Journal of Geometry and Physics 177 (2022) 104522

Contents lists available at ScienceDirect

Journal of Geometry and Physics

www.elsevier.com/locate/geomphys

L))

Check for
updates

Nonlocal integrable mKdV equations by two nonlocal
reductions and their soliton solutions

Wen-Xiu Ma

Department of Mathematics, Zhejiang Normal University, Jinhua 321004, Zhejiang, China

Department of Mathematics, King Abdulaziz University, Jeddah 21589, Saudi Arabia

Department of Mathematics and Statistics, University of South Florida, Tampa, FL 33620-5700, USA

School of Mathematical and Statistical Sciences, North-West University, Mafikeng Campus, Private Bag X2046, Mmabatho 2735, South Africa

ARTICLE INFO ABSTRACT
Arfif{e history: We conduct two nonlocal group reductions of the AKNS matrix spectral problems to
Received 25 February 2022 generate a class of nonlocal reverse-spacetime integrable mKdV equations. One reduction

Accepted 25 March 2022

¢ h - replaces the spectral parameter with its negative complex conjugate while the other
Available online 1 April 2022

does not change the spectral parameter. Beginning with the specific distribution of
eigenvalues, we construct soliton solutions by solving the corresponding generalized

MSC:

37K15 Riemann-Hilbert problems with the identity jump matrix, where eigenvalues could equal
35Q55 adjoint eigenvalues.

37K40 © 2022 Elsevier B.V. All rights reserved.
Keywords:

Matrix spectral problem
Nonlocal integrable equation
mKdV equations
Riemann-Hilbert problem
Soliton solution

1. Introduction

Matrix spectral problems lay the basis for the theory of integrable equations. Their group reductions can result in both
local and nonlocal reduced integrable equations [2,13,22]. Starting from the Ablowitz-Kaup-Newell-Segur (AKNS) matrix
spectral problems, we can generate three kinds of nonlocal nonlinear Schrodinger (NLS) equations and two kinds of non-
local modified Korteweg-de Vries (mKdV) equations by conducting one group reduction [2,14], and other kinds of novel
nonlocal reduced integrable equations by conducting two group reductions [19,20]. The inverse scattering transform has
been successfully applied to analysis of soliton solutions to nonlocal integrable equations (see, e.g., [1,10]).

Integrable equations can also be solved by other efficient methods, which include Darboux transformation, the Hirota
bilinear method and Riemann-Hilbert problems, and indeed, their soliton solutions can be systematically presented (see, e.g.,
[5,9,23,24,27]). In particular, the Riemann-Hilbert technique is used to solve nonlocal integrable NLS and mKdV equations.
We refer the interested readers to the recent references [3,25,26] on local equations and [14-16,28] on nonlocal equations,
which present applications of Riemann-Hilbert problems. In this paper, we would like to present a kind of novel reduced
nonlocal reverse-spacetime integrable mKdV equations by conducting two nonlocal group reductions and compute their
soliton solutions through generalized Riemann-Hilbert problems with the identity jump matrix.
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The rest of this paper is organized as follows. In Section 2, we conduct two nonlocal group reductions for the AKNS
matrix spectral problems to present type (—A*, A) reduced nonlocal reverse-spacetime integrable mKdV equations, where
stands for the complex conjugate. Two pairs of scalar examples are

B
Pre==3[P1oux =60 P1PI(=% —OP1x =30 P1 (=%, —D(P1I*)x],
and
B
P1e= =3 [PLxu+63P1P1(=X, ~DP1x + 3P} (=X, =D (P11,

where 0 =41, § =+1, and « and g are arbitrary real constants. In Section 3, based on the explored distribution of eigen-
values, we solve the corresponding generalized Riemann-Hilbert problems with the identity jump matrix, where eigenvalues
could equal adjoint eigenvalues, and compute soliton solutions to the resulting reduced nonlocal integrable mKdV equations.
In the final section, we present a conclusion and some concluding remarks.

