International Journal of Geometric Methods in Modern Physics \\’ WOI'ld Scientific
Vol. 22, No. 3 (2025) 2450293 (I3 pages)

© World Scientific Publishing Company

DOI: 10.1142/50219887824502931

www.worldscientific.com

A matrix integrable Hamiltonian hierarchy
and its two integrable reductions

Wen-Xiu Ma

Department of Mathematics
Zhejgiang Normal University
Jinhua, 321004 Zhejiang, P. R. China
Department of Mathematics
King Abdulaziz University
Jeddah 21589, Saudi Arabia
Department of Mathematics and Statistics
University of South Florida
Tampa, FL 33620-5700, USA
Material Science Innovation and Modelling
North-West University Mafikeng Campus
Private Bag X2046, Mmabatho 2735, South Africa
mawz@cas.usf.edu

Received 11 July 2023
Accepted 21 July 2024
Published 24 August 2024

A higher-order spectral problem is introduced, based on a special Lie subalgebra of the
general linear algebra. An associated matrix Liouville integrable hierarchy, each of which
consists of four submatrix equations, is generated by means of the zero curvature formu-
lation. The corresponding Hamiltonian structure is established by the trace variational
identity and two integrable reductions, of which one is real and the other is complex,
are constructed under similarity transformations.
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1. Introduction

Matrix Lie algebras are used to formulate matrix spectral problems, which yield
integrable equations and form the basis for the inverse scattering transform [TH3].

There are many examples of applying the special linear algebra [4HG]. Recently,
special orthogonal algebras have also been applied to formulating counterparts of
matrix spectral problems associated with the special linear algebra, which lead to
integrable hierarchies with Hamiltonian structures (see, e.g. [71[g]).
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It is crucial to choose a pseudoregular element ey in the corresponding loop
algebra of a matrix Lie algebra in determining a matrix spectral problem of the
following form:

—ipy =Udp=U(u,\)p, U =eg(N)+urer(N)+---+uer(N), (1.1)
where eg,ei,...,e; are linearly independent in the loop algebra and u =
(u1,...,u;)T is the potential.

Once an appropriate matrix spectral problem is formed, associated zero curva-
ture equations will generate an integrable hierarchy (see, e.g. [9HI3] for combined
integrable hierarchies). It can be shown that the hierarchy consists of commuting
flows. A Hamiltonian structure of the hierarchy can be derived using the trace
variational identity, applicable when the Lie algebra is semisimple [I4], and the
generalized variational identity for non-semisimple cases [15]. This establishes that
every member of the hierarchy is Liouville integrable.

The invariance of matrix spectral problems under similarity transformations
engenders reduced integrable equations, and such invariance produces local and
nonlocal potential reductions, generating reduced integrable equations. Various
local and nonlocal reduced integrable equations have been constructed from matrix
spectral problems associated with the Ablowitz—Kaup—Newell-Segur (AKNS) spec-
tral problems, indeed (see, e.g. [16H20] for local and nonlocal reductions, respec-
tively). Taking pairs of local and nonlocal reductions, we can generate specific
nonlocal reduced integrable equations, and their soliton solutions can be gener-
ated by the reflectionless Riemann-Hilbert problems [21[22] and binary Darboux
transformations [231[24], in which eigenvalues could be equal to adjoint eigenvalues.

This paper aims to present an application of the zero curvature formulation in
generating local integrable equations. In Sec.[2] we introduce a higher-order spectral
problem with four submatrix potentials, based on a special matrix Lie subalgebra
of the general linear algebra. Within the zero curvature formulation, we construct
an associated matrix integrable hierarchy, and applying the trace variational iden-
tity, we furnish a Hamiltonian structure for the integrable hierarchy. In Sec. [3]
we propose and analyze two local reductions of the adopted matrix spectral prob-
lem, and present two reduced matrix integrable hierarchies. In Sec. [d we present a
conclusion, together with some concluding remarks.

