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1. Introduction

Nonlocal integrable equations have been studied very recently, including nonlocal scalar nonlinear Schrédinger
(NLS) equations [3,4] and nonlocal scalar modified Korteweg-de Vries (mKdV) equations [5,17]. Their inverse scattering
transforms were established under zero or nonzero boundary conditions [2,4,17]. The N-soliton solutions were generated
from the Riemann-Hilbert problems [22,34], via Darboux transformations [16,23], and through the Hirota bilinear method
[14]. A few multicomponent generalizations [5,7,13,22,31] were also presented and analyzed.

We will apply the Riemann-Hilbert technique [30] to study the inverse scattering transforms and particularly generate
soliton solutions. Various integrable equations, such as the multiple wave interaction equations [30], the general coupled
nonlinear Schrodinger equations [32], the Harry Dym equation [33], and the generalized Sasa-Satsuma equation [10],
have been studied by analyzing associated Riemann-Hilbert problems. In this paper, we would like to propose a kind of
multicomponent nonlocal complex reverse-spacetime mKdV equations, and construct their inverse scattering transforms
and soliton solutions through establishing associated Riemann-Hilbert problems.

The rest of the letter is structured as follows. In Section 2, we make a kind of nonlocal group reductions to generate
nonlocal complex reverse-spacetime mKdV equations. In Section 3, we establish associated Riemann-Hilbert problems and
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determine their solutions by the Sokhotski-Plemelj formula to present the inverse scattering transforms. In Section 4, we
construct soliton solutions from the reflectionless transforms, whose Riemann-Hilbert problems have the identity jump
matrix. In the last section, we give a conclusion and some concluding remarks.

2. Nonlocal complex reverse-spacetime mKdV equations

Let n be an arbitrary natural number. Assume that A stands for a spectral parameter, and u, a 2n-dimensional potential

u=uxt)=p,q"), p=(p1,p2 - Pn)s =(G1,G2, -, )" (2.1)
Let us consider the multicomponent AKNS matrix spectral problems (see, e.g., [26]):

—igy =U¢ =U(u, \)p, —igy =V =V(u, A)¢, (2.2)
with the Lax pair

U=1A+P, V=232+0. (2.3)
The involved four matrices are defined by A = diag(a, axly), £2 = diag(B1, Ba1,),

P= [ 2 p ] : (2.4)
and

Q:ﬂkz[o p}_ﬁk[ pq  ipx ]_ﬁ[i(pqx—pxq) Pxx + 2pgp } 25)

o q 0 27| —ige —qp o3 | Gw+2qpq  i(qpx — qxp)

where o1, ay, B, B, are arbitrary real constants, and @« = @1 —«a and g = 1 —p,. Itisclear thatifp;j=q; =0, 2 <j <n,
the matrix spectral problem (2.2) reduces to the original AKNS one [1]. The compatibility condition of the spectral
problems in (2.2), i.e., the zero curvature equation

U — Vo +i[U,vV] =0, (2.6)
presents the multicomponent standard mKdV equations
B B
pe = —;(pm + 3papx + 3pxap), 4c = _ﬁ(cbocx + 3qxpq + 3qpgx). (2.7)

We take a specific kind of nonlocal group reductions for the spectral matrix

1 0

Ty —f 3%y — _ -1 _
U'(—x, —t, —A") = —CU(x, t, L)C ,C_[O 5

], st=x3, (2.8)

where 1 denotes the Hermitian transpose and *, the complex conjugate. This requires

PY(—x, —t) = —CP(x, t)C" ', (2.9)
where X' is a constant invertible Hermitian matrix. This Eq. (2.9) is equivalent to

q(x, t) = =27 'pl(=x, —t). (2.10)
Under the reduction (2.10), one has

Vi(=x, —t, —=1*) = —CV(x, t, 2)C" L, Qf(—=x, —t, —=1*) = —CQ(x, t, A)C .

