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Abstract
An extended Harry Dym hierarchy is constructed by using eigenfunctions and
adjoint eigenfunctions of the spectral problems of the Harry Dym hierarchy
associated with the pseudo-differential operator L = u∂ +u0 +u1∂

−1 + · · ·. The
corresponding Lax presentation possesses a self-consistent source involving
squared eigenfunctions. The resulting extended Harry Dym hierarchy is
reduced to the Harry Dym hierarchy with self-consistent sources under the
n-reduction, Ln = (Ln)�2, and the k-constrained Harry Dym hierarchy under
the k-constraint, Lk = (Lk)�2 +

∑N
i=1 qi∂

−1ri∂
2. A few particular examples

are computed, together with their Lax pairs.

PACS numbers: 02.30.Ik, 02.30.Jr
Mathematics Subject Classification: 37K05, 35Q53, 37K10, 35Q58

1. Introduction

Soliton equations with self-consistent sources, source soliton equations and constrained soliton
equations extend integrable equations and arise in many fields of applied science such as
mathematical physics, hydrodynamics, solid state physics, nonlinear optics and plasma physics
[1–9]. The KP and mKP theories under symmetry constraints present the KdV equation, the
KP equation, the NLS equation, the Boussinesq equation and the Davey–Stewartson equation
with self-consistent sources as examples. There are different techniques to solve those
nonlinear systems of equations (see, e.g., [2], [10–13]) and complexiton solutions besides
soliton solutions can exist [14]. A key point in the study is to use non-Lie symmetries to
separate, constrain or extend soliton equations within the standard Lax formulation (see, e.g.,
[15, 16]).

Recently, an extended KP hierarchy and an extended q-deformed KP hierarchy were
generated through the dressing operator and the corresponding wavefunction [17, 18], and
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a generalized dressing approach for solving the extended KP hierarchy and the extended
mKP hierarchy was proposed and Wronskian solutions were constructed [19]. This unifies
soliton equations with self-consistent sources and constrained soliton equations, and extends
integrable equations further in a quite systematic way. In particular, under the 2- and
3-reduction, the extended KP hierarchy is reduced to the KdV equations with self-consistent
sources and the Boussinesq equations with self-consistent sources [17].

In this paper, motivated by the idea of using eigenfunctions and adjoint eigenfunctions
in binary nonlinearization [20] and the extended KP hierarchy [17], we would like to extend
the Harry Dym hierarchy of soliton equations, by directly introducing a sequence of Lax
equations with new time variables τk . The Harry Dym hierarchy is the third hierarchy of
soliton equations presented by the pseudo-differential operator technique, coming up after the
first and second hierarchies—the KP and mKP hierarchies, respectively [21]. The resulting
extended Harry Dym hierarchy will therefore provide us with another large class of integrable
equations possessing many interesting good mathematical properties.

Let ∂ = ∂
∂x

be a differential operator. We consider the algebra g of pseudo-differential
operators of the form

P =
∞∑

i=−n

ai∂
−i = a−n∂

n + a−n+1∂
n−1 + · · · + a0 + a1∂

−1 + · · · , n ∈ Z, (1.1)

where ai, i � −n, are functions of x. Applying the Leibniz rule, an obvious induction allows
us to prove a general Leibniz rule for commuting multiplication and differentiation operators:

∂mf = f ∂m +
∞∑
i=1

Ci
mf (i)∂m−i , Ci

m = m(m − 1) · · · (m − i + 1)

i!
, m ∈ Z, (1.2)

where f (i) = ∂if, i � 0. We treat ∂−1 as the inverse of ∂ so that ∂−1∂ = ∂∂−1 = 1. The case
of m = 1 of (1.2) gives

∂−1f =
∞∑
i=0

(−1)if (i)∂−i−1.

The adjoint pseudo-differential operator P ∗ of P ∈ g is always helpful and defined by

P ∗ =
∞∑

i=−n

(−1)i∂−iai . (1.3)

To formulate the Harry Dym hierarchy successfully, we will use the following decomposition
of the algebra g:

P = P+ + P−, P+ = P�2 =
−2∑

i=−n

ai∂
−i , P− = P�1 =

∞∑
i=−1

ai∂
−i . (1.4)

Note that if n < 2, we have P+ = 0. This decomposition gives rise to an r-matrix structure on
the algebra g, which leads to Hamiltonian structures of the associated Harry Dym equations
[21].