2. A Matrix Spectral Problem and its Associated Integrable
Hierarchy

2.1. A Lie subalgebra of the general linear algebra

Let m,n be two given natural numbers, and «, be two given symmetric and
orthogonal matrices of orders n and m:

o' =a, ola=1, p'=p8 p'B=1In, (2.1)
where T' denotes the matrix transpose and I} is the identity matrix of order k.
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We consider a class of square matrices of the following form:

—a b e
A=| ¢ d  —ab?Bl, (2:2)
[ =pBcta  pa’p

where a, e, f are m X m matrices, b and ¢! are m x n matrices, and d is an n x n
matrix, which satisfy

(Be)" = —Pe, (ad)" =—ad, (Bf)" =-5f. (2.3)

It is easy to see that such matrices form a matrix Lie algebra, under the matrix
commutator: [A, B] = AB — BA. Actually, we can determine all matrices in (Z2))
by the property:

0 0 g
(SA)T =-54, S=10 a 0f. (2.4)
B 0 0

This characteristic feature tells a matrix Lie structure clearly, because noting S7 =
S, we have

(S[A, B)T = (SAB)T — (SBA)T
=BT (sA)T — AT(SB)"
=BT (-SA) - AT(-SB)
=—(SB)'A+(SA)'B
= SBA - SAB = —S|A, B],

where SA and SB are assumed to be skew-symmetric.

2.2. A spectral problem and its integrable hierarchy

Let A\ denote the spectral parameter. We introduce a spatial higher-order spectral
problem of the form

-, P v
—ig, =Up=U(u,\)¢p, U= q 0 —ap’ B, (2.5)
w —B¢"a A,

where the potential u = u(p, ¢, v, w) consists of four potential submatrices:

{p = p(x,t) = (pij)mxm q= Q(xat) = (Qij)nxmv
v=0v(x,t) = (Vij)mxm, W=w(z,t)= (Wij)mxm-

This provides a counterpart of the AKNS spectral problem [IL4].
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To generate an integrable hierarchy, we first solve the stationary zero curvature

(2.7)

equationg
W, = i[U, W],
by looking for a Laurent series solution with the same partitioned form as U:
—a b e
W=|c d —ab?pl =) A whl

foo=pa patp |
where the coefficient matrix W!*! is similarly partitioned into

—alsl plsl els]
wlsl = | ¢lsl dls] —ableIT 3| .
il —pclslTo Balslp
Note that we have
[U7 W] = ([U7 W]ij)3><37
with the matrix blocks being given by
[U7 W]ll = pc — bq + U.f - ew,
[U, W)z = —A\b+pd + ap + efq"a — v’ a,
U, Wliz = —2Xe — pabTﬁ + bapTﬁ +vBa’ B + av,
[
[U,W]a1 = Ac — qa — dq — ap” Bf + ab” B,
UWlas =qgb—cp+ap’ca—ab"q¢" o
(U, Wla2 = gb—cp+ap q a,
U, Wlag = Aab’ 5 + dapTﬁ + ge — apTaTﬁ + cv,
[
[U,W]s1 = 2\f — Bqt ac+ el ag — wa — Ba’ pw,
[U, W]z = =A\3c ' — Bq" ad — fp + Ba” q" o + wb,
[U,W]s3 = Bg"b" 3 — Bc" p" B+ we — fo.

Thus, the stationary zero curvature equation determines the initial values

a =0, % =0, =0 d%=0, =0 fO=0o,

and the recursion relation:
b[s+1] = Zb[;] + pd[s] + a[s]p + e[s]ﬁqTa — 'UBC[S]TOé,

C[s+1] = 7'L‘C[IS] + qa[s] + d[s]q + apTﬂf[s] — ab[s]Tﬂw’
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1 s
fls+1l = 5(—ifg[c] + BqTacll — BT ag + walsT + ﬁa[s]Tﬁw)’
a[ws-‘rl] _ i(b[s+1]q _ pc[s+1] + e[s+1],w _ Uf[s+1]),

st — (gble+t) (sl | qpT s+ T g _ qpls+UIT T )

