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Abstract

Within the Hirota bilinear formulation, we construct N-soliton solutions and analyze the Hirota N-soliton conditions in
(2+1)-dimensions. A generalized algorithm to prove the Hirota conditions is presented by comparing degrees of the multivariate
polynomials derived from the Hirota function in N wave vectors, and two weight numbers are introduced for transforming
the Hirota function to achieve homogeneity of the related polynomials. An application is developed for a general combined
nonlinear equation, which provides a proof of existence of its N-soliton solutions. The considered model equation includes
three integrable equations in (2+1)-dimensions: the (2+1)-dimensional KdV equation, the Kadomtsev—Petviashvili equation, and
the (2+1)-dimensional Hirota—Satsuma-Ito equation, as specific examples.

(© 2021 International Association for Mathematics and Computers in Simulation (IMACS). Published by Elsevier B.V. All rights
reserved.
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1. Introduction

N-soliton solutions are exact multiple wave solutions to nonlinear integrable equations [1,25]. Various significant
solutions in mathematical physics, including breather, complexion, lump and rogue wave solutions, are special
reductions of N-soliton solutions in different situations. Solitons superimposed in fibers can be applied to optical
communications, which are faster, more secure, and more flexible [5]. It is well-known that the Hirota bilinear
method is a standard and powerful technique to generate N-soliton solutions [11]. The innovative concept of bilinear
derivatives is the key in the basic theory of exact solutions [22], and Hirota bilinear forms are the starting point to
construct N-soliton solutions [11].

Hirota bilinear derivatives read [9]:

Dlf-g=>) (=)' (T)(aif)(ai”‘ig), m=>1, (1.1)
i=0
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and more generally, we have bilinear partial derivatives with multiple variables:
(DYD} f-g)x, 1) = (3x — 3)" (3 — )" f(x, (X, )y =x=r, myn >0, m+n=> 1L (1.2)

The case of f = g yields Hirota bilinear expressions:

2m
(2 . .
DI'ff=0, DI"f-f= Z(—l)z"“( ’.")(a;fxaf"“f), m>1, (1.3)
i
i=0
and bilinear partial derivative expressions:
DD} f-f=) ) (=1t (’”) (”.)(a;;a,’ D@, mon =0, m+n> 1. (1.4)
; : 4 J
i=0 j=0
By virtue of Hirota bilinear expressions, we can formulate Hirota bilinear equations. Take an even polynomial
P(xq, x2,...,xp) in M variables, and assume that P has no constant term, i.e.,
P0)= P(0,0,...,0)=0. (1.5)

The corresponding Hirota bilinear equation reads
P(DXI’sza"'yDXM)f'fzof (1'6)

all terms of which are Hirota bilinear expressions. An important example is the bilinear Kadomtsev—Petviashvili
equation

B(f) =D+ DyDi + D)) f - [ =2 fexurf —4fexxfe +3fo+ fuf = fefi+ ff — F)=0. (1.7

which is transformed into the nonlinear Kadomtsev—Petviashvili equation

N(u) == (u; + 6utty + Uyxx)y + iy, =0, (1.8)
under the logarithmic derivative transformation # = 2(In f),,. The connection between the two equations is
N() = (BU)/f s =200 f)yx. (1.9)

In this paper, we would like to construct N-soliton solutions and analyze the corresponding Hirota conditions.
A generalized algorithm will be proposed for verifying the Hirota N-soliton conditions by comparing degrees of
the multivariate polynomials derived from the Hirota function in N wave vectors. An application will be made for
a general (2+1)-dimensional combined bilinear equation associated with

P(x,y.0) = ai(x* +x0) + ax(x’y + y1) + a3x + asxy + asy?, (1.10)
where a;’s are arbitrary constants satisfying a? + a3 # 0, thereby presenting a proof of existence of its N-soliton
solutions. The considered model equation includes the three integrable equations in (2+1)-dimensions: the (2+1)-
dimensional KdV equation, the Kadomtsev—Petviashvili equation and the (2+1)-dimensional Hirota—Satsuma-Ito
equation, as specific examples.

2. Formulating N-soliton solutions and their conditions
Let N > 1 be an arbitrary integer. For a general Hirota bilinear equation (1.6), we construct its N-soliton
solutions and analyze their sufficient and necessary conditions.