2. Reduced nonlocal integrable mKdV equations
2.1. The matrix AKNS integrable hierarchies revisited

Let us first recall the AKNS hierarchies of matrix integrable equations for subsequent analysis.
As usual, let A denote the spectral parameter, and assume that p and g are two matrix potentials:

p=p& )= Djk)mxn, §=qX, t) = (GkjInxm, (2.1)

where m,n > 1 are two arbitrarily given integers. We consider the matrix AKNS spectral problems as follows:

—igx=U¢p =U(u, )¢ =AA+ P)o, 22)
—igy = VINp = VI, )¢ =("Q+ QMyg, r>0. '
Here the (m + n)-th order square matrices, A and 2, are defined by
A =diag(a1lm, azly), 2 =diag(B1lm, B21n), (2.3)

where I denotes the identity matrix of size s, and «q, @2 and B, B2 are two pairs of arbitrarily given distinct real constants.
The other two (m + n)-th order square matrices, P and Q), are defined by

o]
P=P(u)= s (2.4)
q O

which is called the potential matrix, and

r—1 a[r—s] b[r—s]
(T—\ "y 2.5
Q Z |: clr=sl glr—s] i| ’ (2.5)
s=0
where als], bI5!, cls] and dl] are determined recursively by
bl =0, =0, a!% = g1y, d'” = B, 1,, (2.6a)
1
pls+1] — E(_ibE(SJ _ pdm —|—alst), s>0, (2.6b)
1
= — (i’ + qa! — dPlg), 5 >0, (2.60)
a)[(S] — i(pC[S] _ b[S]q)7 d)[(S] — i(qb[s] _ C[S]p), s>1, (2.6d)

with zero constants of integration being taken. In particular, we can obtain

Q= SP, Q= gw = élm.nuﬂ +iPy),
and
QB = g/\zp - %um,n(zﬂ +iPy) — %(i[P, Pyl + Py +2P%),

where o = a1 — a2, B=p1 — B2 and Iy n = diag(Im, —In). The recursive relations in (2.6) also mean that
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[s1 pls]
w=3y 2" [ZSJ Zm } (2.7)
s>0

provide a Laurent series solution to the stationary zero curvature equation

Wy =i[U, W]. (2.8)

The compatibility conditions of the two matrix spectral problems in (2.2), i.e., the zero curvature equations:

U — vl +iu, vil=o, r>o, (2.9)
generate one matrix AKNS integrable hierarchy (see, e.g., [17] for more details):

pe = iab™ 1 g, = —iac™ 1 r >0, (2.10)

which can be proved to possess a bi-Hamiltonian structure and infinitely many symmetries and conservation laws. The
second nonlinear integrable system in the hierarchy gives us the AKNS matrix mKdV equations:

B B
Pr == 5 (Pxoc +3pqPx +3PxP). Gt = =3 (Gox +34xPq + 3GPq0). (211)

where p and q are the two matrix potentials defined by (2.1).
2.2. Reduced nonlocal integrable mKdV equations

We would like to conduct two nonlocal group reductions for the matrix AKNS spectral problems in (2.2) simultaneously
(see also [11] for the basic idea on how to make group reductions), to present a kind of novel reduced nonlocal reverse-
spacetime integrable mKdV equations.

Assume that 31 and X, are a pair of constant invertible Hermitian matrices of sizes m and n, respectively, and A and
A, are another pair of constant invertible symmetric matrices of sizes m and n, respectively. Let us consider two nonlocal
group reductions for the spectral matrix U:

UT(—x, —t, =1%) = (U (=x, —t, =2 )T = —SU @, t, )=, (212)
and
UT(=x, —t,A) = (U(=x, —t, )T = AU, t, ) A", (213)
where ¥ and A are the two constant invertible matrices defined by
|1z 0 N A )
s=[2 2]a=[4 2] 219