(2.11)
where s > 0. Upon selecting
=1, d%=o, (2.12)
and taking the constant of integration to be zero,
ay—o =0, d¥—o=0, s>1, (2.13)
we can obtain that
ll=p, =g €=y,
(2.14)
fll=w, =0 a¥=o0;
, . 1. 1.
b[2] = 1Pz, 6[2] = —Uq, 6[2] = F Wy, f[2] = — S 1Wyg,
1 2 2 (2.15)
¥l = —pg = Jvw, d¥ = —qp+apTqe;
and
3] T T L L. T 3T
b = —puo — 2pgp + pap” ¢~ a — Svwp + Sivaig” a + e, o,
3] T T 1 Lo 1 T
= —Quz — 2qpq + ap” ¢" g — §qvw - Ezap Pw, — iap, fw,
13] L1 T ; T T, T
e = —5 | JUsa +ipapy f —ipeap” B+ vBq p7 5+ pqu
1 T T 1
+ —vfw* v' B+ —vwv |,
2 2 (2.16)

1/1 _ .
fB = -5 <§wm +i6q" aq, — gL aq + wpg + B pT fw

1 1
+ iwvw + iﬂwTUTﬁw) ,

. 1 1, 1,
a[3] =1 |:<me - pr) + Z(waw - Uﬂcw) + §ZvﬁqTaq + §1PapTﬁw )

dP =i [(qup — qpa) + (L q" — pTql)a + iquBq” o + iop™ Bwp].
At this moment, we readily see that if we define the temporal matrix spectral
problems:

—igy, =VUg =Vl Ng, VI =W, =>"xwl=l r>0 (217
s=0
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then the compatibility conditions of the two matrix spectral problems in ([2.5]) and
@I7), namely, the zero curvature equations:
U, — VI wiu, v =0, >0, (2.18)
yield a matrix integrable hierarchy:
w, = KM r>o0, (2.19)
each of which consists of four submatrix equations:

pe, = bt g = —iclr 1]
(2.20)
vy, = 2ielr T, = —2ifr 1,

The first example in this matrix integrable hierarchy gives the following coupled
integrable nonlinear Schrédinger equations:

. 1 1, .
Pty = Paz + 2pqp — pap” "o+ SUWP = §wmﬁqTa — ivfql a,

, 1 1. .
iGt, = —Que — 2qpq + ap’ ¢" ag — AV — §ZapTﬂwx —iapl Bu,

. 1 , _ 1 1
Wty = 5Von + ipapl B — ipyap” B+ vBq  p” B + pqu + §vﬂwTvTﬁ + owv,

1 _ .
— 5 Wes — iBq" ag, +iBqy aq — wpq — Bg’ p" Bw
1

1
— §wvw — §ﬁwTUTﬁw,

(2.21)

where v and 3 are two arbitrary symmetric and orthogonal matrices. They extend
the range of non-commutative integrable NLS equations (see, e.g. [25]) and coupled
integrable NLS equations (see, e.g. [71[8.26]), which possess intriguing integrable
properties.

2.3. Hamiltonian structure

In order to formulate a Hamiltonian structure for the matrix integrable hierarchy
220), we take advantage of the trace variational identity

4] oU 0 ouU
- - — Y=\ -
5u tr <W )\) dr =\ )\)\ tr (W iu)’ (2.22)

where v is a constant. In our situation, it is easy to see that

tr <W8—U) =2tra,

B))
tr Wa—U =2, tr Wa—U =207,
Op dq
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and thus, we obtain

1) 0 ) 0
il [s+1] — Y \elsIT il [s+1] — Y \plslT
5 /a dr =\ 8)\/\ s 5 /a dr =\ 8)\/\ bt