These imply that we can apply the group reductions in (2.9) to the zero curvature equation (2.6) to get reduced equations.
It is now clear that the multicomponent standard mKdV equations (2.7) become the following multicomponent nonlocal
complex reverse-spacetime mKdV equations

B _ _
Pe(X; £) = =5 [PaalX, £) = 3p(x, )Z'PT(=x, =E)pa(x, £) = 3p(x, )T P! (=X, —0)p(x, ). (2.11)
When n = 1, we can obtain a pair of scalar examples [5,17]:
Pe(X, t) = pu(x, t) — 60p(x, t)p*(—x, —t)px(x, t), 0 = £1. (2.12)

3. Inverse scattering transforms

Let g be determined by (2.10). In what follows, we discuss the scattering and inverse scattering for the nonlocal complex
reverse-spacetime mKdV equations (2.11) by the Riemann-Hilbert approach [30] (see also [6,11] for the local case). The
results will be the basis for generating soliton solutions later.
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3.1. Distribution of eigenvalues

Suppose that all the potentials rapidly vanish when x — +o0o0 or t — +oo. Upon setting P =iP and Q = iQ, we
obtain an equivalent pair of matrix spectral problems to (2.2):

Y = iM[A, Y]+ Py, (3.1)
v =232, 1+ Qv (3.2)

Through a generalized Liouville’s formula [24], we can have (det ), = 0, since tr(Iv’) = tr(Q) = 0. The adjoint equations
of (2.2) and the adjoint equations of (3.1) and (3.2) read

iy = QU, i = PV, (3.3)
and

i = MY, Al + P, i = 1Y, 214+ 4Q, (3.4)
respectively.

Let (1) be a matrix eigenfunction of the spatial and temporal spectral problems (3.1) and (3.2), associated with an
eigenvalue A. Then, Cv~!(x, t, 1) is a matrix adjoint eigenfunction associated with the same eigenvalue A. Actually, under
the nonlocal group reductions in (2.9), we can have

iy i(—x, —t, —A*)Clx = i[—(l/fx)*(—)g, —t, =1)C]
i{—i(—A*)A, Y(=x, —t, =2*)] = P(=x, =)y (=X, —t, —2*)}TC
(i)W (—x, —t, =2*), A] — ¥i(—x, —t, =2 *)PT(—x, —1)}C
= Ay t(=x, —t, =2*)C, A] + ¥ (—x, —t, =A*)C[-C 1Pt (—x, —1)C]
= MY i(—=x, —t, —=A*)C, A] + ¢¥T(—x, —t, —A*)CP(x, t),
and similarly, we have
iyt (—x, —t, =A*)Clr = AT (—x, —t, —A%)C, 2] + ¥ i(—x, —t, —A*)CQ(x, t).
It then follows that
Yx, £, 1) = ¥i(=x, —t, =2*)C (35)

presents another matrix adjoint eigenfunction associated with the same original eigenvalue A, i.e., ¥f(—x, —t, —=1*)C
solves the adjoint spectral problems in (3.4).
Therefore, upon observing the asymptotic properties for i at infinity of x or ¢, the uniqueness of solutions tells that

Yi(—=x, —t, =A%) = Cy~(x, £, A)C 1, (3.6)

if y = I,41, xort — 400 or — oo. It then follows that if A is an eigenvalue of (3.1) and (3.2) (or (3.4)), then —\* will
be another eigenvalue of (3.1) and (3.2) (or (3.4)), and the property (3.6) holds.

