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1 | INTRODUCTION

The Riemann-Hilbert approach is one of the most powerful techniques to study integrable equations and particularly
generate soliton solutions.! The approach is closely connected with the nonlinear Fourier method, called the inverse
scattering method, in soliton theory.? It starts from a kind of matrix spectral problems possessing bounded
eigenfunctions analytically extendable to the upper or lower half plane. The normalization conditions at infinity on the
real axis in constructing the scattering coefficients is used in solving the corresponding Riemann-Hilbert problems.! Once
taking the identity jump matrix, reduced Riemann-Hilbert problems yield soliton solutions, whose special limits can
generate lump solutions, periodic solutions, and complexiton solutions. A few integrable equations, including the
multiple wave interaction equations,' the general coupled nonlinear Schrodinger equations,® the Harry Dym equation,*
and the generalized Sasa-Satsuma equation,® have been studied by solving the associated Riemann-Hilbert problems.
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To state the standard procedure for establishing Riemann-Hilbert problems on the real axis, we start from a pair of
matrix spectral problems of the following form:

—ipy =U¢, iy =V, U=AMN) +Pu,r), V =BA) +Qu,>r),

where i is the unit imaginary number, A is a spectral parameter, u is a potential, ¢ is an m X m matrix eigenfunction, A, B
are constant commuting m X m matrices, and P, Q are trace-less m X m matrices. The compatibility condition of the two
matrix spectral problems is the zero curvature equation

U=V +ilU,V]=0,

where [+, -] is the matrix commutator. To formulate a Riemann-Hilbert problem for this zero curvature equation, we adopt
the following pair of equivalent matrix spectral problems:

wr = I[AQV), w1 + P(u, My, w; = i[BOY, w1 + Q(u, My,

where y is an m X m matrix eigenfunction, P=iPand Q = iQ. The commutativity of A and B guarantees this equivalence.
The relation between the two matrix eigenfunctions ¢ and y is given by

¢ = wE,, By = eA®HBOL
This way, we can have two analytical matrix eigenfunctions with the asymptotic conditions
wi — I, when x,t — *oo,

where I, stands for the identity matrix of size m. Then, based on those two matrix eigenfunctions y*, we try to determine
two analytical matrix functions P(x, t, A), which are analytical in the upper and lower half-planes of A, respectively, to
formulate a Riemann-Hilbert problem on the real axis:

Gr(x,t,\) = G~ (x, ;, )G(x,1,1), L ER,
with

Gt t,M) = lim  Pr(otu), (G Got,A) = lim P (ot u), AER,

ueC+ u—n ueC- u—n

where C* is the upper half-plane C* = {z € C|Im(z) > 0} and C~ is the lower half-plane C~ = {z € C|Im(z) < 0}.
Upon taking the jump matrix G to be the identity matrix I,,;, the corresponding Riemann-Hilbert problem can be normally
solved to generate soliton solutions, through observing asymptotic behaviors of the matrix functions P* at infinity of A,
which also provide the canonical normalization conditions of the Riemann-Hilbert problems.

In this paper, we shall present an application example by focusing on a multicomponent system of modified
Korteweg-de Vries (mKdV) equations and generate its soliton solutions by special associated Riemann-Hilbert prob-
lems. The rest of the paper is structured as follows. In section 2, within the zero-curvature formulation, we rederive the
Ablowitz-Kaup-Newell-Segur (AKNS) integrable hierarchy with multiple potentials and furnish its bi-Hamiltonian struc-
ture, based on a new arbitrary order matrix spectral problem suited for the Riemann-Hilbert theory. In section 3, taking
a system of coupled mKdV equations as an example, we analyze analytical properties of matrix eigenfunctions for an
equivalent matrix spectral problem and build a kind of Riemann-Hilbert problems associated with the newly introduced
matrix spectral problem. In section 4, we compute soliton solutions to the considered multicomponent system of coupled
mKdV equations from special associated Riemann-Hilbert problems on the real axis, in which the jump matrix is taken as
the identity matrix. In section 5, we make a specific reduction and present soliton solutions to the reduced mKdV systems
by the reduced special Riemann-Hilbert problems. In the last section, we give a conclusion, together with some remarks.

2 | MULTICOMPONENT AKNS INTEGRABLE HIERARCHY

2.1 | Zero curvature scheme

The zero curvature scheme to generate integrable hierarchies is stated as follows.5® Let u be a vector potential and 2, a
spectral parameter. Choose a square matrix spectral matrix U = U(u, A) from a given matrix loop algebra, whose under-
lying Lie algebra could be either semisimple®’ or non-semisimple.® Assume that there is a formal Laurent series solution
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W=Wu,\ = inh_’" = in(u)X_m (2.1)

m=0

to the corresponding stationary zero curvature equation
W, = i[U, W]. (2.2)
Based on this solution W, we introduce a series of Lax matrices
VI = v, ) = WW), + A, >0, (2.3)

where the subscript + denotes the operation of taking a polynomial partin A, and A,, r > 0, are appropriate modification
terms. The appropriateness of selecting A, is required to generate an integrable hierarchy

ur = Ky(w) = K (x, t,u, uy,--+), r=0, (2.4)
from a series of zero curvature equations
U -V yiu, vl =0, r>o. (2.5)

The two matrices U and VIl are called a Lax pair® of the r-th soliton equation in the hierarchy (Equation 2.4). Obviously,
the zero curvature equations in Equation 2.5 are the compatibility conditions of the spatial and temporal matrix spectral
problems

—igpy = Up = U, N, —igpy = V" = VI, M), r>0, (2.6)

where ¢ is the matrix eigenfunction.
To show the Liouville integrability of the hierarchy (Equation 2.4), we normally establish a bi-Hamiltonian structure':