; 1.0 ; 1.0 =0
O [ s gy — Ly=v 9 v plair _/ (s41) g — Ly 9y lsiT
6v/ax28)\f’5wax28)\e’
Taking a special value s = 2, we can determine v = 0, and thus, we have
s / o gy — st O / HS) g — pls+UT
op ’ dq ’
5 ) 5 ) s>0, (2.23)
O [y gy — Lplsrur O /H[s] do — Lols+1T
ov / v 2f ToSw e ’
where the Hamiltonian functions are defined by
als+2l
HE = 7/ dz, s>0. (2.24)
s+1

This allows us to furnish the Hamiltonian structure for the matrix integrable hier-

archy (Z20):

SHL] M
[r] bt =t At = TV T
w, = Ky = 7 e 1 P r>0, (2.25)
ou ,5H[T] ,5H[T]
Vg, = 4Z&U—T’ we, = — ZM—T,

where the Hamiltonian functional H["! is determined by 224).
The established Hamiltonian structure gives a relation between symmetries and
conserved quantities. We can directly show the associated Lax operator algebra:

VL VE = VI @) [k - v @)K+ v v =0, s >0, (2.26)
and it then follows that infinitely many symmetries commute [27]:
[K, KB = KUV @) KB — KBV () [k =0, s> 0. (2.27)

Further from the Hamiltonian structure (225) and the recursion relation (2IT)),
one can obtain

iy T [s]
HIT HED = i J5H dr =0, r,s>0. 2.28
{

ou ou

By combing J with a hereditary recursion operator ®, determined from K[+1 =
®K] 28], a bi-Hamiltonian structure

] =1
oHll _ | 6K

Su ou

uy, = KM =7 M=Jd, r>1, (2.29)

can also be formulated for the integrable hierarchy ([2:20)), and thus, every member
in the hierarchy is Liouville integrable.
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3. Reduced Integrable Hierarchies

Let 6, n be another pair of constant square matrices of orders n and m, respectively,
which satisfy

=6, 6T65=1I, nt'=n nTn=1I,, (3.1)

and we assume that
ad = da, [Bn=np, (3.2)
where «, 3 are the previous pairs of square matrices involved in the spectral problem

3).

3.1. Real integrable reduction

First, let us consider a real reduction for the spectral matrix U:

0 0 n
CUNC™=U(-)), C=10 6 0 (3.3)
n 0 0
Noting that
Ml —nBq"ad  mun
CUNC™ = | —6ap™pn 0 dqn |,
nn s =Ml
the above reduction equivalently requires
q=—6ap" By, w=mnun or p=-nBg ad, v=nun. (3.4)

Due to the commutative conditions in (2] between v and ¢ and between 3 and 7,
we see that this matrix still belongs to the previously proposed matrix Lie algebra.
It is now direct to know that

CWNC™! = -W(=N), (3.5)

since both Laurent series CW (A)C~! and W(—X) of X solve the stationary zero
curvature equation ([27) but they possess the opposite initial values at A = oo.
Thus, noting that the definition of VI"l = ("W)., we have

cviilnye=t = (=) vld-y), r>o. (3.6)
It then follows that
C Uty (\) = VIO +4[U V), VEHI () 0
= Uty oy (—A) = V() 1a[U(=N), VRN, s >0 (3.7)
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This yields a reduced matrix integrable hierarchy

_ Z'b[2s+2] |q:

Ptosya —dapT Bn, w=nvn>

0. |25+2
Vtosyr = 226[ ]|q:75ap

s>0, (3.8)

T Bn, w=nvn>

each of which also possesses infinitely many symmetries and conserved densities
inherited from the original ones under the potential reductions in ([B4]). The first
nonlinear reduced example consists of the two generalized nonlinear Schrédinger
equations:

ipt, = puw — 2pdap” Bnp + pap” Bpd

1 1. .
+ —vnunp + 52%7};}5 + ivnp.0,

2
1 (3.9)
ity = 5Vus + ipap; B = ipsap” 8 — vipadp’ B
T 1 T, T 1
— padp” Bnu + 51}577@ nv- B+ FunvnY-
3.2. Complex integrable reduction
In what follows, we assume that «, 3,§ and n are all real.
Let us second consider a complex reduction for the spectral matrix U:
n 0 0
cCuUNCr=U'(\), C=10 & 0], (3.10)
0 0 n

where 9,7 are again the pair of constant square matrices of orders n and m which
satisfy (32)), and 1 denotes the Hermitian transpose, and * stands for the complex
conjugate.

