 � ða2
2 þ a2

6Þ�5��1 þ ½2ða1a2 þ a5a6Þ�3 þ ða2
2 þ a2

6Þ�4��2
ða1�1 þ a2�2Þ2 þ ða5�1 þ a6�2Þ2

t

þ a2a8 � a4a6
a1a6 � a2a5

; ð3:14Þ

yðtÞ ¼ ½ða 2
1 þ a2

5Þ�4 þ 2ða1a2 þ a5a6Þ�5��1 � ½ða2
1 þ a2

5Þ�3 � ða2
2 þ a2

6Þ�5��2
ða1�1 þ a2�2Þ2 þ ða5�1 þ a6�2Þ2

t

� a1a8 � a4a5
a1a6 � a2a5

: ð3:15Þ

These expressions describe the trajectory of stationary points at any ¯xed time t.

Evidently, they lie along a straight line, referred to as a characteristic trajectory,

along which both spatial coordinates propagate at constant speeds. Along this tra-

jectory, the lump wave u attains a zero value.

Fig. 1. 3d-plots of u with t ¼ 0 (left), t ¼ 5 (middle) and t ¼ 10 (right).
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Figures 1{3 illustrate the spatial pro¯les and ampli¯cation characteristics of the

lump wave described by u ¼ 2ðln fÞx, based on the following parameter con¯gura-

tions:

�1 ¼ 1; �2 ¼ 3; �3 ¼ �2; �4 ¼ �3; �5 ¼ 5

and

a1 ¼ 1; a2 ¼ 3; a4 ¼ �2; a5 ¼ 1; a6 ¼ 2; a8 ¼ 6:

4. Concluding Remarks

A (2+1)-dimensional generalized Kadomtsev{Petviashvili-like model was analyzed,

and its lump wave solutions were obtained via symbolic computation using computer

algebra systems. The resulting lump wave vanishes along a characteristic curve

speci¯ed by the stationary points of the associated quadratic function.

Lump waves appear in a wide range of physical and mathematical contexts,

highlighting their versatility and the complexity involved in modeling nonlinear

dispersive wave phenomena. Prior studies have examined lump solutions in linear

wave models,18,19 as well as in nonlinear, nonintegrable models in both (2+1)-

dimensions26{32 and (3+1)-dimensions.23,33 The construction of lump waves often

Fig. 3. y curves of u with t ¼ 0 (left), t ¼ 50 (middle) and t ¼ 100 (right).

Fig. 2. x curves of u with t ¼ 0 (left), t ¼ 10 (middle) and t ¼ 20 (right).
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leverages Hirota bilinear forms and their generalizations, which provide e±cient tools

for analyzing these localized structures.14

Furthermore, lump waves exhibit diverse interactions with other coherent

structures in (2+1)-dimensional integrable models, including homoclinic and het-

eroclinic waves.34{36 Meanwhile, N-soliton solutions and integrability have been

extensively studied in both local and nonlocal integrable systems using Rie-

mann{Hilbert problems, group reductions and bi-Hamiltonian structures (see, e.g.

Refs. 37{47). In particular, a class of coupled and mixed nonlinear Schr€odinger

equations has been investigated via the Riemann{Hilbert approach in Refs. 48

and 49, and general dynamical behaviors associated with the propagation and in-

teraction of solitons were conjectured for multi-component nonlinear Schr€odinger

equations in Ref. 49. The existence, structure, and dynamics of lump waves in (2+1)-

dimensional generalizations of integrable systems, whether standard or generalized

bilinear, scalar or multi-component, remain open and compelling topics for further

investigation (see, e.g. Refs. 50{52).

In conclusion, investigating lump waves provides deeper insight into nonlinear

dispersive dynamics and may inform applications in physical and engineering sys-

tems where localized, coherent, and energy-concentrated structures are signi¯cant.
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