The Harry Dym hierarchy is associated with the following pseudo-differential operator:

L = u∂ + u0 + u1∂
−1 + · · · , (1.5)

and it is defined by the following Lax equations [21]:

Ltn = [Bn,L], n � 1, (1.6)
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where the differential operators Bn are taken as

Bn = Ln
+ = (Ln)+ = (Ln)�2, n � 1. (1.7)

This Harry Dym hierarchy belongs to a class of non-standard integrable equations [22]. The
equations resulting from Ly = [B2, L] (setting y = t2) are used to express all fields in terms
of u and its derivatives. In particular, the equation defining the auxiliary field u0 is as follows:

uy = u2uxx + 2u2u0,x .

The Lax equations for n � 3 represent other equations in tn, x and y for the field u. For
example, the equation associated with n = 3 is

4ut3 = u3uxxx + 1
2 [u2∂−1(uy/u

2)]y, (1.8)

which is reduced to the Harry Dym equation

4ut3 = u3uxxx, (1.9)

upon dropping the y-dependence [23]. This Harry Dym equation is known to be integrable but
does not pass Painlevé test. To compute the above (2+1)-dimensional Harry Dym equation,
one needs

B2 = u2∂2, B3 = u3∂3 + 3u2(ux + u0)∂
2. (1.10)

In this paper, we will introduce a sequence of Lax equations with new time variables
τk and use eigenfunctions and adjoint eigenfunctions to introduce an extended Harry Dym
hierarchy which amends the Harry Dym hierarchy. To our best knowledge, the resulting
extended Harry Dym hierarchy is presented and analyzed here for the first time. The extended
Harry Dym hierarchy has Lax presentations with Lax pairs involving extended Lax operators.
It is pretty difficult for us to compute examples of the extended Harry Dym hierarchy, but we
succeed in presenting a few examples, thanks to the role that a kind of non-standard adjoint
operators play. We will also illustrate the extended Harry Dym hierarchy by the Harry Dym
hierarchy with self-consistent sources and the k-constrained Harry Dym hierarchy. A few
particular examples will be listed, together with their Lax pairs, and conclusions and remarks
will be given in the final section.

2. Extending the Harry Dym hierarchy

Let L and Bn be defined by (1.5) and (1.7), respectively. We introduce a set of N pairs of new
functions, qi and ri , 1 � i � N , by

qi,tn = Bnqi, ri,tn = −B̄nri, 1 � i � N, (2.1)

where B̄n is the non-standard adjoint operator:

B̄n = ∂−2B∗
n∂2. (2.2)

By L̄, we denote the non-standard adjoint operator of L: L̄ = ∂−2L∗∂2. We will see that this
kind of adjoint operators fit well with the Lax equations associated with the pseudo-differential
operator (1.5). Let us further define new pseudo-differential operators

B̃k = Bk +
N∑

i=1

qi∂
−1ri∂

2, k � 1. (2.3)

If the functions qi’s and ri’s also satisfy

Lqi = λiqi, L̄ri = λiri, 1 � i � N,
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then they are really eigenfunctions and adjoint eigenfunctions of the spectral problems:

Lφ = λφ, φtn = Bnφ,

and

L̄φ = λφ, φtn = −B̄nφ,

each of which yields the Lax equations (1.6). Now we introduce a sequence of τk-flows by

Lτk
= [B̃k, L], k � 1. (2.4)

In view of the specific form (2.3), the τk-flows are well defined. To make the τk-flows
compatible with the tn-flows by (1.6), we need to compute their compatibility conditions.

Proposition 2.1. Let Bn and B̄n be defined by (1.7) and (2.2), respectively. Then

[Bn, q∂−1r∂2]− = (Bnq)∂−1r∂2 − q∂−1(B̄nr)∂
2, (2.5)

where P− = P�1 is defined as in (1.4).

Proof. Without loss of generality, we restrict ourselves to a monomial P = a∂m, where
m � 2. Clearly, we can have

[P, q∂−1r∂2]− = aq(m)∂−1r∂2 − (q∂−1r∂2a∂m)−.