Upon observing that

—Ay, npo non
CUNC™ = | doqn 0 —sap” Bn |,
nwn  —nfgtad Ay,
the above reduction on the spectral matrix exactly requires
q"=nps, w'=non or pl=dqn, o =nun. (3.11)

Note that to keep U (A\*) to be in the chosen algebra, « and § must be real, and to
guarantee that the above two sets of potential reductions are in agreement, § and
7 must be real. Now taking (BI1) into consideration, we can show that

CWNC™E =W, (3.12)
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which leads to
ovliloye—t =vliito, r>o. (3.13)
This tells that
C (U, () = V) + iU (), VI g ot
= UL (V) = VIO ot vt ), r >0, (3.14)
and thus, we obtain a reduced matrix integrable hierarchy

pe, = b s v, = 2iel Y| s r>0, (3.15)

n, w=nvin; n, w=nvins

whose infinitely many symmetries and conservation laws are similarly inherited
from the original ones under the set of potential reductions in (BITl). The first
nonlinear reduced integrable system consists of the following generalized nonlinear
Schrédinger equations:

. . 1
ity = Pux + 2p0p'np — pap” np*da + 5?}?7@*?729

1
- 5%’%67719*504 — v fnp,oa,
(3.16)

) 1 . . X
e, = 5000 + ipap? B — ipyap” B+ vBnp*p” B

1 1
+pdpn + 5vﬂnv*anﬁ + §v?7v*nv,

where t and * again denote the Hermitian transpose and the complex conjugate,
respectively.

4. Concluding Remarks

A higher-order spectral problem has been introduced, based on a special Lie subal-
gebra of the general linear algebra. An associated matrix integrable hierarchy has
been generated and its Hamiltonian structure has been established by applying
the trace variational identity. Two integrable reductions, of which one is real and
the other is complex, yield two reduced matrix integrable hierarchies. Three novel
coupled integrable nonlinear Schrédinger systems are presented explicitly.
Recently, reduced nonlocal integrable equations have attracted much attention
and such equations exhibit diverse nonlinear wave phenomena different from the
ones in the local case. It would be interesting to take the newly introduced matrix
spectral problem as an example to construct nonlocal integrable equations (see,
e.g. [29] for the case so(3,R)). It should be significantly important to determine
special function solutions [311[32] and various soliton-type solutions, including lump
solutions [30,33], rogue wave solutions [34.[35], multi-pole soliton solutions [36,37],
and interaction solutions [38,[39]. These investigations encompass both local and
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nonlocal integrable equations stemming from our newly proposed matrix spectral
problems.

We can also combine different group reductions, particularly local and nonlocal
ones, and new resultant integrable equations can carry interesting solution struc-
tures but complicated characteristics of interaction solutions.

Declaration of Competing Interest

The author declares that there is no known competing interest that could have
appeared to influence this work.

Acknowledgments

The work was supported in part by NSFC under the grants 12271488 and
11975145, the Ministry of Science and Technology of China (G2021016032L and
(G2023016011L), and the Natural Science Foundation for Colleges and Universities
in Jiangsu Province (17 KJB 110020).

ORCID
Wen-Xiu Mal@ https://orcid.org/0000-0001-5309-1493

References

[1] M. J. Ablowitz and P. A. Clarkson, Solitons, Nonlinear Evolution Equations and
Inverse Scattering (Cambridge University Press, Cambridge, 1991).

[2] S.P.Novikov, S. V. Manakov, L. P. Pitaevskii and V. E. Zakharov, Theory of Solitons:
the Inverse Scattering Method (Consultants Bureau, New York, 1984).