Equivalently, these two nonlocal group reductions require

PT(—x,—t) = —SP(x,t)=7 !, (2.15)
and

PT(=x,—t) = AP(x,t)A7 T, (2.16)
respectively. More precisely, they require the following reductions for the matrix potentials p and q:

q(x,0) =—%;"p'(—x, 0%y, (217)
and

q(x, ) = A5 pT(—x, —D) Ay, (218)

respectively. It therefore follows that the matrix potential p must satisfy a constraint:

—= T (—x, —0)%1 = A ' pT (—x, —t) A1, (2.19)

to guarantee that both group reductions in (2.12) and (2.13) are satisfied.
Furthermore, under the group reductions in (2.12) and (2.13), we can have that

(2.20)

WT(=x, —t, —=2*) = (W (=x, —t, =) = Twx,t, )=,
WT(=x, —t, ) = (W (=x, —t, )T = AW (x,t, A",
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which ensures that

V[25+1]T(—x, —t, =A%) = (V[ZSH](—X, —t, —A*))T _ —EV[ZSH](X, t, A)E’],

VEHIT Cx ¢ 3) = (V2 —x, —t, 4T = AVIZH(x £, ) A, (2.21)
and

Q[25+1]T(—X, —t, =M = (Q[ZSH](—X, —t, —A*))T _ —EQ[ZSH](x, L, A)E’l,

QB HIT (. . 2) = (@2 (—x, —t. 1)) = AQ U (x.t.2)A ", (2.22)
where s > 0.

Consequently, under the potential reductions (2.17) and (2.18), the integrable matrix AKNS equations in (2.10) are re-
duced to a hierarchy of nonlocal reverse-spacetime integrable matrix mKdV equations:

i p[25+2]
pr =iab |q:722_1p4f(7x,7t)21:Az_lpT(fx,ft)A1’ s>0, (2.23)
where p is an m x n matrix potential satisfying (2.19), ¥; and X, are a pair of arbitrary invertible Hermitian matrices
of sizes m and n, respectively, and A1 and A are a pair of arbitrary invertible symmetric matrices of sizes m and n,
respectively. As consequences of the two group reductions, each reduced equation in the hierarchy (2.23) possesses a Lax
pair of the reduced spatial and temporal matrix spectral problems in (2.2) with r =2s+ 1, s >0, and infinitely many
symmetries and conservation laws reduced from those for the integrable matrix AKNS equations in (2.10) with r =2s+1,s >
0.

If we fix s =1, i.e, r =3, then the reduced matrix integrable mKdV equations in (2.23) with s =1 produce a kind of

reduced nonlocal reverse-spacetime integrable matrix mKdV equations:
P —3p%; 1 pT(=x, =) S1px — 3pxZ; ' pl(—x, —0) =
pr= a3(pxxx P, p'(—x, —t)X1px —3px%,; p'(—X,—t)Z1p)

B _ -
=3 Pxx+ 304 TpT (=%, —0)A1px +3pxA; ' pT (=X, —0) A1), (2.24)

where p is an m x n matrix potential satisfying (2.19).

Let us now illustrate these novel reduced nonlocal reverse-spacetime integrable matrix mKdV equations, with a few
examples with different values for m,n and appropriate choices for X, A.

First, we consider the case of m =1 and n = 2. Let us choose

oo [0
¥1=1, E2 = 0 7A]=1, Az = 5 0 s
o

where o and § are real constants which satisfy 02 = §2 = 1. Then, the potential constraint (2.19) equivalently requires

p2=—08pj],
where p = (p1, p2), and at this moment, the corresponding potential matrix P becomes
0 p1 —o0ép]
P=| —opj(—x,—t) O 0 . (2.25)

ép1(—x, —t) 0 0

Furthermore, based on (2.11), the corresponding novel reduced nonlocal reverse-spacetime integrable mKdV equations read

pir= —%[m,m — 60 p1p}(—x, —t)p1.x — 30 p1(—x, —O)(Ip11H)x], (2.26)

where o = =1 and p} denotes the complex conjugate of pi. A similar argument with

; 0 o ; 5§ 0
2]:], E_ = ’Alzl’ AT = s
2 2
o 0 0§

where ¢ and § are real constants which satisfy o2 = §2 =1, leads to a second pair of novel scalar nonlocal reverse-
spacetime integrable mKdV equations:

Pt = —%[Pl,xxx +68p1p1(—x, —t)p1.x + 38pT(—=x, =) (Ip11®)x], (2.27)
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where § = =+1 and p} denotes the complex conjugate of p; as well. These two pairs of equations are totally different from
the ones studied in [2,6-8], in which only one nonlocal nonlinear term appears.
Second, we consider the case of m =1 and n = 4. Let us choose

opr 0 0 O 0 6 0 O

1 0 o1 0 O 1 &6 0 0 O
E]:],EE: ,A]:],AE: s

0 0 oo O 0 0 0 4

0 0 0 o 0 0 6 O

where o; and §; are real constants which satisfy sz = 812. =1, j=1,2. Then, the potential constraint (2.19) leads equiva-
lently to

P2 =0181p1 (=X, —t), pa=028p3(—x, —t),

where p = (p1, P2, P3, Pa), and thus, the corresponding potential matrix P reads

0 p1 —0181p; p3 —0282p% |
—o1pi(—x.—1) 0 0 0 0
P=1] 6&1p1(—x, —t) 0 0 0 0 . (2.28)
—op3(—x,—t) 0 0 0 0
| &p3(—x-) 0O 0 0 0

This formulation allows us to obtain a class of two-component nonlocal reverse-spacetime integrable mKdV equations:

pre— —%[m,m — 601 1P} (=% —0)p1x — 301P1 (=%, —0)(1p1 P)x

—302p5(—x, —t)(P1P3)x — 3023 (—X, —t)(P1P3)x].

8 (2.29)
pP3:t= _E[p&xxx - BUlPT(_X, —t)(p1p3)x — 301p1(—X, —t)(PTP3)X
—602p3p3(—X, —1)P3.x — 302D3(—X, —1)(|P3]*)x].
where o are real constants satisfying ajz =1, j=1,2.
Third, we consider the case of m =2 and n = 2. Let us choose
0 o1 1 (o) 0 0 31 1 0 82
$i= 55t = A= Ayt = :
op 0 0 oy 61 O s 0
where o and §; are real constants which satisfy 0'1-2 = 8]2. =1. Then, the potential constraint (2.19) leads precisely to
P12 = —01810282P71, P22 = —01810282P31,
and thus, the corresponding matrix potentials become
p11 —01810282p7; —0102D3, (=X, —t) —0102p7; (=%, —t)
p= L q= . (2.30)
P21 —01810282P%; 3182p21(—x, —t) 5182p11 (=%, —t)
This enables us to obtain another class of two-component nonlocal reverse-spacetime integrable mKdV equations:
B
Pt = _a_3[Pll,xxx — 60 P11P5 (=X, —)P11.x — 30 P21 (=%, =) (Ip111H)x
=30 p3 (=%, =) (p11p21)x — 30 p11(—=x, =) (P11 P21)x], (231)

B
P21t = _a_3[p21,xxx — 30 p31 (=X, —t)(P11P21)x — 30 P21 (—X, =) (P11 P51 )x

—60 p}1(—x, —t)P21P21.x — 30 p11(—%, —O)(Ip21[*)x],

where 0 = 0107 = £1. Obviously, the nonlinearity pattern in these two equations is different from the one in (2.29).
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3. Soliton solutions
3.1. Distribution of eigenvalues

Under the group reduction in (2.12) (or (2.13)), we can observe that A is an eigenvalue of the matrix spectral problems
in (2.2) if and only if A = —A* (or A = 1) is an adjoint eigenvalue, namely, the adjoint matrix spectral problems hold:

igy=pU = U (u, 1), iy = pVIZH = gv 2ty }), (3.1)
where s > 0. As a consequence, we can assume to have eigenvalues A : g, —u*, and adjoint eigenvalues A : —pu*, w,
where p € C.