The second term above can be computed as follows:

(q∂−1r∂2a∂m)− = (q∂−1(∂r − rx)∂a∂m)−
= −(q∂−1rx∂a∂m)−
= −[q∂−1(∂rx − rxx)a∂m]−
= (q∂−1rxxa∂m)−
= −[q∂−1(rxxa)x∂

m−1]−
= · · · · · ·
= (−1)m−2[q∂−1(rxxa)(m−2)∂2]−
= (−1)m−2q∂−1(rxxa)(m−2)∂2

= q∂−1(P̄ r)∂2,

where P̄ = ∂−2P ∗∂2 = (−1)m∂m−2a∂2 was used. Thus, the proposition is proved. �

We actually proved more than equality (2.5) itself. The operator Bn in (2.5) can be
replaced with any differential operator with the least degree greater than 2.

Theorem 2.1. Let n, k � 1, and Bn and B̃k be defined by (1.7) and (2.3), respectively. Assume
that a set of pairs of functions qi, ri, 1 � i � N , are determined by (2.1). Then two flows
defined by the Lax equations

Ltn = [Bn,L], Lτk
= [B̃k, L] (2.6)

commute if and only if the pseudo-differential zero curvature equation

Bn,τk
− B̃k,tn + [Bn, B̃k] = 0 (2.7)

holds.

Proof. Obviously, the zero curvature equation (2.7) implies that

[Bn,τk
− B̃k,tn + [Bn, B̃k], L] = 0.
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This tells us that Ltn,τk
= Lτk,tn , and thus, two Lax equations in (2.6) are compatible with each

other.
In what follows, we show that the zero curvature equation (2.7) is necessary to guarantee

the compatibility of the Lax equations in (2.6).
For brevity, we only focus on the case of N = 1, and denote q1 and r1 by q and r,

respectively. Based on the Lax equations in (2.6), and noting that[
q∂−1r∂2, Ln

−
]

+ = 0,

we can compute that

Bk,tn = (
Lk

tn

)
+ = [Bn,L

k]+

= [
Lk,Ln

−
]

+ = [
Bk,L

n
−
]

+, (2.8)

Bn,τk
= (

Ln
τk

)
+

= [Bk + q∂−1r∂2, Ln]+

= [
Bk + q∂−1r∂2, Ln

+

]
+ +

[
Bk + q∂−1r∂2, Ln

−
]

+

= [
Bk + q∂−1r∂2, Ln

+

] − [
Bk + q∂−1r∂2, Ln

+

]
− +

[
Bk,L

n
−
]

+

= [Bk + q∂−1r∂2, Bn] − [q∂−1r∂2, Bn]− +
[
Bk,L

n
−
]

+

= [Bk + q∂−1r∂2, Bn] + (Bnq)∂−1r∂2 − q∂−1(B̄nr)∂
2 + Bk,tn

= [Bk + q∂−1r∂2, Bn] + (Bk + q∂−1r∂2)tn , (2.9)

the last two equalities of which used proposition 2.1, (2.8) and (2.1). This completes the proof
of the theorem. �

We remark that the commutativity of the tn-flow by (1.6) and the τk-flow by (2.4) means
that one defines a symmetry of the other. Under the constraint of (2.1), this commutativity
equivalently requires the pseudo-differential zero curvature equation (2.7), which guarantees
that by (2.4), we can define a sequence of the τk-flows compatible with the tn-flows. Thus,
equation (2.7) brings us to a hierarchy of important nonlinear equations extending the Harry
Dym hierarchy (1.6).

Definition 2.1. The extended Harry Dym hierarchy consists of all systems of equations

Bn,τk
−

(
Bk +

N∑
i=1

qi∂
−1ri∂

2

)
tn

+

[
Bn,Bk +

N∑
i=1

qi∂
−1ri∂

2

]
= 0, (2.10a)

qi,tn = Bnqi, ri,tn = −B̄nri, 1 � i � N, (2.10b)

where n, k,N � 1.

Equivalently, we can replace (2.10a) with (2.6), thanks to theorem 2.1. Under (2.10b), a
Lax representation for (2.10a) is given by

ψtn = Bnψ, ψτk
=

(
Bk +

N∑
i=1

qi∂
−1ri∂

2

)
ψ, (2.11)

and by proposition 2.1, the zero curvature equation (2.10a) is equivalent to

Bn,τk
− Bk,tn + [Bn,Bk] +

[
Bn,

N∑
i=1

qi∂
−1ri∂

2

]
+

= 0, (2.12)
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which is a differential operator equation. This is like the triple L–A–B representation of
integrable equations, which has beautiful algebraic structures [24]. Taking qi = 0, 1 � i � N ,
or ri = 0, 1 � i � N , (2.10a) reduces to the Harry Dym hierarchy.

