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Abstract

Based on a special Lie subalgebra of the general linear algebra, a higher-order matrix spectral
problem is proposed. An associated matrix integrable hierarchy, each of which consists of
four submatrix equations, is constructed from the associated zero curvature equations. The
corresponding Hamiltonian formulation is furnished by utilizing the trace identity, and two
integrable reductions over the real and complex fields are presented by means of similarity
transformations.
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Introduction

Matrix spectral problems over matrix Lie algebras are the staring points to generate integrable
equations, and provide the basis for the inverse scattering transform [1-3]. There are various
examples of applying the special linear algebra [4—6]. Very recently, special orthogonal alge-
bras have also been used to construct counterparts of matrix spectral problems associated with
the special linear algebra, which yield integrable hierarchies with Hamiltonian formulations
(see, e.g., [7D).

It is a key to select a pseudoregular element eq in the corresponding loop algebra of a
matrix Lie algebra in determining a matrix spectral problem of the form

igx =Up=Uu, ¢, U=eo(r)+uier(d)+---+ued),

BXI Wen-Xiu Ma

mawx @cas.usf.edu

Department of Mathematics, Zhejiang Normal University, Jinhua 321004, Zhejiang, China
2 Department of Mathematics, King Abdulaziz University, Jeddah 21589, Saudi Arabia

3 Department of Mathematics and Statistics, University of South Florida, Tampa, FL 33620-5700,
USA

School of Mathematical and Statistical Sciences, North-West University, Mafikeng Campus, Private Bag
X2046, Mmabatho 2735, South Africa

Published online: 31 December 2023 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40819-023-01669-2&domain=pdf

28 Page2of9 Int. J. Appl. Comput. Math (2024) 10:28

where eq, ej, ..., e are linearly independent matrices in the loop algebra and u =
(ui,...,u;)T is the potential vector. Once a proper matrix spectral problem is determined,
associated zero curvature equations will engender integrable equations, which represent com-
muting flows, and their Hamiltonian formulations could be furnished via the trace identity
if the underlying Lie algebra is semisimple [8], and the variational identity if the underlying
Lie algebra is non-seimsimple [9].

Similarity transformations keep matrix spectral problems invariant and so engender
reduced integrable equations. The resulting invariance requires local and nonlocal poten-
tial reductions, producing reduced integrable equations. Various local and nonlocal reduced
integrable equations have been presented from matrix spectral problems associated with the
Ablowitz—Kaup—Newell-Segur (AKNS) spectral problems, indeed (see, e.g., [10-12] and
[13, 14] for local and nonlocal reductions, respectively). Taking pairs of local and nonlocal
reductions, we can construct specific nonlocal reduced integrable equations, and their soli-
ton solutions can be formulated by the reflectionless Riemann—Hilbert problems, in which
eigenvalues could be equal to adjoint eigenvalues [15].

The aim of this paper is to provide an application of the zero curvature formulation in
generating local integrable equations. In Sect. 2, we propose a special matrix Lie sub-algebra
of the general linear algebra, and construct a higher-order matrix spectral problem with four
submatrix potentials. Based on the zero curvature formulation, we work out an associated
matrix integrable hierarchy, and by applying the trace identity, we present a Hamiltonian
formulation for the resulting integrable hierarchy. In Sect. 3, we present and discuss two
local reductions of the adopted matrix spectral problem, and compute two reduced matrix
integrable hierarchies, over the real and complex fields. In the last section, we give rise to a
conclusion and a few concluding remarks.

A Matrix Spectral Problem and Associated Integrable Equations
A Lie Sub-algebra of Matrices
Let m, n be two given natural numbers, 7 stand for the matrix transpose, and /; denote the

identity matrix of order k.
We consider a set of square matrices of the form

—a b e
A=| ¢ d -bT |, ()
f —CT aT

where a, e, f are m x m matrices, b and cT are m x n matrices, and d is an n x n matrix, and
e, f,d are assumed to be skew-symmetric. It is direct to show that such matrices constitute
a matrix Lie algebra, under the matrix commutator: [A, B] = AB — BA. Actually, we can
determine all matrices in (1) by the property:

00
(ST =—-S4, S=| 0 I,
Iy

(@3]

o
cof

Such a characteristic feature determines a matrix Lie structure indeed, because dueto ST = S,
we can compute

(SIA, BDT = (SAB)T — (SBA)T

@ Springer



Int. J. Appl. Comput. Math (2024) 10:28 Page3of9 28

= BT (sA)" — AT(SB)T

= BT (-SA) — AT(-S$B)
=—SBTA+SATB

= SBA — SAB = —S[A, B],

where SA and S B are assumed to be skew-symmetric.