5Hr+1 _ 5ﬁr

u =K, =17
¢ s 2

, r>1, 2.7
50 2.7)

where J; and J, form a Hamiltonian pair and % denotes the variational derivative (see, eg, the study of Ma and
Fuchssteiner''). Such Hamiltonian structures can be usually furnished under the help of the trace identity®:

i/tr(W—)dx ar 9 [m (W )] y =29 e,
ou 2.dn
or more generally, the variational identity®:

—/<W Wyge=1r 2 [rw, 2]y = 2 Lo jw, wy,

where (-, -) is a non-degenerate, symmetric and ad-invariant bilinear form on the underlying matrix loop algebra.'? The
bi-Hamiltonian structure ensures that there exist infinitely many commuting Lie symmetries {K,}, and conserved
quantities {H,}%

[Krl’Krz] = K’/’l[Krz] _K;Z[Krl] =0,

o 51, \' 671,
{H,,H, }]=/ J dx =0,
o ou ou

where r;,r, > 0,J = J; orJ,, and K stands for the Gateaux derivative of K with respect to u:

K'W)[S] = % leoK (U + €S, ty + €Sy, - - +).

Itis known that for an evolution equation with a vector potential u, H = / H dxis a conserved functional iff Z—Z isan adjoint
symmetry," and thus, a Hamiltonian structure links conserved functionals to adjoint symmetries and further symmetries.
The existence of an adjoint symmetry is necessary for a totally nondegenerate system of differential equations to admit
a conservation law, and a pair of a symmetry and an adjoint symmetry leads to a conservation law for whatever systems
of differential equations.'*'> When the underlying matrix loop algebra in the zero curvature formulation is simple, the
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associated zero curvature equations engender classical integrable hierarchies'®'’; when semisimple, the associated zero
curvature equations generate a collection of different integrable hierarchies and when non-semisimple, we get hierarchies
of integrable couplings'® that require extra care in presenting Hamiltonian structures.

2.2 | Multicomponent AKNS hierarchy

Let n be an arbitrary natural number. We consider the following matrix spectral problem

; ah
=iy =Up =U,Mp, U = UjDmn+ixn+1) = [ (11 azl;dn] , (2.8)
where @; and a; are real constants, A is a spectral parameter and u is a 2n-dimensional potential

u= (pi qT)T9 pP= (pl’p29 o ',pn), q= (qli qz,- - ',Qn)T- (29)

A special case of p; = ¢; = 0,2 < j < n, transforms the matrix spectral problem (Equation 2.8) into the standard
AKNS matrix spectral problem,” and therefore, it is called a multicomponent AKNS matrix spectral problem and its
associated hierarchy, a multicomponent AKNS integrable hierarchy. Because of the existence of a multiple eigenvalue of
A = diag(ay, az1,), the matrix spectral problem (Equation 2.8) is degenerate.

To derive an associated multicomponent AKNS integrable hierarchy, we first solve the stationary zero curvature
(Equation 2.2) corresponding to Equation 2.8, as suggested in the general zero curvature scheme. We look for a solution
W of the form

W=[‘Z, Z], (2.10)

where a is a scalar, b" and ¢ are n-dimensional columns, and d is an n X n matrix. It is direct to show that the stationary
zero curvature (Equation 2.2) is

a, = i(pc — bg),
b, = i(aAb + pd — ap),

¢y = i(—ake + ga — dg), (2.11)
dc = i(gb —cp),
where « = a; — a,. We take W as a formal series:
ab & - alml piml
W= |0 = W™ W= W) = dml gim |+ M0, (2.12)
m=0
where ™, Ml and d!™ are expressed as follows:
Bl = bbb, = @ ™A = (@ D, m 2 0. (213)
Then, the system (Equation 2.11) exactly presents the following recursion relations:
b =0, =0, d=0, d”=o0, (2.14a)
pimtl = L plm _ ptmt 4 gimipy > o, (2.14b)
a
™l = l(ic)[cm] +qa™ —d™g), m>o, (2.14c)
a
a™ = i(pc™ — pmq),  d™ = igh"™ — ™p),  m > 1. (2.14d)
Next, we choose the initial values:
ad® =g, d° = g1, (2.15)

where f;, f, are arbitrary real constants and take constants of integration in Equation 2.14d to be zero, that is, require

Winlu=o =0, m2>1. (2.16)
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Then, with a!® and d'°! given by Equation 2.15, all matrices W,,, m > 1 are uniquely determined. For example, a direct
computation, based on Equation 2.14, generates that

m_B_ wm_P m_ q
bj = ap,, ¢, = aq,, al' =0, djl =0; (2.17a)
@_ B @ _ B, @__F @ _ B
b =——3ix ¢ = FlGjx @7 =-3pq. dy = —pig; (2.17b)
b[ﬂ__ﬂ . 2 ) [3]—_£ . 2 . 2.17
T T [pjox +2pgps1, ¢ = pe (g +2Pqq;], (2.17¢)
a = L ipg. — pog). dil = L itpsq, gy (2.17d)
a (04
bl = %i[pj,m +3pgp; x + 3pxqp; ], (2.17¢)
w_ P,
€ = ~ga e + 3099 + 3P4, (2.17f)
a¥ = %[3(pq)2 + PGxx — PxGx + Preql, (2.17g)
B
d%] = —g[-”Pquqj + Pixcqj — Pixqjx + P1gjxcl; (2.17h)

where f = f; — f,and1 < j,I < n.Based on Equation 2.14d, we can obtain, from Equation 2.14b and 2.14c, a recursion
relation for b'™ and cl™!:

c[m+1] C[m]
pimeur | =¥ | pomr | m 21, (2.18)
where ¥ is a 2n X 2n matrix operator
n
@+ g0l +qop —qo7'q" — (qo7'g")
1 i=1
¥=- ’ n : (2.19)
pTo7p+ (@' p)T  —(0+ Y\p;o ')l —pTo7'q"
j=1

