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Negative-order integrable flows have significant applications in areas such as fluid dynam-
ics, nonlinear optics, and quantum field theory, particularly in the study of soliton
behavior and wave interactions. In this paper, we study a matrix second-order negative
flow within the Ablowitz—Kaup-Newell-Segur (AKNS) hierarchy, formulated through a
Lax pair whose temporal part involves a second-order pole in the spectral parameter.
This framework facilitates the analysis of shallow water wave dynamics, including the
emergence of lump and soliton solutions. The corresponding Darboux transformation is
constructed within the general AKNS-type framework. Starting from a seed solution,
a class of explicit solutions is generated through a single application of the Darboux
transformation.
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1. Introduction

Negative-order flows constitute a fascinating and increasingly significant area within
the theory of integrable models. These flows are deeply connected to rich mathe-
matical structures, such as infinite-dimensional symmetries, recursion operators,
and algebraic curves, as well as to a variety of physical applications, particularly in
fluid dynamics and nonlinear optics (see, e.g. [IH3]). A prominent example is the
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Camassa—Holm equation [4], an integrable model with a bi-Hamiltonian structure
that describes unidirectional shallow water waves and supports peakon solutions.
The study of negative-order flows enhances our understanding of nonlinear wave
phenomena, inverse dynamics, and soliton interactions, extending beyond the scope
of classical integrable equations.

The Darboux transformation is a powerful method used to generate new solu-
tions from known ones for integrable partial differential equations, especially in
soliton theory. It is typically applied to linear spectral problems, known as a Lax
pair, associated with nonlinear integrable equations.

Originally introduced by Gaston Darboux in the 19th century in the context
of second-order linear differential equations, the transformation was later adapted
and extensively developed in the 20th century for integrable systems. In particular,
its application to the Korteweg—de Vries hierarchy and other soliton equations has
played a pivotal role in modern soliton theory. A comprehensive treatment of the
Darboux transformation in integrable systems is provided in the monograph by
Matveev and Salle [5]. Further developments, including generalizations to matrix,
noncommutative, super-symmetric, and higher-dimensional settings, can be found
in [GHg].

At its core, the Darboux transformation constructs a new potential (or solu-
tion) by applying an algebraic transformation to the Lax pair of an integrable
system. This process preserves the integrability of the original system and allows
the recursive generation of multi-soliton, rational, and rogue wave solutions (see,
e.g. [LI0)).

Let us now recall the zero-curvature representation and the formulation of
Darboux transformations within this framework. A system of partial differential
equations

ur = K(u) = K(x,t,u,ug, . ..) (1.1)

is said to admit a zero-curvature equation representation, if it arises from the com-
patibility condition of a pair of linear equations:

U, —V,+[U, V] =0, (1.2)

where U and V' are square matrices, known as a Lax pair, depending on the solu-
tion wu, its derivatives, and the spectral parameter A. These matrices typically lie
in a matrix loop algebra [I1]. The zero-curvature equation is equivalent to the
compatibility of the linear system

¢x =Ud=U(u,A)9, ¢ =V =V(u,A)o, (1.3)

where ¢ is the eigenfunction vector and X is the spectral parameter.

2650073-2



20 Reading

November 19, 2025 9:27 WSPC/S0219-8878 IJGMMP-J043 2650073

A matriz second-order negative AKNS flow and its Darboux transformation

A transformation of ¢/ = D¢ and v’ = u/(u), where D = D(u,\) is a square

matrix, is called a Darboux transformation of the spectral problems ([[3)), if ¢’
satisfies the same type spectral problems:

¢, =U'¢ =U' N, ¢,=V¢ =V \g¢. (1.4)

The matrix D is referred to as the Darboux matrix. The transformed Lax pair
(U', V') must satisfy the gauge-type conditions:

U'D=DU+D,, V'D=DV+D,. (1.5)

When U and V are N x N matrices, a common ansatz for a first-order Darboux
matrix is

D(\) =My - S, (1.6)
where Iy is the identity matrix of order N and S is an IV x N matrix independent of

A. To construct S, one chooses N eigenvalues A1, Ao, ..., Ay and their corresponding
eigenfunctions solving

o = U A)ob, ¢ = V(wA)el, 1<j<N, (L.7)
with u being a fixed solution to (II]). Then, the matrix S is given by [6l12]:
S=HAH™, H= (M, ... o™ —A=diag(\s,...,\n). (1.8)

We summarize the Darboux transformation as follows:

Darboux transformation:
D=Xy—-HAH™!
Lax pair: (U, V) = New Lax pair: (U, V”)
Solution: u; = K (u) = New solution: uj = K (u')