2.1. Bilinear formulation of soliton solutions

Let us assume that N wave vectors are denoted by
ki = (ki  kois oo s kmi), 1<i <N, 2.1

where ky;, k2, ..., kmi, 1 <i < N, are constants to be determined. An N-soliton solution to the Hirota bilinear
equation (1.6) is given by [8]:

N
f= Z eXP(Z win; + Zaijﬂilxj), (2.2)

n=0,1 i=1 i<j
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where u = (w1, 12, ..., uy), o = 0, 1 means that each u; takes values, either O or 1, the wave variables read
ni =kiix1 +kyixo+--+kyixy +ni0, 1<i <N, (2.3)
n;.0’s being arbitrary constants, and the phase shifts are determined by
s Pk; —Kk;) .
el =A; =———, 1 <i<j<N. (2.4)

TPk + k)
Note that only the constants e/’s, but not a;;’s, are needed in the definition of f, (2.2).
Let us further introduce

H(k.....k,)= > PO _ ok, [] POk, —okoo, 1<n<N, 2.5)
o==%1 r=1 I<r<s<n
where 1 <i;j <---<i, <N,o =(01,02,...,0,), and 0 = =1 means that each o, takes values, either 1 or —1.

These functions are called the Hirota functions.
Observing the basic properties

P(Dy,, ..., Dy, )e" e = P(k; — k;)e" i, (2.6)
and
P(Dy,,..., Dy )e" f-eMg =e"P(D,,,...,Du,)f - & 2.7

where 7;, n; and 7, are arbitrary wave variables defined by (2.3), we can have the following formulation [18,19].

Theorem 2.1. Let the function f be given by (2.2) and é denote that the term & is not involved. Then we have

P(Dxl, e DXM)f- f
Hki, ky, ..., ky)

= (_1)%1"("’—1) ntmt N
H1§i<j§NP(ki +kj)
N-1 N A
+ Z(_l)%(Nfﬂ)(an*I) Z H(klv e kil s kinv e kN)e'71+"'+ﬁi1 ey ety (28)
ey g, PR

N-1
Z Z 2(n;y 440y + ipig) F £
+ e Niy Nin Zl§r<x§n irig P(Dxl AU DXM)‘filmin . ﬁ1-<<in

n=1 1<ij<--<ip<N

with

n
fowin =Y epC > w4 Y agmip). i =0+ Y ai,. (2.9)
i

i =01 I<i<N I<i<j<N r=
Hiy-win @] wrin} i\j iy omin}
where [Lj,..i, = (i, ... iy -+ s figs - - > n) and fii,..;, = 0, 1 means that each w; in [i;,..;, takes values, either

0 or 1.

Based on this formulation, we readily know that the Hirota bilinear equation (1.6) possesses an N-soliton solution
(2.2) if and only if the following condition

Hk;,....k,)=0, 1<ij<---<i, <N, 1<n <N, (2.10)

is satisfied. This is called the Hirota condition for an N-soliton solution, or simply, the N-soliton condition (see
[10], p165). On account of the even property of P, the case of (2.10) with n = 1 presents the dispersion relations

Pk;)= Pk, koj,....ky;) =0, 1 <i <N. (2.11)

There exist very few studies (see, e.g., [23,27]) about the Hirota N-soliton condition, because of its complexity
involved in the Hirota functions.
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2.2. lllustrative examples

The one-soliton condition is exactly the dispersion relation: P(k;) = 0, which means that f = 1 +¢e"! is a
solution if P(k;) = 0.
Besides the dispersion relations P(k;) = P(k;) = 0, the two-soliton condition requires

2(P(k; + ko) Pk — ko) — P(k; — ko) P(k; +kz)) =0, (2.12)
which is an identity. Therefore, a Hirota bilinear equation always has a two-soliton solution:
f=1+em+e”+ Apeltn, (2.13)

where P(k;) = P(ky) = 0.
Upon taking N = 3, it is easy to see that the three-soliton condition [6,7] requires

Y P(oiki + 02ky + 03ks) P(o1k; — a2ky)