To generate the multicomponent AKNS integrable hierarchy, we introduce the following Lax matrices
r
VI = VI 3) = (VD gsxmany = O Wi = Y W™, 120, (2.20)
m=0

where the modification terms are taken as zero. The compatibility conditions of Equation 2.6, ie, the zero curvature
equations in (Equation 2.5), engender the so-called multicomponent AKNS integrable hierarchy:

T . ab[r+1]T
U = [p ] = Kr =1 [—ac[H'H ] ) r> 0. (2.21)
t

The first two nonlinear integrable systems in the above hierarchy (Equation 2.21) are as follows:

n
Djt = —%i[pj,xx +2 (sz%)pj], 1<j<n, (2.22a)
=1

B, S .
Qe = U)o +2 <ZPZQI> q;l, 1<j<n, (2.22b)

=1
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and

p c C .
Djt = —§[p,-,m + 3(§plql)pj,x +3 ;pl,x(ﬂ pil, 1<j<n, (2.23a)

p c . .
Qu = =51 + 3(;171(11)%,3: +3 l;pzqz,x gl 1<j<n (2.23b)

which are the multicomponent versions of the AKNS systems of coupled nonlinear Schrédinger equations and coupled
mKdV equations, respectively. When n = 2, under a special kind of symmetric reductions, the multicomponent AKNS
systems (Equation 2.22) can be reduced to the Manokov system,” for which a decomposition into finite-dimensional
integrable Hamiltonian systems was made in the study of Chen and Zhou,* while as the multicomponent AKNS sys-
tems (Equation 2.23) contain various systems of mKdV equations, for which there exist various kinds of integrable
decompositions under symmetry constraints (see, eg, the studies of Ma and Yu and Zhou?®).

The multicomponent AKNS integrable hierarchy (Equation 2.21) possesses a bi-Hamiltonian structure,*?* which can
be generated through the trace identity,® or more generally, the variational identity.® In fact, we have

[e3] n

—itr(W%) = wa+atrd) = ) (@a™ +a Y dH,

m=0 j=1
and
. ou, |[c|_ —m
—itr(W="2) = [bT] = %Gm_lx .

Plugging these into the trace identity and checking the case of m = 2 tells y = 0in the trace identity, and thus, we have

6H , ~ i 1 c [m+1] clml
5—L:n = le—l’ Hm = _E /(ala[m+ ] + azj;d];n )d.x, Gm—l = b[m]T . m 2 1. (224)

This tells the following bi-Hamiltonian structure for the multicomponent AKNS systems (Equation 2.21):

8H, z
u =K, =nG, =], —* =Jz@, r>1, (2.25)

ou ou

where the Hamiltonian pair (J1,J, = J;'¥) is given by
0 af
J = [_aln “O"] , (2.26a)
n
pTo~p+ (pTo-'p)T 0+ ija—1qj)1n —pTo1q”
L=i n =1 ) (2.26b)
—(0+ Ypj07lgl,—qo'p  q7'q" +(q07 ")

Jj=1

Thus, the operator ® = W' = J,J;! gives a recursion operator for the whole hierarchy (Equation 2.21). Adjoint symmetry
constraints (or equivalently symmetry constraints) decompose each multicomponent AKNS system into two commut-
ing finite-dimensional Liouville integrable Hamiltonian systems.*?* In the next section, we will concentrate on the
multicomponent mKdV system (Equation 2.23).

3 | RIEMANN-HILBERT PROBLEMS

The matrix spectral problems of the multicomponent mKdV system (Equation 2.23) are

—igy = U = Uu, N, —ig, = VBl = VB3, 1), (3.1)
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where the Lax pair reads
U=M+P, VB =2Q+0Q, (3.2)
with A = diag(ai, azl,), Q = diag(p;, f,1,), and

P [0 p] _ [am}& + a2y, + al3! plip2 4 pl2ly 4 pB3]

q0 T A2 4 eI 4 B @lIpZ 4 g2 4 g | (33)

Here, u, p, q are defined by Equation 2.9, and a/™, pI™ ¢lml g™l 1 < m < 3, are determined in Equation 2.17.

In what follows, we discuss the scattering and inverse scattering for the multicomponent mKdV system (Equation 2.23)
using the Riemann-Hilbert approach' (see also the studies of Gerdjikov and Doktorov and Leble**). The results will lay
the groundwork for soliton solutions in the following section. Assume that all the potentials rapidly vanish whenx — =+ oo
ort - =+ oo. In order to facilitate the expression, we also assume that

a=a1—a <0, p=p—-p<0. (34)

From the matrix spectral problems in Equation 3.1, we note, under Equation 3.8, that when x,t — =+ oo, we have the
asymptotic behavior: ¢ ~ e*\¥+°Q Therefore, if we make the variable transformation

IMXHINQE
¢ = WEg» Eg =e' ' s

then we can have the canonical normalization v — I,;;,whenx,t — = oc0. Once setting P = iPand Q = iQ, the
equivalent pair of matrix spectral problems to Equation 3.1 reads

wy = IMA, ] + Py, (3.5)

e = IN[Q ]+ Qy, (3.6)
Applying a generalized Liouville's formula,” we can have
dety =1 3.7)

because of tr(P) = tr(Q) = 0.
Let us now formulate an associated Riemann-Hilbert problem with the variable x, under the integrable conditions:

n

[ WY dp+lahds <o m=0.1 (38)