3.2, Riemann-Hilbert problems
We establish a class of associated Riemann-Hilbert problems with the variable x. In order to facilitate the expression
below, we assume that
Ol:Ol]—Ol2<0,ﬂ:ﬂl—,32<0. (37)

In the scattering problem, let us now introduce the two matrix eigenfunctions ¥ *(x, A) of (3.1) with the following
asymptotic conditions

Y% — I,41, when x — +o0, (3.8)

respectively. It follows from (det v/ ), = 0 or directly from the generalized Liouville’s formula [24] that det y* = 1 for all
x € R. Because

¢* =Y*E, E =™, (39)
are both matrix eigenfunctions of the x-part of (2.2), they must be linearly dependent, and consequently, we obtain
Y"E =v¢TES(A), A €R, (3.10)

where S(A) = (8jt)n+1)x(n+1) is called the scattering matrix. Note that detS(A) = 1, thanks to det v+ = 1.
We point out that we can turn the x-part of (2.2) into the following Volterra integral equations for ¥* [30]:
X

V) = Iyt + / MDY (1, y)e A0 gy, (3.11)

—00

o0
YA X) = Iyt — f M ACVP(y)y (5, y)e* 10 dy, (3.12)

X
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where the asymptotic conditions (3.8) have been used. Now, the theory of Volterra integral equations shows that the
eigenfunctions ¥* could exist and allow analytical continuations off the real line » € R as long as the integrals on the
right hand sides converge.

First, in order to determine the two generalized matrix Jost solutions, T* and T~, which are analytic in C* and C~
(the upper and lower half-planes) and continuous in C* and C~ (the closed upper and lower half-planes), respectively,
we denote

vE = Y Yin), (3.13)

where 1//1.i denotes the jth column of ¢* (1 <j < n+ 1). Then we can take the generalized matrix Jost solution T+ as

T+ = T+(Xv )") = (1//]77 Iﬁ;’ RN ;;:_]) = W_Hl + 1//+H27 (314)
which is analytic in A € C* and continuous in A € C*. Here the two matrices H; and H, are
H, = diag(1,0,...,0), H, = diag(0,1,...,1). (3.15)
——— ——
n n

Second, to determine the other generalized matrix Jost solution T, i.e., the analytic counterpart of T* in the lower
half-plane C~, we take advantage of the adjoint matrix spectral problems. Note that the inverse matrices o = (pT)!
and ¥* = (¢¥*)~! provide those matrix eigenfunctions to the two adjoint equations. Upon stating ¥* as

TE = (G G gy (3.16)

where ¥+ denotes the jth row of y* (1 <j < n+ 1), we can show by similar arguments that the generalized matrix
Jost solution T~ can be taken as the adjoint matrix solution of the x-part of (3.4), i.e.,

T =@ Lyt Y =iy~ +Hyt = Hi(y )+ Hy(y ), (3.17)

which is analytic for A € C~ and continuous for A € C~.
Based on dety* = 1 and the definitions of T* and S(1), we can know that

detTT(x, A) = s11(A), detT~(x, 1) = §11(1), (3.18)
where S7'(1) = (S(A))™" = (Sj1)(n+1)x(n+1)- This leads to
s11(A) O _ 5 _
im T = | 1 CaeCt dim Ty =| nd) 0 e (3.19)
X— +00 0 I X— —00 0 I
Now we introduce two unimodular generalized matrix Jost functions
-1
A) O -
c+(x,x)=T+(x,x)[ 5“0( ) 1 ] e G
-1 ! (3.20)
1(x) 0

(G ) 'x2) = [ $ ]T(x,k), reC,

0 Iy

and then formulate the required matrix Riemann-Hilbert problems on the real line for the nonlocal complex reverse-
spacetime mKdV equations (2.11) as follows:

Gt (x,A) = G (X, \)Go(x, 1), A €R, (3.21)
with the jump matrix
a1 —1
A) 0 |= A) O
Gotx, 1) =E| 1) o] S0 E. (3.22)
0 I 0 I

Here the matrix S(1) = (8j1)n+1)x(n+1) has the triangular decomposition:
S(3) = (Hy + HaS(W)(Hy + S~ (MH2), (3.23)
and can be worked out:
S1j01 =S1j41, Sip11 =Sip11, 1<j<n, §5=1, 1 <j<n+1, 55=0, otherwise. (3.24)

We see that the jump matrix Go carries all basic scattering data from the scattering matrix S(A). Also, the Volterra integral
equations (3.11) and (3.12) guarantee the canonical normalization conditions:

GF(x, ) = Io11, when A € CF — oo, (3.25)

for the presented Riemann-Hilbert problems.
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From the property of eigenfunctions in (3.6), we can have
(GT)(—x, —t, =1*) = C(G7)'(x, £, A)C". (3.26)
Based on this, we know that the jump matrix Gy satisfies

Gh(—x, —t, —1*) = CGo(x, £, A)C 1. (3.27)
3.3. Evolution of the scattering data

To complete the direct scattering transforms, let us compute the derivative of (3.10) with time t and use the temporal
matrix spectral problem (3.2) that ¥ satisfy.
Then we can see that the scattering matrix S will satisfy an evolution law:

S = iA3[82, S). (3.28)
This generates the time evolution for the time-dependent scattering coefficients:
s12 = 512(0, 1)eBPC 515 = 513(0, A)ePFE, - sy i = 51041(0, )PP,
Sp1 = $21(0, )»)e*iﬂ)ﬁt, s31 = 531(0, )L)efiﬂ)ﬁr’ oo Sppra = Sng1.(0, )L)e—iﬁﬁt’

and all other scattering coefficients are independent of the time variable t.
3.4. Gelfand-Levitan-Marchenko type equations

To determine the generalized matrix Jost solutions, let us rewrite the Riemann-Hilbert problems in (3.21) as

{ Gt —G =G v, v=Gy—I4q1, ONR,

Gt = Iy as A € CF — oo. (3.29)

Let G(A) = G*(1), if A € C*. Assume that G has simple poles off the real line R: {uj}f:1, where R is an arbitrary natural
number. We now set

R G

G*(\) =G - Y ——, reC* G =GC"), reCH (3.30)

o T

where G; is the residue of G at A = p;, i.e,

Gy = res(G(1). uy) = lim (A — j)G(3). 1<) <R. (331)
=1

Then, we can have

Ct —C—=Ct—_—C =C
gi G =G G_i— G v, on R, (3.32)
GF — Iy as A € CF — oo.
Directly applying the Sokhotski-Plemelj formula [9], we obtain the solutions
~ 1 G~
GO = Insr + —/ UE) e aec\R. (3.33)
2ni J_oo E— X
Further, computing the limit as A — u; leads to
R
~ G; 1 (G~
lhs= lim G=F—» ——, rhs:In+1+—_/ wdég,
Ay Pl 2ni ) o €& —
where
A—u)GA)—G
F= lim A MGG (3.34)
A= A=
and accordingly, we obtain the Gelfand-Levitan-Marchenko type equations
R
G 1 [*(Gv)§)
Iy1 —F + 4 — =l deE=0, 1<I<R (3.35)
e Zm—uj 271 ) oo & —

J#l
These equations determine solutions to the associated Riemann-Hilbert problems, namely the generalized matrix Jost
solutions.
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3.5. Recovery of the potential

To recover the potential matrix P from the generalized matrix Jost solutions, we expand

Grx, t,A) =Int1 + %GT(X, t)+ 0(;—2), A — oo. (3.36)
Upon plugging this asymptotic expansion into the matrix spectral problems (3.1), the O(1) terms tell

P = lim AGT (1), Al = —[A, G 1. (3.37)
We have to check an involution property for GT:

(GHi(—x, —t) = CGF(x, t)C . (3.38)
This way, we obtain the solutions to the nonlocal complex reverse-spacetime mKdV equations (2.11):

pj=—a(G jp1. 1=j<n (3.39)

where G = (G i)+ 1)x(n+1)-

This finishes the inverse scattering procedure from the scattering matrix S(A), through the jump matrix Go(A) and
the solution {G*(X), G"(A)} to the associated Riemann-Hilbert problems, to the potential matrix P. The final potential P
presents solutions to the nonlocal complex reverse-spacetime mKdV equations (2.11).