01,07,03=%1

XP(02k2 - (T3k3)P(O’1k1 - 0’3k3) = 0, (214)
in addition to the dispersion relations P(k;) = P(k;) = P(k3) = 0. Clearly, this is equivalent to

> Poiki + 0ok + 03k3) P01k — 03ks)

(01,02,03)€S

x P02k — 03Kk3) P(01k| — 03Kk3) = 0, (2.15)
where S = {(1,1, 1), (1,1, —-1), (1, —1, 1), (—1, 1, 1)}. Obviously, the corresponding three-soliton solution reads

Ff=14e"4+e”4eB 4+ Ape"™ 4 A;ze"tn
+Ape™ T 4 A3 TB Ay = A Az Ans. (2.16)

It is generally accepted that the three-soliton condition implies the general N-soliton condition, without proof of
its accuracy.
If a sufficient Hirota N-soliton condition (see [20], p951):

Pk;—k;))=0,1<i<j=<N, 2.17)
is satisfied, we arrive at a resonant N-soliton solution:
f=1+cie" +ce™+---+cye™, (2.18)

where ¢;’s are arbitrary constants. Note that all wave vectors K;’s associated with resonant solutions form a vector
sub-space in RM [21], p7178.

2.3. Basic properties of the Hirota functions

In order to prove the Hirota N-soliton conditions, we usually need to factor out as many common factors out of
the Hirota function H(K;, ..., ky) as possible. To this end, we will use the following two theorems. The first one
is an automatic consequence of the definition of the Hirota functions.

Theorem 2.2. The Hirota functions defined by (2.5) are even and symmetric functions in the involved wave vectors.
When taking k, = +k;, we immediately have
P(oik; — ko) P(oik; £ ki) = P(k; — k) P(k; + k) (2.19)

in both cases of o; = %1, based on the even property of the polynomial P. Utilizing this basic property, we can
derive the following consequence [19], with a careful computation.
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Theorem 2.3. If k, = £k, then we have
N
HKk,...,ky)=2H(K;, ..., kN)P(Zkl)H Pk; —k)Pk; +Kky), (2.20)
i=3
where H(Ky, ...,Kky) and H(Ks, ..., Ky) are two Hirota functions defined in (2.5).

This specific theorem will be used to factor out common factors out of the Hirota function H(ky, ..., Ky), in
order to verify the Hirota N-soliton conditions.

3. A generalized algorithm and its applications

3.1. A generalized algorithm

Let us focus on the (2+1)-dimensional case and state the corresponding N wave vectors as
ki = (ki,l;, —w;), 1 <i <N. 3.1
We also assume that the dispersion relations (2.11) determine all frequencies in terms of wave numbers k;, [;:

w; = w(k;,1;), 1 <i < N. In this way, P(o;k; — o;k;) becomes functions of k;, [; and k;,[; only.
First, we suppose that under the substitution

I, = ykl.w]l;"z, 1<i<N, (3.2)
for some integer weights w; and w, and a nonzero constant coefficient y, the two functions P(o;k; — o;k;) and
P(oik; + - -- 4+ onky) are simplified into rational forms as follows:
0i0;kik;Q1(ki, l;, kj,1;, 0, 0))

Pk —oik;) = s
(oiki = o;k;) 0x(ki I, k3. 1)

(3.3)

and

Q3(k1, ll, ey kN, ZN, Oy enny O'N)
P(O’lkl =+ +UNkN) Q4(k1,ll, __,,kN’lN) N (34)
where Q1, Q», O3 and Q4 are polynomial functions in the indicated variables.

Second, note that Theorem 2.3 implies that under the induction assumption, the Hirota function H(ky, ..., ky)
will be zero, if there exist two equal wave vectors k; = k; for some pair 1 < i < j < N. It also follows from
the symmetric property in Theorem 2.2 that under the transforms in (3.2), H(ky, ..., ky) is still even with respect
to k;,l; 1 <i < N, while w; + w; is odd, and it is even only with respect to k;, 1 <i < N, while w; is odd.
Therefore, in both cases, we can simplify the Hirota function H(Kj, ..., ky) into the following form:

H(K,, ..., ky) = (k] —k3)’gij + (i = 1;)hij, for each pair 1 <i < j <N, (3.5)

where g;; and h;; are rational functions of the wave numbers k,,/,, 1 < n < N. Then we see that the Hirota
function H(ky, ..., Kky) can be expressed as

_ [Ticicj<n kizka'[nlgkjgN(kiz - ka)zg + 1 Ticicjenli = 1;)*h]
Qatki, by oo kv I [ i<y cjen Qatkis 1k, 1)

under the substitution (3.2), where g and & are polynomials of the wave numbers k,,/,, 1 <n < N, and g can be
nonzero when H(ky, ..., ky) # 0.