A Spectral Problem and Its Integrable Equations

Let X stand for the spectral parameter. We introduce a spatial higher-order spectral problem
of the form

-y p v
—ipy=Up=Uu,N¢p, U=| g 0 —pl]|, A3)
w  —qT Al

where the potential # = u(p, g, v, w) consists of four potential submatrices:
p=p(x»t)=(pij)mxn» 61=£1(X,l)=(qz'j)nxm,
_ — (v _ — (i @
U—v(xat)—(vu)mxm, w—w(x»t)—(wu)mxm-

This tells a counterpart spectral problem of the AKNS spectral problem [1, 4].
To construct an integrable hierarchy, we usually first solve the stationary zero curvature
equation

Wy =i[U, W], %)

by searching for a Laurent series solution with the same partitioned form as U':

—a b e
W=| c d b |=) 2wkl (6)
f =T aT 5>0

where the coefficient matrix W*! is similarly partitioned into

_alsl plsl ls]

whsl — | clsT glsl _plsIT | @)
f[sJ —cbsIT 4 ls]

Assuming that
(U, W] = (LU, Wij)s, 5
we can work out those matrix blocks:

[U, Wl = pc — bg +vf —ew,

(U, Wlia = —Ab + pd +ap + eq” — vcT,
(U, Wiz = —2xe — pbT +bpT +va” + av,
[U, Wl =ic—ga—dq—p" f+b"w,

(U, Wln=gb—cp+pTch —b"q”,

(U, Whs = AbT +dpT +ge — pTa” + cv,
[U, W31 =21f —ch—l—ch —wa—a’w,
(U, Wl = —Acl —qTd — fp+aTqT +wb,
(U, W3 =q"bT — T pT + we — fu.
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Thus, the corresponding stationary zero curvature equation determines the initial values
ad% =0, =0, =0, =0, =0, fO=0, 8)

and the recursion relation:

BT — ipls] L pgls] g5l 4 olslg Ty clsIT

st = el g alsl 4 glslg 4 pT 11 _ plsiT

et = L (el = ppBsIT 4 psIpT 4 gl 4 gls]y),

FIH = LB g gTels) - (oI g g7 4 g7 ), ®
a£S+1] - (bLS—HJq _ pClH—l] 4 elst1lyy — Uf[S—HJ) ,
d,LS-H] - (qb[s""l] _ C[S+1]p + pTC[S+1]T _ b[S—H]Tq ) ,
where s > 0.
To determine a unique sequence of w1 s > 0, we take
ad% =1, d%=o, (10)
and select the constant of integration as zero,
aMyo =0, d"zo=0, s>1. (11)
In this way, we can work out that
11 _ 17 _ 1] _
= = e,
{b[z] =ipy, P =—iq, = %ivx, = —%iwx, (13)
a?l = —pg — Jvw, d®¥=—qp+pTq”;
and
BB = —puv = 2pgp + ppTq" — svwp + yivig” +ivg],
Bl = —qur = 2qpg + p"q"q — 3qvw — jip"wy —ip{w,
Bl =1 (Svex +ippl —ipep” +vq” pT + pqv + 2owTvT + Lowv), "

FB = —% (%w” +igTqy —iqlq +wpg +q" pTw + %wvw + %wTva) ,
aB =i [(pgx — pxq) + Fwer —vew) + YivgTq + ippTw],

d® =i[(gp —gqp) + (pLq" = pTal) +iqug” +ipTwp].
At this moment, we can easily see that if we take the temporal matrix spectral problems
as

,
—igy =V =V g, VI=0rwy, =) AWl r>0, (15)
s=0

then the compatibility conditions of the two matrix spectral problems in (3) and (15), i.e.,
the associated zero curvature equations:

U,

-

vl i, v =0, r>o, (16)
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generate a hierarchy of matrix integrable equations:
w, = K", r=0,

each of which consists of four submatrix equations:

p, =ikl g = ity =ity = 2l

a7

(18)

The first nonlinear example in this matrix integrable hierarchy presents the following gener-

alized nonlinear Schrodinger equations:

. 1 I. .
ipi, = pxx +2pqp — ppTq" + vwp — Ziveg” —ivg!,

Hamiltonian Formulation

2 2
. T T 1 1- T . T
iqn, = —qxx —29qpq +p q' q — quw — ~ip" wy —ip, w,
2 2 (19)
iv _1 ST T T T l T.T l
= SUx TIppy —ipept £ Pt 4 pqut Svwivt 4 Svwv,
) 1 . .
fwp, = =S —iq" g +igrq —wpg —q" plw — Swow — Jwvlw.