In order to compute examples of the extended Harry Dym hierarchy (2.10), we list some
useful formulas in the following proposition.

Proposition 2.2. The following equalities hold:

[a∂2, q∂−1r∂2]+ = [2a(qr)x − axqr]∂2, (2.13)

[a∂3, q∂−1r∂2]+ = 3a(qxxr + qxrx)∂
2 + [3a(qr)x − axqr]∂3, (2.14)

where P+ = P�2 is defined as in (1.4).

The proof of this proposition is just a direct computation, and the proposition itself shows
the non-symmetric feature of the eigenfunctions qi and the adjoint eigenfunctions ri. We are
now going to present two examples of the extended Harry Dym hierarchy (2.10).

Example 2.1. We consider one case: n = 2 and k = 3, and set t2 = y, τ3 = t and v = u0.
Then the extended Harry Dym system of equations (2.10) becomes

B2,t − B3,y + [B2, B3] +

[
B2,

N∑
i=1

qi∂
−1ri∂

2

]
+

= 0 (2.15a)

qi,y = B2qi, ri,y = −B̄2ri, 1 � i � N. (2.15b)

Based on proposition 2.2, the above system reads

2uut − 3[u2(ux + v)]y + u3(uuxxx + 6uxuxx + 3uvxx + 12uxvx)

+ 2u2
N∑

i=1

(qiri)x − 2uux

N∑
i=1

qiri = 0, (2.16a)

uy − u2(uxx + 2vx) = 0, (2.16b)

qi,y = u2qi,xx, ri,y = −u2ri,xx, 1 � i � N. (2.16c)

Under (2.16c), this (2+1)-dimensional system has the Lax representation

ψy = u2∂2ψ, ψt =
[
u3∂3 + 3u2(ux + v)∂2 +

N∑
i=1

qi∂
−1ri∂

2

]
ψ.

Example 2.2. We consider another case: n = 3 and k = 2, and set t3 = t, τ2 = y and v = u0.
Now the extended Harry Dym system of equations (2.10) becomes

B3,y − B2,t + [B3, B2] +

[
B3,

N∑
i=1

qi∂
−1ri∂

2

]
+

= 0 (2.17a)

qi,t = B3qi, ri,t = −B̄3ri, 1 � i � N. (2.17b)

6
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Based on proposition 2.2, the above system reads

3[u2(ux + v)]y − 2uut − u3(uuxxx + 6uxuxx + 3uvxx + 12uxvx) + 6u2(ux + v)

N∑
i=1

(qiri)x

− 3[u2(ux + v)]x

N∑
i=1

qiri + 3u3
N∑

i=1

(qi,xxri + qi,xri,x) = 0, (2.18a)

uy − u2(uxx + 2vx) + u

N∑
i=1

(qiri)x − ux

N∑
i=1

qiri = 0, (2.18b)

qi,t = u3qi,xxx + 3u2(ux + v)qi,xx, 1 � i � N, (2.18c)

ri,t = u3ri,xxx + 3u2uxri,xx − 3u2(ux + v)ri,xx, 1 � i � N. (2.18d)

Under (2.18d), this (2+1)-dimensional system has the Lax representation

ψt = [u3∂3 + 3u2(ux + v)∂2]ψ, ψy =
(

u2∂2 +
N∑

i=1

qi∂
−1ri∂

2

)
ψ.