4. Soliton solutions

Let N € N be arbitrary. Assume that s1; has N zeros {A, € C, 1 < k < N}, and S11 has other N zeros {5»/< eC, 1<
k < N}. We also assume that all these zeros, Ax and A, 1 < k < N, are geometrically simple. Then, each of ker T (A,
1 < k < N, contains only a single basis column vector, denoted by vy, 1 < k < N; and each of kerT~ (1), 1 <k <N, a
single basis row vector, denoted by v, 1 < k < N:

T (Ao =0, 9T () =0, 1<k <N. (4.1)

The Riemann-Hilbert problems with the identity jump matrix, the canonical normalization conditions in (3.25) and
the zero structures given in (4.1) can be solved explicitly [18,30], and consequently, we can recover the potential matrix
P, which presents soliton solutions.

The choice of the identity jump matrix Gy = I,+1 in the Riemann-Hilbert problems in (3.21) can be made under the
conditions s;; = S$1; =0, 2 <i <n+ 1, ie, zero reflection coefficients in the scattering problem. Solutions to this kind
of special Riemann-Hilbert problems can be formulated as follows:

N

N A A
uwM Dby, ve(M ™Dy
GCF)=lhp— Y ——=— ()W) =hp+ Yy, ———, (4.2)
ko1 AT M k=1 A=A

where M = (my;)nxn iS a square matrix whose entries are determined by

gy . -
—, if A # Ay,
My =191 A — A A0 A 1<kI<N, (4.3)
0, if A = A,
and an orthogonal condition
v =0, if =4, 1<kI<N, (4.4)

is required.
To satisfy the involution property (3.38), we arbitrarily take N zeros of det T*(1): {Ay € C}ﬁz], but determine N zeros
of det T~(A) as follows:

. .

R R 45)
Then, ker T™(X) and ker T~ (A;), 1 < k < N, can be determined by

(X, 1) = vy(x, £, dy) = AL, ] <k <N, (46)
and

DX, 1) = DX, £, ) = v (—x, —t, =A1)C = we MATR2AC | <k <N, (47)
respectively, where wy, 1 < k < N, are arbitrary column vectors but need to satisfy

wiCw =0, if sy =, 1<k I<N, (4.8)

This is a consequence of the orthogonal condition (4.4), and the case of A, = ):k occurs only when A, € iR and ):k = —Af.
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Finally, under the orthogonal condition (4.8), we need to show that the solutions to the specific Riemann-Hilbert
problems, determined by (4.2) and (4.3), satisfy (3.26), which implies that Gl+ satisfies the reduction condition (3.38).
Then, as a consequence, we can see that the nonlocal complex reverse-spacetime mKdV equations (2.11) possess the
following N-soliton solutions:

N
pi=0a Y vea(M by, 1<j<n, (4.9)
k=1
where M is defined by (4.3), and vy = (vg.1, Uk.2, - - - » Vkng1)' and Oy = (D1, Dk2s - - . » Dkny1) are determined by (4.6) and

(4.7), respectively.
5. Concluding remarks

This paper proposed a class of nonlocal complex reverse-spacetime multicomponent modified Korteweg-de Vries
(mKdV) equations from a kind of nonlocal group reductions, and constructed their inverse scattering transforms. The
basic tool is the Riemann-Hilbert approach to matrix spectral problems. We determined solutions to the Riemann-Hilbert
problems by applying the Sokhotski-Plemelj formula, and systematically presented soliton solutions to the nonlocal
complex reverse-spacetime mKdV equations, based on the reflectionless transforms (or equivalently the Riemann-Hilbert
problems with the identity jump matrix).

We point out that it would be very interesting to explore connections among soliton structures formulated via different
approaches such as the Hirota direct method [15], the Wronskian technique [8,25] and the Darboux transformation [29]. It
would also be important to generate different kinds of exact solutions in nonlinear dispersive waves, for example, lump
solutions [27,28,35], Rossby wave solutions [36], solitonless solutions [20,21] and algebro-geometric solutions [12,19],
through the Riemann-Hilbert technique.
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