In this work, we begin with the matrix Ablowitz—Kaup—Newell-Segur (AKNS)
spectral problem and derive a matrix-valued second-order negative AKNS flow by
introducing a Lax pair involving a second-order pole in the spectral parameter. This
flow is a natural extension of the Camassa—Holm type equations associated with
the AKNS spectral problem. Based on this Lax representation, we construct the
corresponding Darboux transformation within the AKNS framework. By applying
this transformation to a seed solution, we generate a class of explicit solutions for
the proposed matrix second-order negative AKNS system.
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2. Lax Pair and An Associated Integrable System

Let m,n be two natural numbers. We consider the AKNS matrix spectral matrix

of the form [13]:
-1, O 0 ¢
SN R

U=iAA+Q, A=
n r 0

where Ij; denotes the identity matrix of order k, and ¢ and r are the two potential
matrices given by

q = (ij)mxnv T = (Tkj)nxm- (2.2)

We formulate the Lax matrix as follows:

1
with
U 0 1 |v
Wi =i ' A —2iAQy, Wo=—2 v A — Qtz, (2.4)
0 uo 2 g U2

where u1, v1 and us, v2 are square potential matrices of orders m and n, respectively,
and the off-diagonal blocks f and g are defined as

f=—u1q —qua, g=rui+ usr. (2.5)

Of U10
g 0 Oug.

We present the Lax matrix V in this form to simplify the resulting model equations.

Note that

=[AANQ], A=

The zero-curvature equation
U -V, +[U,V]=0 (2.6)
is equivalent to
(1 —4\)U;, — W, + [U,W] = 0.
By matching powers of A, we obtain the system

—4Q; + i[A, W] =0,
_WI,LE + Z[Aa W2] + [Q7 Wl] = 07 (27)
Qi — Wa e +[Q, W] = 0.
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The first equation is automatically satisfied. From the second and third equations,
we derive the following system:

Gt + Qtea — 5 (U1q + qua)e — £ (v1g + qu2) =0,

Tt + Tegw — = (Pug + uor), + = (rvg + ver) =0,

N~ N
N~ N

Vl,z + 2qrtz - 2qtzr = 07
V2.0 — 27Gtx + 27400 = 0,
uy 4 — 2(qr)y =0,

Uz, — 2(rq), = 0.

The first four equations come from the third equation in (Z7), and the last two
come from the second equation. Becuase the spectal parameter \ appears with a
second-order term in the denominator of V', this system corresponds to a second-
order negative AKNS flow. It is actually a special case of the system presented in

[12], with

n=2, pr=z, 2=t Alz_lAA_Qv

(2.9)
a2:174)\2, A2:>\W1+W2.

Note that all functions involved in U and V above, such as ¢ and r, are functions
of x and t only, and therefore do not depend on z; and ps.
When we take the following in our construction:

m=n=1, wu;=uy=w, v =0y =0, (2.10)

the Lax operator V reduces to the scalar form given in [I4], and the system (2.]))
simplifies to
Gt + Gtoe — (Wq)e —vg =0,
7t + Tige — (Wr), +ovr =0,
¢+ (wr) (2.11)
Vg — 2<rth - Tth) = 07
wy — 2(gr): = 0.

This is exactly the Nurshuak—Tolkynay—Myrzakulov-II equation as introduced in
[14]. There are other negative integrable flows associated with the AKNS spectral

problem (see, e.g. [I5HI9)]).

3. Darboux Transformation and Explicit Solutions
3.1. Compatibility conditions
We assume the Darboux matrix takes the form

D(A) = Mypyn — S. (3.1)
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Then, D must satisfy the spatial compatibility condition:
U'D = DU + D,, (3.2)
where U is given by (Z1]) and
U'=id + Q. (3.3)
This leads to
(AN 4+ Q)Y Mpin —S) = Mmgn — S)(EA + Q) — S,
from which we deduce
Q' =Q+ilA,S] (3.4)
and
Sy =Q'S —8SQ =[Q +iAS, S]. (3.5)
Next, we consider the temporal compatibility condition:
V'D = DV + Dy, (3.6)

where V is defined by [23) and

1
1 —4)N2

/

W' W' =AW + Ws,. (3.7)
This implies
W/ Mpyn —8) = Mmgn — S)W — (1 — 4X?)S,.

Comparing coefficients of powers of A, we obtain

Wi =W 4+ 485,
(3.8)
Wi =Wy +W{S — SWy,
and the evolution of S satisfies:
Sy = W3S — SWs. (3.9)

3.2. Formulation of the Darboux matrix

Following the general framework (cf. [12]), we define the matrix S as
S=HAH™', H= (oM, ... oM A=diagA,..., \nqn),  (3.10)
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where each column vector ¢l satisfies the eigenvalue problems:

o) = U X)o", ¢f =V(w Ao, 1<j<min (311
From this, we compute
H,=iAHA+QH, H,=W HB,+ WyHB>, (312)
where the diagonal matrices B; and By are given by
. >\1 )\m+n
By =d e
L= e (1 SN 4>\$n+n)’

(3.13)