3. Reductions of the extended Harry Dym hierarchy

3.1. The n-reduction

For each n � 1, the n-reduction is defined by

Ln = Bn, i.e. Ln
− = (Ln)− = 0. (3.1)

Moreover, the eigenfunctions and adjoint eigenfunctions are required to satisfy

Bnqi = λn,iqi, B̄nri = λn,iri , 1 � i � N, (3.2)

where λn,i , 1 � i � N , are constants. This can be achieved if

Lqi = λiqi, L̄ri = λiri, 1 � i � N, (3.3)

which exactly tells us that all qi’s and ri’s are eigenfunctions and adjoin eigenfunctions of
the corresponding spectral problems. Further based on proposition 2.1, we see that the sub-
manifold determined by the n-reduction (3.1) is invariant under the τk-flow:

(
Ln

−
)
τk

= [Bk,L
n]− +

N∑
i=1

[qi∂
−1ri∂

2, Ln]−

= [Bk,L
n
−]− +

N∑
i=1

[qi∂
−1ri∂

2, Ln
+]− +

N∑
i=1

[qi∂
−1ri∂

2, Ln
−]−

=
N∑

i=1

[qi∂
−1ri∂

2, Bn]−

= −
N∑

i=1

[(Bnqi)∂
−1ri∂

2 − qi∂
−1(B̄nri)∂

2]

= −
N∑

i=1

[(λn,iqi)∂
−1ri∂

2 − qi∂
−1(λn,iri)∂

2] = 0.
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Therefore, when constraining the extended Harry Dym flows on this invariant sub-manifold,
we can drop the tn dependence from (2.10a) and reduce the extended Harry Dym hierarchy
(2.10) to the following hierarchy:

Bn,τk
=

[
(Bn)

k
n
+ +

N∑
i=1

qi∂
−1ri∂

2, Bn

]

=
[
(Bn)

k
n
+ , Bn

]
+

[
N∑

i=1

qi∂
−1ri∂

2, Bn

]
+

, (3.4a)

Bnqi = λn,iqi, B̄nri = λn,iri , 1 � i � N. (3.4b)

This is called the Harry Dym hierarchy with self-consistent sources. It has the Lax
representation

Bnψ = μψ, ψτk
=

[
(Bn)

k
n
+ +

N∑
i=1

qi∂
−1ri∂

2

]
ψ, (3.5)

where μ is the spectral parameter.

Example 3.1. Let us first take n = 2 and k = 3, and set τ3 = t and v = u0. Then the
corresponding n-reduced Harry Dym system of equations (3.4) becomes

B2,t = [B3, B2] +

[
N∑

i=1

qi∂
−1ri∂

2, B2

]
+

(3.6a)

B2qi = λ2,iqi, B̄2ri = λ2,i ri , 1 � i � N. (3.6b)

Based on proposition 2.2, the above reduced system reads

2ut = −u2 (uuxxx + 6uxuxx + 3uvxx + 12uxvx) − 2u

N∑
i=1

(qiri)x + 2ux

N∑
i=1

qiri, (3.7a)

u2qi,xx = λ2,iqi, u2ri,xx = λ2,i ri , 1 � i � N, (3.7b)

which has the Lax representation

u2∂2ψ = μψ, ψt =
[
u3∂3 + 3u2(ux + v)∂2 +

N∑
i=1

qi∂
−1ri∂

2

]
ψ.

Let us next take n = 3 and k = 2, and set τ2 = y and v = u0. Then the corresponding
n-reduced Harry Dym system of equations (3.4) becomes

B3,y = [B2, B3] +

[
N∑

i=1

qi∂
−1ri∂

2, B3

]
+

(3.8a)

B3qi = λ3,iqi, B̄3ri = λ3,i ri , 1 � i � N. (3.8b)

8
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Based on proposition 2.2, the above reduced system reads

3[u2(ux + v)]y = u3(uuxxx + 6uxuxx + 3uvxx + 12uxvx) − 6u2(ux + v)

N∑
i=1

(qiri)x

+ 3[u2(ux + v)]x

N∑
i=1

qiri − 3u3
N∑

i=1

(qi,xxri + qi,xri,x), (3.9a)

uy = u2(uxx + 2vx) − u

N∑
i=1

(qiri)x + ux

N∑
i=1

qiri, (3.9b)

u3qi,xxx + 3u2(ux + v)qi,xx = λ3,iqi, 1 � i � N, (3.9c)

u3ri,xxx + 3u2uxri,xx − 3u2(ux + v)ri,xx = −λ3,i ri , 1 � i � N, (3.9d)

which has the Lax representation

[u3∂3 + 3u2(ux + v)∂2]ψ = μψ, ψt =
(

u2∂2 +
N∑

i=1

qi∂
−1ri∂

2

)
ψ.