0 j=1
In the scattering problem, we first introduce the two matrix solutions w*(x,A) of Equation 3.5 with the asymptotic
conditions

wi — I,41, Wwhen Xx - *oo, 3.9

respectively. The above superscripts refers to which end of the x-axis the boundary conditions are required for. By
Equation 3.7, we see that dety® = 1 for all x € R. Since

¢ =wTE, E=eM™ (3.10)

are both matrix solutions of Equation 3.1, they are linearly dependent, and as a result of the fact, one has
v E=yw ES(\), A€eR, (3.11)

where S(A) = (8j)(n+1)x(n +1)is the scattering matrix. Note that det S(A) = 1 because of det wET=1.
Through the method of variation in parameters, we can turn the x-part of Equation 3.1) into the following Volterra
integral equations for y*!:

X
W (A X) = I + / eI Py (1, y)et 0 dy, (3.12)

—00

W X) = I — / MV Pyt (A, y)et 0 dy, (3.13)

pY
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where the boundary condition (Equation 3.9) has been used. Therefore, under the conditions (Equation 3.8), the theory
of Volterra integral equations tells that the eigenfunctions y* exist and allow analytical continuations off the real axis
A € R aslong as the integrals on their right hand sides converge. Based on the diagonal form of A and the first assumption
in Equation 3.4, we can directly find that the integral equation for the first column of y~ contains only the exponential
factor e~@*~Y) which decays because of y < x in the integral, when X is in the upper half-plane C*, and the integral
equation for the last n columns of y* contains only the exponential factor e*~¥ which also decays because of y > x
in the integral, when A is in the upper half-plane C*. Thus, these n + 1 columns can be analytically continued to the
closed upper half-plane. In a similar manner, we can find that the last n columns of w~ and the first column of w* can be
analytically continued to the closed lower half-plane.
First, if we express

+ +  + +
v =W W), (3.14)

that is, l//ji stands for the jth column of ¢* (1 < j < n + 1), then the matrix solution
Pt =P, =Wi.wy) v =w Hi+y'H, (3.15)

is analytic in A € C*, and the matrix solution

Wi vy, -y ) =w H +y H (3.16)
is analytic in A € C~, where
H, = diag(1,0,---,0), H, = diag(0,1,---,1). (3.17)
SN—— N——
n n

Moreover, from the Volterra integral (Equations 3.12 and 3.13), we see that
Pt(x,A\) = I,;1, when A€ C' - oo, (3.18)

and
(Wf’ W2_7 T, Wy:_'.l) - Il’l+1’ when A€ (C_ — 0. (319)
Secondly, we construct the analytic counterpart of P* in the lower half-plane C~ from the adjoint counterparts of the

matrix spectral problems. The adjoint equation of the x-part of Equation 3.1 and the adjoint equation of Equation 3.5 read
as

ipy = QU, (3.20)
and

i = M, Al + @P. (3.21)

Note that the inverse matrices = = (¢F) and g+ = (yT)! solve these two adjoint equations, respectively. Upon

expressing §+ as follows:
g (322)

that is, 7 stands for the jth row of v < j < n + 1), we can verify by similar arguments that the adjoint matrix
solution of Equation 3.21,

Pr=@ g YT = Hup™ + Hoy™ = Hi(y )™ + Ha(y )7, (3.23)
is analytic for A € C~, and the other matrix solution of Equation 3.21,
@2 T Y = Hipt + Hop ™ = Fiw ™)™ + Ha(w )7 (3.24)
is analytic for A € C*. In the same way, we find that
P (x,A) > I,;1, when A€ C™ - oo, (3.25)

and

@2 T > Iy, when L€ CY - oo (3.26)
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Now, we have constructed the two matrix functions, P* and P, which are analytic in C* and C~, respectively. Defining

Gty = lim Preop). (G len = lim P (uu). AER, (3.27)
CH,u—n ueC- pu—n

e
we can directly show that on the real line, the two matrix functions G* and G~ are related by
G (x,\) = G (x,M)G(x,h), LER, (3.28)
where by Equation 3.11,
G(x,\) = E(Hy + H,S(\)(H, + S~ (WHR)E™

1 812 813 -+ St

1
S (3.29)
=E| s 0 1 -~ : |E!
P o w0
Spr11 0 --- 0 1

with S7Y(A) = (SW)™! = Bj)m+1)xm+1)- Equations 3.28 and 3.29 are exactly the associated matrix Riemann-Hilbert
problems that we would like to build for the multicomponent mKdV system (Equation 2.23). The asymptotic properties

PE(X,\) = Iz, when LeCF — oo, (3.30)
provide the canonical normalization conditions
GT(,)) = Iy1, when A€R, A— oo, (3.31)

for the presented Riemann-Hilbert problems.
To complete the direct scattering transform, let us take the derivative of Equation 3.11 with time ¢ and use the vanishing
conditions of the potentials at infinity of . This way, we can verify that the scattering matrix S satisfies

S, = iM[Q, S], (3.32)
which tells the time evolution of the time-dependent scattering coefficients:
S12 = SlZ(O’ }\’)eiﬂ}»:;t, 813 = S13(09 }\')eiﬂ)ﬁta T, Si,n+l = Sl’n+1(0, }\’)eiﬂ}»st,
s21 = 510, M) 531 = 531(0, e LS00 = Spe11(0, e,

and all other scattering coefficients are independent of the time variable ¢.