To present a Hamiltonian formulation for the matrix integrable hierarchy (18), we usually

take advantage of the trace indenty

— | u(W)dx =177 %Aytr(w 9w,

)

where y is a constant related to W. In our situation, it is easy to observe that

tr(W %) =2tra,
w(Wg5) =2¢",  w(Wi¥) =27,
tr(W %) = fT, tr(W%) =eT,
and thus, we arrive at
% fa[SH] dx = 177 a%)hyc[ﬂﬂ % fa[s+1] dx = 177 %kyb[S]T’
: B alstl gy = 1oy Doy fIT 0 glstll gy = Ly=v D7 lsIT

Considering a special case of s = 2, we can find y = 0, and thus, we obtain

s>1,

[ % f HS gy = C[s]T7 % f HUE gy = b[S]T’
S HS gy = LT 3 gl g = LI
where the Hamiltonian functions are given by

s+1
’Hm=—f$dx, s> 1.

(20)

2

(23)

(24)
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This allows us to present the Hamiltonian formulation for the matrix integrable hierarchy
(18):

SHI sl
Pi, = l(gqiT’ qr, = —1 657;7 >

. SH[r] . I = O, (25)
U[r = 41811)77" w,r = —4l soT

where the Hamiltonian functional A" is defined by (24).
The established Hamiltonian formulation provides a relation between symmetries and
conserved quantities. We can directly explore the associated Lax operator algebra:

v v = vV ao kP = vEVao kT v vRl =0, rs 20, 26)
and it further follows that infinitely many symmetries {K ¢ ]}fio commute [16]:
[k, kU = KUV k] — K@k =0, r,s>0. 27)

A bi-Hamiltonian formulation can also be established by combing J with a recursion relation
for K11 generated from (9) [17].

Reduced Local Integrable Hierarchies
Integrable Reduction Over the Real Field R

First, let us consider a reduction for the spectral matrix U over the real field R:

001,
CUMNC'=U=r), C=| 01,0 |, (28)
I, 00
Noting that
Ay, —qT  w
cume!=| -p" 0 q |, (29)
v p —Aly
the above reduction equivalently requires
q=—pT, w=v or p=—qT, vV=w. (30)

Obviously, we can see that this matrix still belongs to the previously proposed matrix Lie
sub-algebra. It is direct to check that

CWONC™ = —W(=»n), (3D

since both Laurent series CW (A)C~! and W (—A) of A solve the stationary zero cuvature
Eq. (5) but they possess the opposite initial values at A = oo. Thus, by the definition of
vy = (A" W), we know

cvlioye™! = (=) ttvll—n), r > 0. (32)
Further, it follows that

C(Up,., 30) = VIEHIG) +i[u (), vIBHIG)) !

= Up,,, (—2) = V) 4i[u (=), vIEHI(—)], s > 0. 33

@ Springer



Int. J. Appl. Comput. Math (2024) 10:28 Page70f9 28

This engenders a reduced matrix integrable hierarchy

= >+ s >0, (34)

- [2s42
Pyt = 2iel ]|q:

q:—pT, w=v"’ Ut2s+1 *pT, w=v>

each of which also has infinitely many symmetries and conserved densities inherited from
the original ones under the potential reductions in (30).

Integrable Reduction Over the Complex Field C

Let us second consider a reduction for the spectral matrix U over the complex field C:

I, 0 0
cuvopnc'=utor, c=| 01,0 |, (35)
0 0 I,

where { stands for the Hermitian transpose and % denotes the complex conjugate.
Upon noticing that

-, p v
cumec=| ¢g 0o —pT |, (36)
w  —qT Al

the above reduction on the spectral matrix exactly requires

T

9" =p. wt T

=v or p'=gq, vl = w. (37)