3.2. The k-constraint

For each k � 1, the k-constraint is defined by

Lk = Bk +
N∑

i=1

qi∂
−1ri∂

2. (3.10)

The sub-manifold determined by the k-constraint is invariant under the tn-flow, i.e. we have

(Lk)tn = Bk,tn +

(
N∑

i=1

qi∂
−1ri∂

2

)
tn

,

since we can compute that

(Lk)tn = [Bn,L
k],

Bk,tn = (
Lk

tn

)
+ = [Bn,L

k]+,(
N∑

i=1

qi∂
−1ri∂

2

)
tn

=
N∑

i=1

(
qi,tn∂

−1ri∂
2 + qi∂

−1ri,tn∂
2)

=
N∑

i=1

[(Bnqi)∂
−1ri∂

2 − qi∂
−1(B̄nri)∂

2]

=
[
Bn,

N∑
i=1

qi∂
−1ri∂

2

]
−

= [Bn,L
k − Bk]− = [Bn,L

k]−,

where proposition 2.1 was used. Therefore, upon dropping the τk dependence from (2.10a),
we reduce the extended Harry Dym hierarchy (2.10) to the following hierarchy:(

Bk +
N∑

i=1

qi∂
−1ri∂

2

)
tn

=
⎡
⎣(

Bk +
N∑

i=1

qi∂
−1ri∂

2

) n
k

+

, Bk +
N∑

i=1

qi∂
−1ri∂

2

⎤
⎦ , (3.11a)

9
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qi,tn =
(

Bk +
N∑

i=1

qi∂
−1ri∂

2

) n
k

+

qi, 1 � i � N, (3.11b)

ri,tn = −∂−2

(
Bk +

N∑
i=1

qi∂
−1ri∂

2

) n
k
∗

+

∂2ri, 1 � i � N. (3.11c)

By proposition 2.1, equation (3.11a) is equivalent to

Bk,tn = [Bn,Bk] +

[
Bn,

N∑
i=1

qi∂
−1ri∂

2

]
+

. (3.12)

This hierarchy (3.11) is called the k-constrained Harry Dym hierarchy. It has the Lax
representation (

Bk +
N∑

i=1

qi∂
−1ri∂

2

)
ψ = μψ, ψtn = Bnψ,

where μ is the spectral parameter.

Example 3.2. Let us first take n = 2 and k = 3, and set t2 = y and v = u0. Then the
corresponding k-constrained Harry Dym system of equations (3.11) becomes

B3,y = [B2, B3] +

[
B2,

N∑
i=1

qi∂
−1ri∂

2

]
+

(3.13a)

qi,y = B2qi, ri,y = −B̄2ri, 1 � i � N. (3.13b)

Based on proposition 2.2, this constrained system reads

3[u2(ux + v)]y = u3(uuxxx + 6uxuxx + 3uvxx + 12uxvx)

+ 2u2
N∑

i=1

(qiri)x − 2uux

N∑
i=1

qiri, (3.14a)

uy = u2(uxx + 2vx), (3.14b)

qi,y = u2qi,xx, ri,y = −u2ri,xx, 1 � i � N. (3.14c)

It has the following Lax representation:[
u3∂3 + 3u2(ux + v)∂2 +

N∑
i=1

qi∂
−1ri∂

2

]
ψ = μψ, ψy = u2∂2ψ.

Let us next take n = 3 and k = 2, and set t3 = t and v = u0. Then the corresponding
k-constrained Harry Dym system of equations (3.11) becomes

B2,t = [B3, B2] +

[
B3,

N∑
i=1

qi∂
−1ri∂

2

]
+

(3.15a)

qi,t = B3qi, ri,t = −B̄3ri, 1 � i � N. (3.15b)

10
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Based on proposition 2.2, this constrained system reads

2uut = −u3(uuxxx + 6uxuxx + 3uvxx + 12uxvx) + 6u2(ux + v)

N∑
i=1

(qiri)x

− 3[u2(ux + v)]x

N∑
i=1

qiri + 3u3
N∑

i=1

(qi,xxri + qi,xri,x), (3.16a)

u2(uxx + 2vx) − u

N∑
i=1

(qiri)x + ux

N∑
i=1

qiri = 0, (3.16b)

qi,t = u3qi,xxx + 3u2(ux + v)qi,xx, 1 � i � N, (3.16c)

ri,t = u3ri,xxx + 3u2uxri,xx − 3u2(ux + v)ri,xx, 1 � i � N. (3.16d)

It has the following Lax representation:(
u2∂2 +

N∑
i=1

qi∂
−1ri∂

2

)
ψ = μψ, ψt = [u3∂3 + 3u2(ux + v)∂2]ψ.