Hky, ..., ky) (3.6)

Now, if H(ky, ..., Kky) # 0, we readily know that the degree of the polynomial
Hki, ..., ky) == HKi, ..., ky)Qalki, I, ... k. Iy) 1_[ Oa(ki, bk, 1)
l<i<j<N
= [ &t [T @-r2e+ [] @—1 (3.7)
I<i<j<N I<i<j<N I<i<j<N
is at least 2N(N — 1) +2N(N — 1) = 4N(N — 1). From (3.3), (3.4) and (3.7), we have
Hk,....ky)= Y O3k b ky Iy or,...oon) || oioikik; Qitki i, kj. 1. 01, 07), (3.8)
o==%1 l<i<j<N
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and so the degree of the polynomial on the left-hand side should not be less than 4N(N — 1). Otherwise, we will
have H(ky, ..., Kky) = 0, which is what we want to prove. Therefore, the final task is to compute Q; and Q3 and
check if the degree of the polynomial H(Ki,...,Kky) is less than 4N(N — 1), based on (3.8). If we can make a
contradiction, then we verify the Hirota N-soliton conditions, thereby proving the existence of N-soliton solutions.

3.2. Application to a (2+1)-dimensional combined equation

We consider a (2+1)-dimensional combined bilinear equation associated with a polynomial P given by (1.10).
We restate P here for ease of reference:

P(x,y,t) = ai(x* + xt) + ax(x>y + yt) + asx® + asxy + asy’, (3.9)

where a;’s are arbitrary constants, which satisfy a% + a% # 0 to guarantee the nonlinearity of the corresponding
model equation. The resulting (2+1)-dimensional combined bilinear equation is

B(f) := [a\(D} + D D,) + ax(D; Dy + Dy D,) + a3 D; + a;D.. Dy + asD}1f - f
=2a1(frowr f =4 feex [ +3f5 + faf = [ fD)
Far(foxey | = 3 fxxy fo + 3 fey fox = [y foxx + Soi S — 3 )
tas(fof = [+ as(foy f = fefy) +as(fyy f = fD]1=0. (3.10)

This is equivalent to the (2+1)-dimensional combined nonlinear equation:

N(u,v) = ai(u, + 6uny + tyyy) + as[v; + 3@v)y + Vyxr ] + azu, + asv, +asv, =0, 3.11)
where u, = vy, and the direct link is

N(u,v) = (B()/f ). (3.12)
under the logarithmic derivative transformations

u=2(nf)y,, v=201In f)y,. (3.13)

Therefore, if f solves the bilinear equation (3.10), then u and v defined by (3.13) solve the corresponding nonlinear
equation (3.11).
Obviously, we can work out that

as +asy + asy?

o= k4 BB Y o, (3.14)
a; + ay
and
01 = —3(a1 + ary)oiki — ojk;)’, deg Q3 =4, Q2 =1, Q4 =1, (3.15)
under the substitution (3.2)~with w; = 1 and w, = 0. Therefore, if H(ky, ..., Kky) # 0, then based on (3.8), the
degree of the polynomial H(k;,...,ky) EH(K;,...,ky)) is2N(N — 1) +4 = 2N2 — 2N + 4, which could not
be greater than 4N(N — 1) when N > 3. Then it follows that H(k;,...,ky) = 0, N > 1, since the nonlinear

model equation (3.11) passes the three-soliton test, which just needs a direct computation (this is important, though
omitted).