Note that this keeps U f(1*) to be in the chosen matrix Lie sub-algebra, Now taking (37) into
consideration, we can verify that

cwmc =wia, (38)
which yields
cvliloye=t = vliogs, r>o. (39)
This ensures that

C (U, 0) — V) +ifu G, v oo et

T 40
= U 0 = VI o +iot o), virtes), r = o, 0

and consequently, we obtain a reduced matrix integrable hieierachy
P = ib[r“]lq:py w=vts VUt = 2ie[’+1]|q:pt, w=vis =0, 41)

whose infinitely many symmetries and conservation laws are similarly inherited from the
original ones under the set of potential reductions in (37). The first nonlinear reduced inte-
grable system presents the following generalized nonlonear Schrédinger equations:

. 1 1, .
ipn, = pex +2pp p — ppT p* + EUUTP — yivep® = ivp},

1
vy = Sve +ippy —ipxp” +p*p" + pplv+ Svvte! 4 Swly,

where § and * again stand for the Hermitian transpose and the complex conjugate, respec-
tively.
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Concluding Remarks

Based on a special Lie sub-algebra of the general linear algebra, a higher-order matrix spectral
problem has been proposed. An associated matrix integrable hierarchy has been constructed
from the corresponding zero curvature equations, and its Hamiltonian formulation has been
furnished by utilizing the trace identity. Two integrable reductions over the real and complex
fields were made, which yield two reduced matrix integrable hierarchies. Two generalized
nonlinear Schrodinger integrable systems were presented explicitly.

Recently, reduced nonlocal integrable equations have attracted much attention and such
equations exhibit diverse nonlinear wave phenomena different from the ones in the local
case. It would be interesting to take the newly introduced matrix spectral problem as an
example to construct nonlocal integrable equations (see, e.g., [18] for the case so(3, R)). it
should be significantly important to look for special function solutions [19, 20] and soliton
type solutions, including lump solutions [21, 22], rogue wave solutions [23, 24], multi-pole
soliton solutions [25, 26], and interaction solutions [27, 28], in both cases of local and
nonlocal integrable equations associated with our new matrix spectral problems. Moreover,
we can combine two different group reductions, particularly local and nonlocal ones, and
new resultant integrable equations can carry interesting soliton structures with complicated
characteristics of soliton interactions.

Author Contributions W-XM: Writing—original draft, writing—review and editing, methodology, formal
analysis, conceptualization.

Funding The work was supported in part by NSFC under the Grants 12271488, 11975145, 11972291 and
51771083, the Ministry of Science and Technology of China (G2021016032L), and the Natural Science
Foundation for Colleges and Universities in Jiangsu Province (17 KJB 110020).

Data Availability All data generated or analyzed during this study are included in this published article.

Declarations

Competing interests The author declares that there is no known competing interests that could have appeared
to influence this work.

References

1. Ablowitz, M.J., Clarkson, P.A.: Solitons, Nonlinear Evolution Equations and Inverse Scattering. Cam-
bridge University Press, Cambridge (1991)

2. Novikov, S.P., Manakov, S.V., Pitaevskii, L.P., Zakharov, V.E.: Theory of Solitons: The Inverse Scattering
Method. Consultants Bureau, New York (1984)

3. Drinfel’d, V., Sokolov, V.V.: Lie algebras and equations of Korteweg—de Vries type. Sov. J. Math. 30,
1975-2036 (1985)

4. Ablowitz, M.J., Kaup, D.J., Newell, A.C., Segur, H.: The inverse scattering transform-Fourier analysis
for nonlinear problems. Stud. Appl. Math. 53, 249-315 (1974)

5. Antonowicz, M., Fordy, A.P.: Coupled KdV equations with multi-Hamiltonian structures. Physica D 28,
345-357 (1987)

6. Manukure, S.: Finite-dimensional Liouville integrable Hamiltonian systems generated from Lax pairs of
a bi-Hamiltonian soliton hierarchy by symmetry constraints. Commun. Nonlinear Sci. Numer. Simul. 57,
125-135 (2018)

7. Ma, W.X.: Multi-component bi-Hamiltonian Dirac integrable equations. Chaos Soliton Fract. 39,282-287
(2009)

8. Tu, G.Z.: On Liouville integrability of zero-curvature equations and the Yang hierarchy. J. Phys. A: Math.
Gen. 22, 2375-2392 (1989)

@ Springer



Int. J. Appl. Comput. Math (2024) 10:28 Page9of9 28

9. Ma, W.X., Chen, M.: Hamiltonian and quasi-Hamiltonian structures associated with semi-direct sums of
Lie algebras. J. Phys. A: Math. Gen. 39, 10787-10801 (2006)