4 | SOLITON SOLUTIONS

It is known that the Riemann-Hilbert problems with zeros generate soliton solutions and can be solved by transform-
ing into the ones without zeros.! The uniqueness of solutions to each associated Riemann-Hilbert problem, defined by
Equations 3.28 and 3.29, does not hold unless the zeros of det P¥ in the upper and lower half planes are specified and the
structures of ker P¥ at these zeros are determined.

Based on det y* = 1, it follows from the definitions of P* and the scattering relation between w* and y~ that

detP*(x,\) = s11(A), detP(x,A) = 811(M), 4.1)
where, because of det.S = 1, we have
S22 S23 ct S2ntl
811 =8 = S§2 S?3 S3":1+1
SnJ;l,z Sn-;—l,3 Sn+1‘,n+1

Let N be another arbitrary natural number and assume that s;; has N zeros {}; € C*, 1 <k < N}, and §;; has N zeros
{(MeC, 1<k<N}.To generate soliton solutions, we also assume that all these zeros, A, and M., 1<k<N,are
simple. Therefore, each of ker P*()\), 1 < k < N, contains only a single basis column vector, denoted by v, 1 < k < N;
and each of ker P‘(Xk), 1 < k < N, asingle basis row vector, denoted by ¥, 1 < k < N:

PrOuvk =0, %P () =0, 1<k<N. 4.2)
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The Riemann-Hilbert problems, by Equations 3.28 and 3.29, with the canonical normalization conditions in
Equation 3.31 and the zero structures in Equation 4.2 can be solved explicitly,"*° and thus, one can readily work out the
potential matrix P as follows. Note that P* is a solution to the matrix spectral problem (Equation 3.5). Therefore, as long
as we expand P* at large A as

Pt ) =Ty + %Pf(x) + O(%), A — o0, (4.3)

plugging this series expansion into Equation 3.5 and comparing O(1) terms yield

P =—i[A, P (44)
This equivalently presents the potential matrix:
0 —a(P)2 —a(P))1z - -+ —a(P )11
a(Pi)zl 0 0 e 0
P =—[A, P-l'—] =| a(P])s 0 0 cee 0 , (4.5)
a(P})ns1.1 0 0 e 0

where P1+ = ((Pf) iDn+1)x(n+1)- That is to say, the 2n potentials p; and g;, 1 < i < n, can be computed as follows:
pi=—aPip1. g =aPip1. 1<i<n (4.6)

To compute soliton solutions, we take G = I,4; in each Riemann-Hilbert problem (Equation 3.28). This can be
achieved if we assume that s; =$;; =0, 2 <i<n+ 1, which means that no reflection exists in the scattering problem.
The solutions to this special Riemann-Hilbert problem can be presented through (see, eg, previous studies'~*):

N

M1y & V(M)
PrO) = T = 3, B ey 4 Y DD @)
ksl A= M Py B
where M = (my)nxn iS @ square matrix whose entries are determined by
ma=—2 1 <kI<N. (4.8)
M — Ak

Since the zeros A and 5\;{ are constants, ie, space and time independent, we can easily work out the spatial and temporal
evolutions for the vectors, v¢(x, t) and Di(x,t), 1 < k < N, in the kernels. For example, let us evaluate the x-derivative of
both sides of the first set of equations in Equation 4.2. By using Equation 3.5 first and then again the first set of equations
in Equation 4.2, we can arrive at

P ) <% _ ixkAvk> -0, 1<k<N. (4.9)

This implies that foreach1 < k < N, % — i\ Avy is in the kernel of P*(x, Ax) and so a constant multiple of vi. Without
loss of generality, we assume

% = DyAv,, 1<k<N. (4.10)
The time dependence of vy:

de 3

E = l}LkQVk, 1< k <N, (411)

can be obtained similarly through an application of the t-part of the matrix spectral problem, Equation 3.6. To sum up,
we can have

i Ax+A3 O

Ve(x,t) = ¢ we, 1<k<N, (4.12)

De(x, 1) = Wpe M-I < |k < N, (4.13)

where wy and Wy, 1 < k < N, are arbitrary constant column and row vectors, respectively.
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Finally, from the solutions in Equation 4.7, we have
N
Pl == vM b, (4.14)
k=1

and thus further through the presentations in Equation 4.6, obtain the N-soliton solution to the multicomponent mKdV
system (Equation 2.23):

N N
pi=a ) vaM by, g =—a Y venM Dby, 1<j<n, (4.15)
k=1 k,1=1
where vg = (Wk1, V2, > Vkn+1)L and D¢ = Ok, Pk2, - -+, Dkns1)s 1 < k < N, are defined by Equations 4.12 and 4.13,

respectively.

5 | SPECIFIC REDUCTION

Let us take a specific reduction for the potential matrix P:

_ 10
P' = CPC}, c=[02], (5.1)

where 7 stands for the Hermitian transpose of a matrix and X is a constant n X n Hermitian symmetric matrix: = = X.
Below, we assume that z denotes the complex conjugate of a complex quantity z, and AT(A) = (A(\)) and A71(A) = (AL) !
for a matrix A(A) depending on the spectral parameter A.