[3] V. Drinfeld and V. V. Sokolov, Lie algebras and equations of Korteweg—de Vries type,
J. Sov. Math. 30 (1985) 1975-2036.

[4] M. J. Ablowitz, D. J. Kaup, A. C. Newell and H. Segur, The inverse scattering
transform-Fourier analysis for nonlinear problems, Stud. Appl. Math. 53 (1974) 249—
315.

[5] M. Antonowicz and A. P. Fordy, Coupled KdV equations with multi-Hamiltonian
structures, Phys. D 28 (1987) 345-357.

[6] S. Manukure, Finite-dimensional Liouville integrable Hamiltonian systems generated
from Lax pairs of a bi-Hamiltonian soliton hierarchy by symmetry constraints, Com-
mun. Nonlinear Sci. Numer. Simul. 57 (2018) 125-135.

[7] W. X. Ma, Multi-component bi-Hamiltonian Dirac integrable equations, Chaos Soli-
tons Fractals 39 (2009) 282-287.

[8] J. Y. Yang and W. X. Ma, Four-component Liouville integrable models and their
bi-Hamiltonian formulations, Romanian J. Phys. 69 (2024) 101.

[9] W. X. Ma, A four-component hierarchy of combined integrable equations with bi-
Hamiltonian formulations, Appl. Math. Lett. 153 (2024) 109025.

[10] W. X. Ma, A combined Liouville integrable hierarchy associated with a fourth-order
matrix spectral problem, Commun. Theor. Phys. 76 (2024) 075001.

[11] W. X. Ma, Four-component combined integrable equations possessing bi-
Hamiltonian formulations, Modern Phys. Lett. B 38 (2024) 2450319, doi:10.1142/
S0217984924503196.

2450293-11


https://orcid.org/0000-0001-5309-1493

W. X. Ma

(12]

(13]

(14]
(15]
(16]

(17]

W. X. Ma, A generalized hierarchy of combined integrable bi-Hamiltonian equations
from a specific fourth-order matrix spectral problem, Mathematics 12 (2024) 927.
W. X. Ma, A combined Kaup—Newell type integrable Hamiltonian hierarchy with
four potentials and a hereditary recursion operator, Discrete Contin. Dyn. Syst. S
17 (2024), doi:10.3934/dcdss.2024117.

G. Z. Tu, On Liouville integrability of zero-curvature equations and the Yang hier-
archy, J. Phys. A 22 (1989) 2375-2392.

W. X. Ma and M. Chen, Hamiltonian and quasi-Hamiltonian structures associated
with semidirect sums of Lie algebras, J. Phys. A 39 (2006) 10787-10801.

A. V. Mikhailov, The reduction problem and the inverse scattering method, Phys. D
3 (1981) 73-117.

V. S. Gerdjikov, G. G. Grahovski and N. A. Kostov, Reductions of N-wave interac-
tions related to low-rank simple Lie algebras: I. Za-reductions, J. Phys. A 34 (2001)
9425-9461.

W. X. Ma, A novel kind of reduced integrable matrix mKdV equations and their
binary Darboux transformations, Modern Phys. Lett. B 36 (2022) 2250094.

M. J. Ablowitz and Z. H. Musslimani, Integrable nonlocal nonlinear equations, Stud.
Appl. Math. 139 (2017) 7-59.

W. X. Ma, Nonlocal PT-symmetric integrable equations and related Riemann—
Hilbert problems, Partial Differ. Equ. Appl. Math. 4 (2021) 100190.

W. X. Ma, Reduced nonlocal integrable mKdV equations of type (—A,\) and their
exact soliton solutions, Commaun. Theor. Phys. 74 (2022) 065002.

W. X. Ma, Type (A\*, \) reduced nonlocal integrable AKNS equations and their soliton
solutions, Appl. Numer. Math. 199 (2024) 105-113.