. 1 1
Bzdlag<1_4)\%,...,1_4/\2 )

m-+n
Using ([B.12), we compute the derivatives S, and S, and verify that both the spatial
and temporal compatibility conditions B3 and ([39) are satisfied.
The spatial derivative yields:

S, =H,AH ' —~ HA(H 'H,H™")
=iAHA’H '+ QHAH ' — HAH '(iNHA+ QH)H !
=iAHA’H '+ QHAH ' —iHAH 'AHAH ' — HAH™'Q
= QS — SQ +iAS% —iSAS,

which confirms that the spatial compatibility condition (31]) holds.
To verify the temporal condition, we compute

Sy = HHAH ' — HA(H 'H,H™")
=W HBJAH ' + WoHB,AH ™' — HAH'W,HBH™!
— HAH 'WoHB,H™'.
Based on this, we then define
hi(W1) + ho(Wa) := W35 — SWa — Sp = [Wa + (W1 +45,)S — SW1]S
— SWy — Sy, (3.14)

where hy collects all terms containing Wi, and hs those containing Ws. Using the
identities

4B1A? = By — A, 4B9A? = By — Iy 10, (3.15)
we can compute that
hi(W1) = Wi HA?H ' + AW HBy A H ' —4HAH ‘W, HB,A’H !
~HAH "W \HAH™' ~ W \HBAH ' + HAH 'W,HB,H "
= WiH(A+4B1A%> - B))AH™' — HAH ‘W H(4B1A®> + A— B)H!
=0
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and
ho(Wy) = WoHAH ' + AW, HBo A H ™ — 4AHAH '"WyHBo A2H™?
~ HAH "Wy — WoHByAH ' + HAH Wy HByH
= WoH (Inyn + 4B A% — Bo)AH ™!
— HAH 'WoH (4BoA* + I, — Bo)H ™
=0.

These computations confirm the validity of the temporal compatibility condi-

tion (B.3).

3.3. The Darboux transformation

Therefore, the Darboux transformation is given by

¢ = (Mpmin — 8)p, U =id+Q, V' = AW/ +W3)  (3.16)

1
1—4)2
with

Q' =Q+i[A,S], W{=W+4S;, Wy=Wy+W/S—SW;, (3.17)
where the matrix S is defined by ([BI0). Observing the structures of U, Wy, and

Wy in ([2) and (24, this transformation yields the following expressions for the
transformed quantities:

¢ =q+iA, Sh2, 1 =r+iA, S,
u) =uy +4iS11,, ubh = ug —4iSa2y, (3.18)
v) = v1 + 2[Wh, S]i1 + 8(SeS)11,  vh = ve — 2[W7, S)ag — 8(S5:S)a2.

Here, a matrix A of order m + n is partitioned into block form as

Miq | Mo
M =
Moy | Moo

_ |:(M11)m><m|(M12)m><n
<M21)n><m | <M22)n><n )

3.4. Application: Explicit solutions

Consider a seed solution
qg=r=0, wu;=wuyp, u2=usg, vVI=Uu10, U=, (3.19)

where w10, u20, V1,0, and wvgo, are constant matrices. The fundamental
eigenfunctions

@bl = (V17 1T (3.20)
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take the form
bl — exp | iAjImx — # AUl — lvl ot u[j]
! T r—ax2 UV 2 Lo

, , 1 . 1 j
¢[23] = exp (z)\jfnx + m <Z>‘ju2,0 - 5”2,0) t) u[2j]’
(3.21)

where u[lj] e C™ and u[2j] € C" are arbitrary constant column vectors. Due to
W1 = diag(fiul,o, 'L’UQ)O), we have [Wl, S]ll =0and [Wl, S]QQ = O, and the resulting
explicit solution is then given by

¢ =i[A, S)12, ' =i[A, S]a,
uh = w10+ 418114,  ub = ug0 — 4iSaa,
vi = w10+ 8(SeS)11, vh =20 — 8(S5:S)a0.
(3.22)
where S = HAH ! with H = (¢, ... ¢"+7]) and A = diag(A1, ..., Anin)-

4. Conclusions

Starting from a specific matrix Lax pair, we have constructed a matrix second-order
negative AKNS flow and its associated Darboux transformation, along with a class
of explicit solutions. In the scalar case, this construction recovers the Nurshuak—
Tolkynay—Myrzakulov-II equation introduced in [I4]. Additional developments on
Darboux transformations for negative integrable flows can be found in the literature
(see, e.g. [20H23]).

Constrained Lax pairs are of particular interest, especially when reductions are
imposed on the general potential matrix U (see, e.g. [24,25]). A natural question
then arises: how can one construct Darboux transformations for such constrained
matrix systems, given their reduced Lax pairs? This question becomes even more
intriguing in the broader context where the Lax operator V' contains higher-order
poles in its dependence on the spectral parameter A. A compelling open problem
is thus to determine the structure of Darboux transformations in this more general
negative-order setting, where both constraints and nontrivial spectral singularities
come into play.
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