If w()) is a matrix eigenfunction of the spectral problem in Equation 3.5, then in addition to a known matrix adjoint
eigenfunction Cy~1()), we have another matrix adjoint eigenfunction

) =yv'MC, (5.2)

associated with an eigenvalue 1, ie, w(A)C solves the adjoint spectral problem in Equation 3.21 with A replaced with A.
Therefore, upon observing the asymptotic properties for w* at infinity of A (see, eg, Equation 3.30), the uniqueness of
solutions tells

yidy=cy ', y=yT (5.3)

Further from the definitions of P* in Equations 3.15 and 3.23, we see that the two matrix solutions P* satisfy the
involution relation

PH') =P~ (5.4)

and from the definition of the scattering matrix S(A) in Equation 3.11, we see that the scattering matrix S(A) has the
involution property

STy =csTtvwe . (5.5)

Thanks to Equation 5.4, we have s;;(A) = 8;;()) through Equation 4.1, and thus, the zeros of det pt satisfy the involution
relation:

M=M 1<k<N. (5.6)
To obtain involution eigenvectors v, and Dy, we check the Hermitian transpose of the first set of equations in Equation 4.2:
0=v/ (P ) =viCP (W)C™, 1<k<N,
where we have used Equations 5.4 and 5.6. Therefore, we can take

be=vC, 1<k<N, (5.7)
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as the solutions to the second set of equations in Equation 4.2. It follows that we have the following involution
eigenvectors:

Ve, £) = eMAFIRQL, (e f) = wlte_iik/‘x_iximc, 1<k <N, (5.8)

where wy are arbitrary constant column vectors as before.
To make an appropriate reduction which works for the t-part of the Lax pair, we take

s=11 seRr (5.9)
(o}

At this moment, we have
qg=op'. (5.10)
The vector function c in Equation 2.11 under such reductions could be taken as follows:
c=ob". (5.11)
Those three reduction relations guarantee that @ = a and d' = d, where a and d satisfy Equation 2.11, and that
VBHY G = cvBIyet, ie, QT =cCcoMC, (5.12)

where V13 and Q are defined in Equations 3.2 (or 2.20) and (3.3), respectively. Therefore, the reduction with Equation 5.9
works perfectly well for the x-part and the t-part of the matrix spectral problems (Equation 3.1). The multicomponent
mKdV system (Equation 2.23) is reduced to

p S ST .
Pje==5IDjwe + 36(§|Pl|2)pj,x +30 l;pz,xpz pl. 1<j<n (5.13)

In order to compute the reduced N-soliton solutions, we check if there is an involution property for P|" determined in
Equation 4.14 to satisfy. By using Equation 5.6 and 5.7, a direct computation can show that

(PHT = —cPfCc. (5.14)

Therefore, the potential matrix P determined through Equation 4.5 satisfies the reduction relation (Equation 5.1) with X
defined by Equation 5.9. This way, the reduced N-soliton solution of the mKdV system in Equation 2.23 gives the N-soliton
solution to the reduced multicomponent mKdV system (Equation 5.13):

N
—1\ A .
pi=a Y vaM by, 1<j<n, (5.15)
k=1
where vp = k1, V2, > Vkn+1)L and O = D1, Dk2s -+ +» Pkng1), 1 < k < N, are given by Equation 5.8.

Particularly, when n = 2, takinga; = f; = 2,a2 = f, = 1and o = 1 leads to a special mKdV system

Pit = —[Pjsec + 3UP11* + |p21Ppjx + 3(P1xP1 + P2xP2)p;),  j=1,2. (5.16)

Further taking

N

7\.1 = i, 7\,2 = 21, 7\,3 = 3l, 5&1 = —i, 5\,2 = —2i, }\,3 = —3i,
wy =(2,i,57, wy=(2i,3,27, w;=(2,1,)7, (5.17)
Wl = (25 _is 5)’ Wz = (_Zi’ 35 2)3 w3 = (29 19 _l)s

we obtain one three-soliton solution to the special mKdV system in Equation 5.16:

J1 /2
g Py
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where

f1 =(27360 + 2400i)e~20+13% _ (450 — 18000i)e 1127t — (5184 — 12240i)e~18x+108

—

— (6480 — 7830i)e 17 +10L _ (1440 — 1440i)e16%+82 _ (17280 — 33780i)e~ ¥
— (1440 — 6240i)e™19+80 4 (1512 + 1440i)e 13473 4 120ie 21X H117
+ 15120ie—19x+115£ + 24e—23x+143t + 3606—22x+136t _ 24006—17x+89t’

f> =(6720 — 3600i)e~2+134 4 (3600 — 17250i)e™1"+127 4 (10080 + 1440i)e~18x+108
+ (13230 — 6480i)e 1101 _ (960 + 2160i)e 182 4 (74640 — 30240i)e 1>+
— (6720 + 22320i)e™14+8% 1 (2880 — 6060i)e 1373 4 120je~23x+143¢
_ 1200ie—17x+89t + 240e—22x+136t + 1206—21x+117t + 86406_19x+115t,

g =200e—18x+90t + 3042e—14x+74t + 576e—19x+109t + 4e—24x+144t + 2925e—20x+128t

+ 6720e—15x+81t + 12960e—16x+100t + 480e—21x+135t + 9000e—16x+88t

+ 4058e—12x+72I + 8064e—17x+107t + 936e—22x+142l + 54250e—18x+126t‘

Two three-dimensional plots, contour plots, and x-curves of this set of solutions are made in Figure 1 and Figure 2.

FIGURE1

FIGURE 2 Profiles of |p,|: 3d plot (left), contour plot (middle), and x-curves (right) [Colour figure can be viewed at wileyonlinelibrary.com]
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6 | CONCLUDING REMARKS

The paper aims at formulating Riemann-Hilbert problems associated with matrix spectral problems to compute soliton
solutions of integrable equations. One of the important steps is to introduce a kind of equivalent matrix spectral problems,
so that the existence of analytical eigenfunctions in the upper or lower half plane can be guaranteed. We considered an
(n + 1) X (n + 1) degenerate AKNS spatial matrix spectral problem and generated its integrable hierarchy possessing a
bi-Hamiltonian structure. Taking the multicomponent mKdV system an example, we built its Riemann-Hilbert problems
and presented an explicit formula for jump matrices in the resulting Riemann-Hilbert problems. Upon taking the identity
jump matrix, we computed soliton solutions to the considered multicomponent mKdV system. A specific reduction was
successfully made and the corresponding N-soliton solutions were generated for the reduced multicomponent mKdV
system.

