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1. Introduction

In the field of integrable equations, the Darboux transformation is
among powerful approaches to soliton solutions, and it also has applica-
tions to matrix factorization and Riemann-Hilbert problems. A Lax pair
consisting of spatial and temporal matrix eigenvalue problems is the
basic tool to create Darboux transformations. Besides such a Lax pair of
matrix eigenvalue problems, a binary Darboux transformation requires
to use an equivalent pair of adjoint matrix eigenvalue problems. We
would like to study a general formulation for binary Darboux transfor-
mations associated with a vector reduced Ablowitz-Kaup-Newell-Segur
(AKNS) spatial eigenvalue problem.

Let v be an eigenvalue parameter, and u = u(x, 1), a potential vector,
where x denotes the spatial variable and ¢, the temporal variable. To
begin understanding a binary Darboux transformation, we take a Lax
pair of matrix eigenvalue problems:

—in, =Un=U,v)n, —in,=Vn=V(u,v, (1.1)

where i be the unit imaginary number and # is an m X m matrix
eigenfunction. The involved pair of square matrices, U and V, is defined
by

U= AW)+ P(u,v), (1.2)
and

V = B(v) + O(u, ux,...,u("o);v). (1.3)

Here the two mXxm matrices A and B are constant and commuting with
each other, but the other two m X m matrices P and Q are trace-less
and depend on the potential vector u. Represented as the compatibility
condition of the two matrix eigenvalue problems, the zero curvature
equation

U, -V, +ilU,V]=0, (1.4)

where [-,-] stands for the matrix commutator, leads to an integrable
equation, whose Cauchy problem is solvable through utilizing the
inverse scattering transform [1-3]. We formulate reduced Lax pairs and
zero curvature equations so that we can generate nonlocal integrable
counterparts (see, for example, [4,5]).

In soliton theory, we also use the adjoint pair of matrix eigenvalue
problems:
ifi, =AU, ifj, = fiV. (1.5)
Obviously, the compatibility condition of this adjoint pair of eigenvalue
problems does not generate any new condition, except the original zero
curvature equation. Moreover, the inverse ! of a matrix eigenfunction
n presents an adjoint matrix eigenfunction defined by the adjoint pair
(1.5). Such a connection has also been used in the study of Riemann—
Hilbert problems in the field of local integrable equations (see, for
example, [6]).

A binary Darboux transformation is constituted of

n'=8*n, i =iS™, v = fw, (1.6)
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as long as
U =-istsH ™+ stushH™, vi=-isHsH T + strshT @.7)

where two Darboux matrices St and S~ are inverse to each other, and

U'=U0'W,vy=U0u,v), V=V, v)=Vi,v). (1.8)

Therefore, #' and 77/ present a new pair of eigenfunction and adjoint
eigenfunction, i.e., they satisfy

—in. =U"y, —in, =V'y, (1.9)
and

i, =iV’ iy, ={V', (1.10)
respectively. Either of these two pairs guarantees that the new Lax pair,
consisting of U’ and V’, just yields the original zero curvature equation,
with u being replaced with «’. Accordingly, the novel argument ' en-
genders another solution to the considered integrable equation. There
are diverse examples of applications of Darboux transformations and
binary Darboux transformations to integrable nonlinear Schrédinger
(NLS) equations and integrable modified Korteweg-de Vries (mKdV)
equations in the literature (see, for example, [7-16]).

In this paper, we would like to present a binary Darboux transfor-
mation for vector nonlocal reverse-time nonlinear Schrédinger (NLS)
equations and explore its link with a kind of N-fold binary Darboux
transformation. By taking the zero seed potential, an application of
the obtained binary Darboux transformation yields a class of soliton
solutions, and illustrative examples are nonlocal vector integrable NLS
equations. The conclusion section gives a few comments and remarks.

2. Vector nonlocal NLS equations

Let n € N be an arbitrary natural number, I, stand for the nth-
order identity matrix, and {§,,6,} and {y,,7,} be two pairs of arbitrary
but different constants. Many references exhibit that the vector NLS
equations are generated from the matrix eigenvalue problems (see, for
example, [17]):

—in, =Un=U,v)n, —in, =Vn=V(u, v, 2.1
whose Lax pair is introduced to be
U=vA+P, V=V0+0. (2.2)

In the above, the involved four matrices are defined as follows:

_|é 0 _ |10 p

A_[ ) 52[ﬂ],P—P(u)—[q 0], 2.3)

_|n O _ _vr |0 p|_r | pe ip

@_[0 yzln]’Q_Q(u’v)_ﬁv[q 0] 52[—% —qp]’
(2.4)

where the potential column vector is taken as u = (p,q’ )T, for which
p = (p1sP2s-sPp)s 4 = (412, ----4,)", and two constants are defined
by 6 = 6, — 6, and y = y; — y,. We can easily observe that through
utilizing the square potential matrix P, the above involved matrix Q
can be defined in the following way:

v oy (10 1. [i o0
=Lyp_ L P P
Q=3 52{[ 0 —l,,] +[ 0 —ir, |

=P Lp (PP +ipy, (2.5)

8 52
where I, , = diag(l, I,).

When only one pair of p; and g;, 1 <j < n, is nonzero, the above
spatial matrix eigenvalue problem in (2.1) becomes the scalar AKNS
eigenvalue problem [18]. Obviously, the vector AKNS spatial matrix
eigenvalue problem in (2.1) is a degenerate problem, since the matrix

Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 180 (2024) 114539

A has a multiple eigenvalue §,. Nevertheless, this will not be a problem
for our discussion.