3.3. Specific reductions
3.3.1. (2+1)-dimensional KdV equation
The case of a, = 1 and all other zero coefficients presents

P(x,y,1)=xy + yt, (3.16)

with which the (2+1)-dimensional KdV equation is associated. The corresponding (2+1)-dimensional bilinear KdV
equation reads

B(f) = Dy(DI + Di)f . f = z(fytf - fvft + fxxxyf - 3fxxyfx + 3fxyfxx - fyfxxx) =0, (3.17)
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which is equivalent to the (2+1)-dimensional KdV equation [3]:
N(u, v) == v + 3uv)y + vixx =0, (3.18)

where u, = v,, under the logarithmic derivative transformations in (3.13).
We can also have a direct verification for the Hirota N-soliton condition under a different selection of weights:
w; =0 and wy =1, and y = 1 [18]. In this case, we have

wi=k', 1<i<N, (3.19)
and

01 = —3(oiki —ojkj)oil; —0;l;), deg Q3 =4, O =1, Q4 =1. (3.20)
Therefore, if H(ky,...,ky) # 0, then based on (3.8), the degree of the polynomial ﬁ(kl,...,kN) (=

H(Kk,...,ky)) is 2N(N — 1) + 4 = 2N? — 2N + 4, which could not be greater than 4N(N — 1) when N > 3.
Thus, HK;,...,ky) =0, N > 1.
It is known that the spatial symmetric version of the (2+1)-dimensional KdV equation (3.18):

Uy 4 3(uv) + 3WW)y + Vyry + Vyyy =0, (3.21)

where u, = v, and v, = w,, has been discussed (see [24], p707 and [28], p589), and its inverse scattering transform
and algebro-geometric solutions have been announced in [24,28], respectively. However, this (2+1)-dimensional
symmetric equation does not pass the three-soliton test.

3.3.2. The Kadomtsev—Petviashvili equation
The case of a; = as = 1 and all other zero coefficients tells

P(x,y, 1) =x* +xt +y7, (3.22)

with which the Kadomtsev—Petviashvili equation is associated. The corresponding bilinear Kadomtsev—Petviashvili
equation reads

B(f):=(D}+ DD, +D})f - f

=2 feeex f — 4feecfx F 35+ fuf — ffi 4 fnf — FD =0, (3.23)
which is equivalent to the Kadomtsev—Petviashvili equation [13]:

N(u) :i=u; + 6uy + tyxx +v, =0, (3.24)

where u, = v,, under the logarithmic derivative transformations in (3.13).
We can also give a direct proof for the Hirota N-soliton condition under a different selection of weights:
w; = wy = 1, and y = 1 [18]. In this case, we have

wi =k + 1k, 1<i <N, (3.25)
and
Q1 = —3(0iki —ojk;) + (i —1;)°, degQ3 =4, Q1 =1, Qs=1. (3.26)

Therefore, if H(ky,...,ky) # 0, then based on (3.8), the degree of the polynomial I:I(kl, ... ky) (=
H(K,,...,ky))is 2N(N — 1) +4 = 2N? — 2N + 4, which could not be greater than 4N(N — 1) when N > 3. It
thus follows that H(ky,...,ky) =0, N > 1.

We point out that the N-soliton solutions of the Kadomtsev—Petviashvili equation have been also presented
in [2,26] and the quasiperiodic multiphase solutions of the Kadomtsev—Petviashvili equation can be decomposed
into finite-dimensional canonical Hamiltonian systems [4].
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3.3.3. (2+1)-dimensional Hirota—Satsuma—Ito equation
The case of a; = a3 = 1 and all other zero coefficients gives
P(x,y,t)= ot + yt + xz, (3.27)

under an exchange of y and ¢, with which the Hirota—Satsuma—Ito equation is associated. The corresponding
(2+1)-dimensional bilinear Hirota—Satsuma—Ito equation reads

B(f) = (D}D;+ Dy,D; + D})f - f

= Z(fxxxtf - 3fxxtfx + 3fxtfxx - ftfxxx + fytf - f)ft + fxxf - fo) = Oa (328)
which is equivalent to the (2+1)-dimensional nonlinear Hirota—Satsuma—Ito equation:
N@) = vy, +3v)y + Vgxy +u, =0, (3.29)

where u; = vy, under the logarithmic derivative transformations in (3.13). If we take a potential form v = v;, then
the above equation becomes the original (2+1)-dimensional Hirota—Satsuma-Ito equation [7]:

5xx + 6ty + 3(1~)zl~)x)x + 6txxx =0. (3.30)

If this equation does not depend on y, it reduces to the Hirota—Satsuma equation in (1+1)-dimensions [12].