The Riemann-Hilbert approach is very effective in generating soliton solutions (see also, eg, the studies of Wang, Zhang
and Yang, Xiao and Fan, Geng and Wu, and Yang*>*!). It has been recently generalized to solve initial-boundary value
problems of integrable equations on the half line and the finite interval.*>** Many other approaches to soliton solutions
are available in the field of integrable equations, among which are the Hirota direct method,* the generalized bilinear
technique,* the Wronskian technique,*-*” and the Darboux transformation.* It would be interesting to find links between
those different approaches.

We point out that it would be also interesting to explore other kinds of exact solutions to integrable equations, including
positon and complexiton solutions,*** lump solutions,*** and algebro-geometric solutions,*** by using Riemann-Hilbert
problems. It is hoped that our results could be helpful in recognizing those exact solutions from the perspective of
Riemann-Hilbert techniques.

About coupled mKdV systems, there are many other studies such as integrable couplings,*®*’ super hierarchies,* and
fractional analogous equations.* Therefore, another important topic for further study is to formulate Riemann-Hilbert
problems for solving those generalized integrable counterparts.

ACKNOWLEDGMENTS

The work was supported in part by NSFC under the grants 11371326, 11301331, and 11371086, NSF under the grant
DMS-1664561, the 111 project of China (B16002), the China state administration of foreign experts affairs system under
the affiliation of North China Electric Power University, and the Distinguished Professorships by Shanghai University
of Electric Power and Shanghai Polytechnic University. The author would also like to thank Sumayah Batwa, Xiang Gu,
Lin Ju, Solomon Manukure, Morgan McAnally, Fudong Wang, Xuelin Yong, Hai-Qiang Zhang, and Yuan Zhou for their
valuable discussions during soliton seminars at USF.

ORCID

Wen-Xiu Ma"® https://orcid.org/0000-0001-5309-1493

REFERENCES

1. Novikov SP, Manakov SV, Pitaevskii LP, Zakharov VE. Theory of Solitons, The Inverse Scattering Method. New York: Consultants Bureau;
1984.

Ablowitz MJ, Clarkson PA. Solitons Nonlinear Evolution Equations and Inverse Scattering. Cambridge: Cambridge University Press; 1991.
Wang DS, Zhang DJ, Yang J. Integrable properties of the general coupled nonlinear Schrédinger equations. J Math Phys. 2010;51:023510.
Xiao Y, Fan EG. A Riemann-Hilbert approach to the Harry-Dym equation on the line. Chin Ann Math Ser B. 2016;37:373-384.

Geng XG, Wu JP. Riemann-hilbert approach and N-soliton solutions for a generalized Sasa-Satsuma equation. Wave Motion. 2016;60:62-72.
Tu GZ. The trace identity, a powerful tool for constructing the Hamiltonian structure of integrable systems. J Math Phys. 1989;30:330-338.

N own kWD

Ma WX. A new hierarchy of Liouville integrable generalized Hamiltonian equations and its reduction. Chinese Ann Math Ser A.
1992;13:115-123. Journal of Contemporary Mathematics 1992; 13:79-89.

8. Ma WX, Chen M. Hamiltonian and quasi-Hamiltonian structures associated with semi-direct sums of Lie algebras. J Phys A Math Gen.
2006;39:10787-10801.

9. Lax PD. Integrals of nonlinear equations of evolution and solitary waves. Commun Pure Appl Math. 1968;21:467-490.
10. Magri F. A simple model of the integrable Hamiltonian equation. J Math Phys. 1987;19:1156-1162.
11. Ma WX, Fuchssteiner B. Integrable theory of the perturbation equations. Chaos, Solitons & Fractals. 1996;7:1227-1250.

12. Ma WX. Variational identities and applications to Hamiltonian structures of soliton equations. Nonlinear Anal Theory Methods Appl.
2009;71:€1716-€1726.


https://orcid.org/0000-0001-5309-1493
https://orcid.org/0000-0001-5309-1493

MA

13.
14.
15.
16.
17.
18.
19.

20.
21.
22.
23.
24.
25.

26.
27.
28.
29.

30.

31.
32.
33.
34.
35.
36.

37.
38.
39.
40.
41.
42.

43.

44.

45.

46.

47.
48.

49.

WILEY— 2t

Ma WX, Zhou RG. Adjoint symmetry constraints leading to binary nonlinearization. J Nonlinear Math Phys. 2002;9:106-126.

Ma WX. Conservation laws of discrete evolution equations by symmetries and adjoint symmetries. Symmetry. 2015;7:714-725.

Ma WX. Conservation laws by symmetries and adjoint symmetries. Discrete Contin Dyn Syst Ser S. 2018;11:725-739. (arXiv:1707.03496).
Drinfeld VG, Sokolov VV. Equations of Korteweg-de Vries type, and simple Lie algebras. Sov Math Doklady. 1982;23:457-462.

Gerdjikov VS, Vilasi G, Yanovski AB. Integrable Hamiltonian Hierarchies: Spectral and Geometric Methods. Berlin: Springer-Verlag; 2008.
Ma WX, Xu XX, Zhang YF. Semi-direct sums of Lie algebras and continuous integrable couplings. Phys Lett A. 2006;351:125-130.