Moreover, under the group reductions in (2.12) and (2.13), we can see that

T (—x, —t, —2*)T and ¢" (—x, —t, M)A, (3.2)

will be two adjoint eigenfunctions associated with the same original eigenvalue A, provided that ¢()) is an eigenfunction
of the matrix spectral problems in (2.2) associated with an eigenvalue A.

3.2. Solution formulation by generalized Riemann-Hilbert problems

We would like to propose a general formulation of soliton solutions to the resulting reduced nonlocal reverse-spacetime
integrable mKdV equations by solving the corresponding generalized Riemann-Hilbert problems with the identity jump
matrix. Let N1, N > 0 be two integers such that N =2N; + N, > 1.

First, let us take N eigenvalues A; and N adjoint eigenvalues Aj as follows:

My TSRSN: 1, -oo Ny, —H75 oo s =N, V1o o5 UNgs (33)

and

Mo 1<k<N:—ui, -, —INys B1s s UNps = V1, oo, VN, (3.4)

where ur € C, 1 <k <Ny, and vy € R, 1 <k < Ny, and assume that their corresponding eigenfunctions and adjoint
eigenfunctions are defined by

vk, 1T<k<N, and 4, 1<k <N, (3.5)
respectively. Obviously, in this nonlocal case, the following condition:
a1 <k=NyN{hel1 <k <N} =0, (3.6)

doesn’t hold.
Next, we introduce two matrices:

N

— N N 1\ 4
vieM Dty Vi(M™ v
T =Inn— Y ———— G ' W =lnsn+ ), —————, (3.7)
k=1 AT oo N
= k,1=1
where M is a square matrix M = (my;)NxN, Whose entries are defined by
Vv R
it A # A,
My =13 M—Ak where 1 <k, <N. (3.8)
0, if A = .,

It has been shown in [15] that these two matrices Gt (1) and G~ ()) solve the corresponding generalized Riemann-Hilbert
problem with the identity jump matrix, i.e., they satisfy

(G WG =Imin, 2 €R, (39)
provided that an orthogonal condition:

Vivi=0if A,y = Ay, where 1 <k,I <N, (3.10)

holds.
Now, let us make an asymptotic expansion

1 1
G+O¥)=1m+n+xcf+o(}\—2)» (3.11)
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as A — oo, to obtain

N

Gi == viM Y, (312)
k=1

and substituting this into the matrix spatial spectral problems in (2.2) yields

P =—[A,G{]= lim [GT(}), Al (3.13)
L—o00
Clearly, this generates N-soliton solutions to the matrix AKNS integrable equations (2.10):
N N
p=a Yy vitM Ouif, q=—a Y vi(M Db/, (3.14)
k,l=1 k,l=1

where for each 1 <k < N, we have split v and ¥y into v, = ((v)T, vH)T)T and ¥ = (9], ¥2), where v} and ¥} are column

and row vectors of dimension m, respectively, and v,% and Oﬁ are column and row vectors of dimension n, respectively.
When zero potentials are taken, i.e., p =0 and q =0 are chosen, the corresponding matrix spectral problems in (2.2)
engender

Ve = Vi £, dg) = e ARSIy g << N, (3.15)

where wy, 1 <k < N, are constant column vectors. According to the preceding analysis in subsection 3.1, we can take the
corresponding adjoint eigenfunctions as follows:

Pp= D0, £, ) = v (%, £, 1) T = Wye AR 1 <k < N, (3.16)
where

Wp=wl%, 1<k<N. (317)
Then, the orthogonal condition (3.10) becomes

WlEW,:Oifkl:)ik, where 1 <k, <N. (3.18)

Finally, to present N-soliton solutions for the reduced nonlocal matrix integrable mKdV equations (2.23), we need to
check whether GT defined by (3.12) satisfies the two involution properties:

GHN(=x - =267, (GHT(—x, ) =—AGT A" (3.19)

If so, the resulting potential matrix P given by (3.13) will satisfy the two nonlocal group reduction conditions in (2.15) and
(2.16). Further, as a consequence of these conditions, we obtain the following N-soliton solutions:

N
p=a ) vi(M i, (3:20)
k=1

for the reduced nonlocal reverse-spacetime matrix integrable mKdV equations (2.23). These solutions are reduced from the
N-soliton solutions in (3.14) for the matrix AKNS equations (2.10).