4. Conclusions and remarks

We constructed an extended Harry Dym hierarchy based on eigenfunctions and adjoint
eigenfunctions, and the resulting Harry Dym hierarchy contains the Harry Dym hierarchy
with self-consistent sources and the constrained Harry Dym hierarchy. The extended Harry
Dym hierarchy is compatible with the Harry Dym hierarchy, and two examples in each of three
cases were computed. Since the (2+1)-dimensional Harry Dym hierarchy can be reduced to
(1+1)-dimensional soliton hierarchies, many (1+1)-dimensional extended soliton hierarchies
of Harry Dym type could be generated.

We also expect that there exist complexiton solutions, besides solitons and postions, to
the extended Harry Dym hierarchy. The inverse scattering technique [11] and the Darboux
transformation method [12] should work for the extended Harry Dym hierarchy as well.
Soliton-type solutions should be expressed as Wronskian determinants (see, e.g., [19, 25]),
and through the Wronskian technique, large solution subspaces of the extended Harry Dym
hierarchy may be constructed.

The productivity tool adopted in our analysis is the pseudo-differential operator technique,
through which only three integrable Hamiltonian hierarchies—the KP hierarchy, the mKP
hierarchy and the Harry Dym hierarchy—are generated by the r-matrix formulation [21].
Under the 2- or 3-reduction, the extended KP hierarchy [17] and the extended mKP hierarchy
[19] are reduced to the KdV equations with self-consistent sources, the mKdV equations with
self-consistent sources and the Harry Dym equations with self-consistent sources, respectively.
Therefore, the extended integrable hierarchies generalize typical integrable equations and
greatly enrich integrable structures. The key idea of extending integrable hierarchies
by the pseudo-differential operator technique is to use the Lax formulation consisting of
pseudo-differential Lax operators involving eigenfunctions and adjoint eigenfunctions, and
it may also be applied to integrable dispersionless equations [26, 27] and hidden integrable
hierarchies [28].

11
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Finally, let us discuss a more general extending scheme. Assume that a pair of extended
Lax operators is defined by

B̃k = Bk +
N∑

i=1

qi∂
−1ri∂

2, B̃l = Bl +
M∑
i=1

αi∂
−1βi∂

2,

where we require that two sets of eigenfunctions and adjoint eigenfunctions satisfy

qi,τl
= Blqi, ri,τl

= −B̄lri = −∂−2B∗
l ∂2ri, 1 � i � N,

and

αj,τk
= Bkαj , βj,τk

= −B̄kβj = −∂−2B∗
k ∂2βj , 1 � j � M.

To guarantee the compatibility of the τk-flow and the τl-flow defined by

Lτk
= [B̃k, L], Lτl

= [B̃l, L],

we need to let a more general pseudo-differential zero curvature equation

B̃k,τl
− B̃l,τk

+ [B̃k, B̃l] = 0

hold. By proposition 2.1, this equation is equivalent to

Bk,τl
− Bl,τk

+ [Bk, Bl] +

⎡
⎣Bk,

M∑
j=1

αj∂
−1βj∂

2

⎤
⎦

+

+

[
N∑

i=1

qi∂
−1ri∂

2, Bl

]
+

= 0,

and ⎡
⎣ N∑

i=1

qi∂
−1ri∂

2,

M∑
j=1

αj∂
−1βj∂

2

⎤
⎦ = 0,

due to [q∂−1r∂2, α∂−1β∂2]+ = 0. The resulting systems of equations extend the extended
Harry Dym hierarchy (2.10), and thus, provide a larger class of nonlinear equations that
possess Lax representations involving two extended Lax operators. However, the last equation
above also brings infinitely many differential constraints on the eigenfunctions and adjoint
eigenfunctions: qi and ri, 1 � i � N , and αj and βj , 1 � j � M . It is interesting how to
satisfy these constraints to make the τk-flow and the τl-flow compatible with each other.
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