Ablowitz MJ, Kaup DJ, Newell AC, Segur H. The inverse scattering transform-Fourier analysis for nonlinear problems. Stud Appl Math.
1974;53:249-315.

Manakov SV. On the theory of two-dimensional stationary self-focusing of electromagnetic waves. Sov Phys - JETP. 1974;38:248-253.
Chen ST, Zhou RG. An integrable decomposition of the Manakov equation. Comput Appl Math. 2012;31:1-18.

Ma WX. Symmetry constraint of MKdV equations by binary nonlinearization. Physica A. 1995;219:467-481.

Yu J, Zhou RG. Two kinds of new integrable decompositions of the mKdV equation. Phys Lett A. 2006;349:452-461.

Ma WX, Zhou RG. Adjoint symmetry constraints of multicomponent AKNS equations. Chin Ann Math Ser B. 2002;23:373-384.

Gerdjikov VS. Basic aspects of soliton theory. In: Mladenov IM, Hirshfeld AC, eds. Geometry, Integrability and Quantization. Softex, Sofia;
2005:78-125.

Doktorov EV, Leble SB. A Dressing Method in Mathematical Physics Mathematical Physics Studies, Vol. 28. Dordrecht: Springer; 2007.
Ma WX, Yong XL, Qin ZY, Gu X, Zhou Y. A generalized Liouville's formula preprint; 2017.
Shchesnovich VS. Perturbation theory for nearly integrable multicomponent nonlinear PDEs. J Math Phys. 2002;43:1460-1486.

Shchesnovich VS, Yang J. General soliton matrices in the Riemann-Hilbert problem for integrable nonlinear equations. J Math Phys.
2003;44:4604-4639.

Kawata T. Riemann Spectral Method for the Nonlinear Evolution Equation. Advances in Nonlinear Waves, Vol. 1. Boston, MA: Pitman.
Res. Notes in Math. 95; 1984:210-225.

Yang J. Nonlinear Waves in Integrable and Nonintegrable Systems. Philadelphia: SIAM; 2010.

Fokas AS, Lenells J. The unified method: I. Nonlinearizable problems on the half-line. J Phys A Math Theor. 2012;45:195201.
Lenells J, Fokas AS. The unified method: III. Nonlinearizable problems on the interval. J Phys A Math Theor. 2012;45:195203.
Hirota R. The Direct Method in Soliton Theory. New York: Cambridge University Press; 2004.

Ma WX. Generalized bilinear differential equations. Stud Nonlinear Sci. 2011;2:140-144.

Freeman NC, Nimmo JJC. Soliton solutions of the Korteweg-de Vries and Kadomtsev-Petviashvili equations: The Wronskian technique.
Phys Lett A. 1983;95:1-3.

Ma WX, You Y. Solving the Korteweg-de Vries equation by its bilinear form: Wronskian solutions. Trans Am Math Soc. 2005;357:1753-1778.
Matveev VB, Salle MA. Darboux Transformations and Solitons. Berlin: Springer; 1991.

Matveev VB. Generalized Wronskian formula for solutions of the KdV equations: first applications. Phys Lett A. 1992;166:205-208.

Ma WX. Complexiton solutions to the Korteweg-de Vries equation. Phys Lett A. 2002;301:35-44.

Satsuma J, Ablowitz MJ. Two-dimensional lumps in nonlinear dispersive systems. J Math Phys. 1979;20:1496-1503.

Ma WX, Zhou Y, Dougherty R. Lump-type solutions to nonlinear differential equations derived from generalized bilinear equations. IntJ
Mod Phys B. 2016;30:1640018.

Zhang Y, Dong HH, Zhang XE, Yang HW. Rational solutions and lump solutions to the generalized (3 +1)-dimensional shallow water-like
equation. Comput Math Appl. 2017;73:246-252.

Belokolos ED, Bobenko AI, Enol'skii VZ, Its AR, Matveev VB. Algebro-Geometric Approach to Nonlinear Integrable Equations. Berlin:
Springer; 1994.

Gesztesy F, Holden H. Soliton Equations and Their Algebro-geometric Solutions: (1+1)-Dimensional Continuous Models. Cambridge:
Cambridge University Press; 2003.

Xu XX. An integrable coupling hierarchy of the MKdV_ integrable systems, its Hamiltonian structure and corresponding nonisospectral
integrable hierarchy. Appl Math Comput. 2010;216:344-353.

Wang XR, Zhang XE, Zhao PY. Binary nonlinearization for AKNS-KN coupling system. Abstr Appl Anal. 2014;2014:787-798.

Dong HH, Zhao K, Yang HW, Li YQ. Generalised (2+1)-dimensional super MKdV hierarchy for integrable systems in soliton theory. East
Asian J Appl Math. 2015;5:256-272.

Dong HH, Guo BY, Yin BS. Generalized fractional supertrace identity for Hamiltonian structure of NLS-MKdV hierarchy with
self-consistent sources. Anal Math Phys. 2016;6:199-209.

How to cite this article: Ma WX. Riemann-Hilbert problems and soliton solutions of a multicomponent mKdV
system and its reduction. Math Meth Appl Sci. 2019;42:1099-1113. https://doi.org/10.1002/mma.5416



https://doi.org/10.1002/mma.5416

	Riemann-Hilbert problems and soliton solutions of a multicomponent mKdV system and its reduction
	Abstract
	INTRODUCTION
	MULTICOMPONENT AKNS INTEGRABLE HIERARCHY
	Zero curvature scheme
	Multicomponent AKNS hierarchy

	RIEMANN-HILBERT PROBLEMS
	SOLITON SOLUTIONS
	SPECIFIC REDUCTION
	CONCLUDING REMARKS
	References