10. Mikhailov, A.V.: The reduction problem and the inverse scattering method. Physica D 3, 73-117 (1981)

11. Gerdjikov, V.S., Grahovski, G.G., Kostov, N.A.: Reductions of N-wave interactions related to low-rank
simple Lie algebras: 1. Z-reductions. J. Phys. A: Math. Gen. 34, 9425-9461 (2001)

12. Ma, W.X.: A novel kind of reduced integrable matrix mKdV equations and their binary Darboux trans-
formations. Mod. Phys. Lett. B 36, 2250094 (2022)

13. Ablowitz, M.J., Musslimani, Z.H.: Integrable nonlocal nonlinear equations. Stud. Appl. Math. 139, 7-59
(2017)

14. Ma, W.X.: Nonlocal PT-symmetric integrable equations and related Riemann-Hilbert problems. Partial
Differ. Equ. Appl. Math. 4, 100190 (2021)

15. Ma, W.X.: Reduced nonlocal integrable mKdV equations of type (—A, A) and their exact soliton solutions.
Commun. Theoret. Phys. 74, 065002 (2022)

16. Ma, W.X.: The algebraic structure of zero curvature representations and application to coupled KdV
systems. J. Phys. A: Math. Gen. 26, 2573-2582 (1993)

17. Fuchssteiner, B,. Fokas, A.S.: Symplectic structures, their Backlund transformations and hereditary sym-
metries. Physica D 4, 47-66 (1981/1982)

18. Ma, W.X.: Integrable nonlocal nonlinear Schrédinger equations associated with so(3, R). Proc. Am. Math.
Soc. Ser. B9, 1-11 (2022)

19. Gesztesy, F., Holden, H.: Soliton Equations and Their Algebro-Geometric Solutions: (14 1)-Dimensional
Continuous Models. Cambridge University Press, Cambridge (2003)

20. Bashir, A., Seadawy, A.R., Ahmed, S., Rizvi, S.T.R.: The Weierstrass and Jacobi elliptic solutions along
with multiwave, homoclinic breather, kink-periodic-cross rational and other solitary wave solutions to
Fornberg Whitham equation. Chaos Solitons Fract. 163, 112538 (2022)

21. Ma, W.X., Zhou, Y.: Lump solutions to nonlinear partial differential equations via Hirota bilinear forms.
J. Differ. Equ. 264, 2633-2659 (2018)

22. Sulaiman, T.A., Yusuf, A., Abdeljabbar, A., Alquran, M.: Dynamics of lump collision phenomena to the
(3+1)-dimensional nonlinear evolution equation. J. Geom. Phys. 169, 104347 (2021)

23. Sun, Y., Tian, B., Xie, X.Y., Chai, J., Yin, H.M.: Rogue waves and lump solitons for a (3+1)-dimensional
B-type Kadomtsev—Petviashvili equation in fluid dynamics. Waves Random Complex Media 28, 544-552
(2018)

24. She, Y.L., Yao, R.X.: Novel particular solutions, breathers, and rogue waves for an integrable nonlocal
derivative nonlinear Schrodinger equation. Adv. Math. Phys. 2022, 7670773 (2022)

25. Yang, J.J., Tian, S.F, Li, Z.Q.: Riemann—Hilbert method and multi-soliton solutions of an extended
modified Korteweg—de Vries equation with N distinct arbitrary-order poles. J. Math. Anal. Appl. 511,
126103 (2022)

26. Wei, Y.C., Zhang, H.Q.: Vector multi-pole solutions in the r-coupled Hirota equation. Wave Motion 112,
102959 (2022)

27. Manukure, S., Chowdhury, A., Zhou, Y.: Complexiton solutions to the asymmetric Nizhnik—Novikov—
Veselov equation. Int. J. Mod. Phys. B 33, 950098 (2019)

28. Ma, H.C., Yue, S.P, Deng, A.P.: Lump and interaction solutions for a (2+1)-dimensional combined
pKP-BKP equation in fluids. Mod. Phys. Lett. B 36, 2250069 (2022)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

@ Springer



	A Higher-Order Spectral Problem and Associated Matrix Integrable Hierarchies
	Abstract
	Introduction
	A Matrix Spectral Problem and Associated Integrable Equations
	A Lie Sub-algebra of Matrices
	A Spectral Problem and Its Integrable Equations
	Hamiltonian Formulation

	Reduced Local Integrable Hierarchies
	Integrable Reduction Over the Real Field mathbbR
	Integrable Reduction Over the Complex Field mathbbC

	Concluding Remarks
	References