We can similarly present a direct verification for the Hirota N-soliton condition under a different selection of
weights: w; = 1 and w, = 2, and y = 1 [18]. In this case, we can directly get

ki
w=-—5—>5, 1 <i <N, 3.31
ki +17 (3.31)
and
Q1 = (k2 + k20 + (12 — I3 + 2k2k2 + 2212 + 26312 + K212 + K212

—3oikio ki (k7 + k3 +17 +17), (3.32)
deg Q3 =2(N +1), Q=K+ +13), Q4= (k2 +1D.

Therefore, if H(ky,...,Ky) # 0, then based on (3.8), the degree of the polynomial I:I(kl, ..., ky) is 3N(N —
1) + 2(N + 1) = 3N? — N + 2, which could not be greater than 4N(N — 1) when N > 4. It then follows that
Hk,...,ky) =0, N > 1.

The N-soliton solution of the (2+1)-dimensional Hirota—Satsuma—Ito equation can be reduced to diverse other
interesting solutions such as breather, lump and rogue wave solutions and their interaction solutions [14,30].

4. Concluding remarks

We have discussed the Hirota N-soliton conditions for a combined bilinear differential equation in (2+1)-
dimensions, and shown the existence of its N-soliton solutions. The general model equation includes three
(2+1)-dimensional integrable equations: the (2+1)-dimensional KdV equation, the Kadomtsev—Petviashvili equation
and the (2+1)-dimensional Hirota—Satsuma-Ito equation, as specific examples. It would always be intriguing to
explore new examples of bilinear equations in (2+1)-dimensions, which possess N-soliton solutions. Along with
the presented generalized efficient algorithm, symbolic computations would be extremely helpful in determining
such bilinear (and then nonlinear) equations in (2+1)-dimensions.

There are various generalized bilinear derivatives which allow us to deal with bilinear differential equations,
including odd-order ones (not as in the Hirota case). The D, .-operators are particular examples [15]:

DDy f 8= Z Z (T) (';) o, @ @358 g). monz 0, mn =1, (4.1)
i=0 j=0
where the powers of o, determine the corresponding signs as follows:
afy = (=1y?, i =r(i)mod p, i =0, (4.2)
with 0 < r(i) < p. In particular, the patterns of those signs for i = 1,2, 3, ... read
277
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=3 -+ + -+ + .

=5 -+, — ++ -+ -+ + .

p="T: — 4+, — +, — + + -+ -+ -+ + ...

Two such simple generalized bilinear derivatives are D3, and Ds ., associated with the two smallest odd prime
numbers: p = 3,5. The cases of p = 2k, k € N, are exactly the same as the Hirota case. The corresponding
generalized bilinear expressions can exhibit new characteristics, indeed. For example, we have

D3 .Ds.f - f=2fcuf Di.Dsif - f=06Fufu, (4.3)

which are totally different from the Hirota derivatives. Of course, we can have many other generalized bilinear
derivatives such as Dg y and Djs .

We point out that resonant N-solitons have been analyzed for generalized bilinear equations [16] and trilinear
equations [17]. When a multivariate polynomial P satisfies

Pk +a,k))+ PK; +a,k)=0, 1<i<j=<N, (4.4)
where k;’s are wave vectors defined earlier, the corresponding generalized bilinear equation

PDp s Dpxy)f-f=0 4.5)
can possess the resonant N-soliton solution [16]:

f=1+cie" +ce™ + -+ cye™ (4.6)

where 7;’s are the wave variables defined previously and c¢;’s are arbitrary constants.

We are interested in searching for concrete examples of generalized bilinear equations, which possess N-
soliton solutions. There are various basic questions in the corresponding theory. Those include how to formulate a
generalized N-soliton condition; and how to identify generalized bilinear equations, for example,

P(D3,x7 D3,t) = O’ P(D3,x7 D3,y’ D3,t) = 07

in both (1+1)-dimensions and (2+1)-dimensions, which have N-soliton solutions. All related studies will be helpful
in improving our understanding of bilinear partial differential equations and their associated nonlinear wave
phenomena [29].
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