W. X. Ma, Binary Darboux transformation of vector nonlocal reverse-time integrable
NLS equations, Chaos Solitos Fractals 180 (2024) 114539.

W. X. Ma, Y. H. Huang, F. D. Wang, Y. Zhang and L. Y. Ding, Binary Darboux
transformation of vector nonlocal reverse-space nonlinear Schrédinger equations, Int.
J. Geom. Methods Mod. Phys. 21 (2024) 2450182, doi:10.1142/S0219887824501822.
V. Sokolov, Algebraic Structures in Integrability (World Scientific, Singapore, 2020).
W. X. Ma, Integrable couplings and two-dimensional unital algebras, Azioms 13
(2024) 481.

W. X. Ma, The algebraic structure of zero curvature representations and application
to coupled KdV systems, J. Phys. A 26 (1993) 2573-2582.

B. Fuchssteiner and A. S. Fokas, Symplectic structures, their Backlund transforma-
tions and hereditary symmetries, Phys. D 4 (1981) 47-66.

W. X. Ma, Integrable nonlocal nonlinear Schrédinger equations associated with
so(3,R), Proc. Amer. Math. Soc. Ser. B9 (2022) 1-11.

W. X. Ma and Y. Zhou, Lump solutions to nonlinear partial differential equations
via Hirota bilinear forms, J. Differential Equations 264 (2018) 2633-2659.

F. Gesztesy and H. Holden, Soliton Equations and Their Algebro-geometric Solutions:
(1 4 1)-Dimensional Continuous Models (Cambridge University Press, Cambridge,
2003).

A. Bashir, A. R. Seadawy, S. Ahmed and S. T. R. Rizvi, The Weierstrass and
Jacobi elliptic solutions along with multiwave, homoclinic breather, kink-periodic-
cross rational and other solitary wave solutions to Fornberg Whitham equation, Chaos
Solitons Fractals 163 (2022) 112538.

T. A. Sulaiman, A. Yusuf, A. Abdeljabbar and M. Alquran, Dynamics of lump col-
lision phenomena to the (3+1)-dimensional nonlinear evolution equation, J. Geom.
Phys. 169 (2021) 104347.

2450293-12



[34]

[35]

[36]

37]
[38]

[39]

A matriz integrable Hamiltonian hierarchy

Y. Sun, B. Tian, X. Y. Xie, J. Chai and H. M. Yin, Rogue waves and lump solitons
for a (3+1)-dimensional B-type Kadomtsev—Petviashvili equation in fluid dynamics,
Waves Random Complexr Media 28 (2018) 544-552.

Y. L. She and R. X. Yao, Novel particular solutions, breathers, and rogue waves for
an integrable nonlocal derivative nonlinear Schrodinger equation, Adv. Math. Phys.
2022 (2022) 7670773.

J. J. Yang, S. F. Tian and Z. Q. Li, Riemann—Hilbert method and multi-soliton solu-
tions of an extended modified Korteweg—de Vries equation with N distinct arbitrary-
order poles, J. Math. Anal. Appl. 511 (2022) 126103.

Y. C. Wei and H. Q. Zhang, Vector multi-pole solutions in the r-coupled Hirota
equation, Wave Motion 112 (2022) 102959.

S. Manukure, A. Chowdhury and Y. Zhou, Complexiton solutions to the asymmetric
Nizhnik—Novikov—Veselov equation, Internat. J. Modern Phys. B 33 (2019) 950098.
H. C. Ma, S. P. Yue and A. P. Deng, Lump and interaction solutions for a (2+1)-
dimensional combined pKP-BKP equation in fluids, Modern Phys. Lett. B 36 (2022)
2250069.

2450293-13



	Introduction
	A Matrix Spectral Problem and its Associated Integrable Hierarchy
	A Lie subalgebra of the general linear algebra
	A spectral problem and its integrable hierarchy
	Hamiltonian structure

	Reduced Integrable Hierarchies
	Real integrable reduction
	Complex integrable reduction

	Concluding Remarks


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 900
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