3.3. Realizing the involution properties

We would now like to check how to realize the involution properties in (3.19).
First, following the preceding analysis in subsection 3.1, the adjoint eigenfunctions Vj, 1 <k < 2Ny, can be determined
as follows:

Vi = Vr(x, t, ik) = vl(—x, —t, )X = le+,<(—x, —t,—A)A, 1 <k<Nj, (3.21)
and
TNk = PNk X, £ Ay i) = V(=X =t Ay ) B = V] (=X, —t, A A, 1<k < Ny (3.22)
These selections in (3.21) and (3.22) generate the conditions on wy, 1 <k <N:
wi(Z*A* T AR ) =0, 1<k <Ny,
{ (3.23)

wi=X""A*wi_y . Ni+1<k<2N,
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where A* denotes the complex conjugate of a matrix A. Note that all these conditions aim to satisfy the reduction conditions
in (2.15) and (2.16).

Next, note that when the solutions to the generalized Riemann-Hilbert problems with the identity jump matrix, defined
by (3.7) and (3.8), possess the involution properties

GH = =2CHTWE EHT =AGH AT (3:24)
the corresponding relevant matrix G}L will satisfy the involution properties in (3.19), which are consequences of the group
reductions in (2.12) and (2.13). Consequently, when the conditions in (3.23) and the orthogonal condition in (3.18) are
satisfied for wy, 1 <k < N, the formula (3.20), together with (3.7), (3.8), (3.15) and (3.16), presents N-soliton solutions to
the reduced nonlocal reverse-spacetime matrix integrable mKdV equations (2.23).

Lastly, for the case of m=n/2 =N =1, let us compute an example of periodic solutions to the reduced nonlocal inte-
grable mKdV equations. We choose A1 = v, i1 =—-v, veR, and set

w1 = (w11, w12, wi3)', (3.25)

where wi 1, wi2, w13 € R are arbitrary but satisfy w% 3= w% ,- These choices yield a class of periodic solutions to the
nonlocal reverse-spacetime integrable mKdV equation (2.26):

20v(01 — o)W1, 1W1 2
W% ]ef(al —)vx+i(B1—p)V3t 4 D W% 2e—l'(Otl —a)vx—i(B1—p2)v3t’

p1= (3.26)

where v is an arbitrary real constant, and wq ; and wq are arbitrary real constants but required to satisfy the condition
w4, =2w?,, generated from the involution properties in (3.19).

4. Concluding remarks

Type (—A*, A) reduced nonlocal reverse-spacetime integrable mKdV equations were generated and their soliton solutions
were computed through the corresponding generalized Riemann-Hilbert problems with the identity jump matrix, where
eigenvalues could equal adjoint eigenvalues. The analysis is based on the two nonlocal group reductions of the AKNS ma-
trix spectral problems. The resulting nonlocal integrable mKdV equations are a type of novel nonlocal reverse-spacetime
integrable equations, which possess one nonlocal factor in the nonlinear terms.

We remark that it would be interesting to explore soliton solutions by other approaches, including the Hirota direct
method, the Wronskian technique and the Darboux transformation. Another interesting problem is to search for other kinds
of reduced nonlocal integrable equations associated with other classes of matrix spectral problems (see, e.g., [18]). It is also
of significant importance to study dynamical properties of diverse exact solutions in the nonlocal case, including lump so-
lutions [21], solitonless solutions [12] and algebro-geometric solutions [4], from a perspective of Riemann-Hilbert problems.
By contrast, comparatively little has been known about nonlocal integrable equations.
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