The compatibility condition of the above matrix eigenvalue prob-
lems engenders the classical local vector NLS equations:

n n
- - .
Pji = —5—21[p,-¢xx+2(2 pra)p;ls 4;; = 5—21[4,-,XX+2(Z P44, 1<j <n.

r=1 r=1
(2.6)
When n = 2, under a special kind of reductions, the above vector inte-
grable NLS equations (2.6) can give rise to the Manokov system [19].
This system has been shown to possess an analytic decomposition into
N integrable Hamiltonian systems of ordinary differential equations
[20].
Following an idea of conducting reductions by similarity trans-
formations in [21], we can formulate a particular sort of nonlocal
reductions:

UT(x,—1,—v)C + CU(x,1,v) = 0, C = diag(l, %), =t = %, 2.7)

for the given spectral matrix U [22]. Equivalently, this requires a
condition on P:

PT(x,-1)C + CP(x,1) = 0. (2.8)

From now on, we use 7 to denote the matrix transpose, and X stands
for a constant invertible symmetric matrix.

Conducting the nonlocal reductions defined by (2.8), we can achieve
the reductions between the two potential matrices:

Zq(x, 1)+ p’ (x,—1) =0, 2.9)

where X is an n X n matrix as adopted earlier. Based on this, one can

also directly verify that
VT (x,~t,—v)C = CV(x,1,v), Q" (x,—1,—)C = CO(x,1,v), (2.10)

where the two (n+ 1) X (n+ 1) matrices V and Q are determined earlier
by (2.2) and (2.4), respectively.

It is not difficult to see that the nonlocal reductions in (2.8) (or
equivalently, (2.9)) keep the original zero curvature equation to be
form-invariant. Consequently, under the reductions in (2.8), the spatial
and temporal matrix eigenvalue problems in (2.1) yield the following

vector nonlocal reverse-time integrable NLS equations:
ip(x. 1) = 512 [P 1) = 2p(x, D E 7" pT (x, =0)p(x. 1), 211

where the symmetric matrix X is arbitrary but invertible.
When n = 1, we can arrive at a well-known example [23]:

ip1(x.1) = (6. 1) + 20p, (x, =P (x. 1), & = 1.

When n = 2, we can obtain a new system of nonlocal reverse-time
integrable NLS equations:

{ ipy(x,1) = Plyx,x(x’ 1)+ (&1 p1 (X, =D)p (X, 1) + & py (x, =1)py (x, D)py (x, 1),
ipy,(x,1) = szx,x(x’ 1)+ (&, p1 (x, =D)py (X, 1) + & py (X, =1)py (X, )P, (x, 1), .

where ¢ and ¢, are arbitrary but nonzero constants.
3. Binary Darboux transformation
3.1. A general skeleton

Let us first discuss a binary Darboux transformation, through using
a single pair of eigenfunction and adjoint eigenfunction:

—ivy , = U, v))vy, —ivy, =V (u,v))vy, 3.1
and

iD= 01U, 0y), i0y, = 0,V (u, 9y), (3.2)
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where v, and 7, are a pair of arbitrary complex eigenvalue and adjoint
eigenvalue. Such an idea of adopting both kinds of eigenfunctions was
also used in conducting symmetry constraints [24].

A binary Darboux transformation using a single pair of eigenfunc-
tions can be stated as follows.

Theorem 3.1. Assume that

vi — ¥ v0
ST =SV =Ty — ————

——
v—1V Dyv;

St 3.3)
vi =0 )
ST[1]=87[1l(v) = 1,4 + ,
v—v, 0v
and
S1+[1] = JLTEO[V(S+[1] =11 STl = }L@[V(S_[ll =Ll (3.9
Then we have
SH1I(v)v, =0, 8,S7[11(5;) =0, (3.5)
STWSTI(WV) = 1,4, S1+[1] =-S7[1L (3.6)

and moreover,

n' =Sty 7 =FS7[1], P'= P+ ST[11A+ AS[[1] = P+ [S][1], Al

3.7)

constitute a binary Darboux transformation for the vector classical local
integrable NLS equations (2.6).

Proof. Evidently, we have

, ST = (v, —vl)‘—”l. (3.8)
010y

STl =~(v; - V1)

The properties in (345) and (3.6) just need some straightforward com-
putations.
What we want to verify now are the following two equations:

—i(S*[1]), =U'S*[1] - ST[1]U, (3.9

where U’ = vA + P’ with P’ given by (3.7), and

—i(S*[1]), = V'ST[1] - S*[1]V, (3.10)

where V’ = vO+ Q' with Q' = O|p_p/. Those two equations ensure that
(3.7) provides us with a binary Darboux transformation.

The case of v; = ¥, is evident. Therefore, we assume that v, # 9,
in our computation below. We first consider the x-part of the above
equations. Observe that

(R LIN R S SPP A
Vl_ol X V1—‘71 1,x%1 1%1,x
1 PR n
= — [—zulU(vl)vl +i0,U(vpoy]
=0
P U(V1)—U(V1)

=id, Av,. (3.11)

v =¥

On one hand, we compute that

. ~ + . Vi—Vi,
—i(v—=V)(ST[1D, = i(v; — 1)y
. Vl—‘A’lA+. (Vl—‘A’l)A+. vi— 0
=iv 0, +iv 0y +ivy———90
1x ™5 1 1 1 b0, % 1 1 0,0, 1x
vi—Vr, vi—V . vi—V vi=V. oo
=-Uvho,——0, + v, —/—— (01 Av) ———0; + v, — o u)
D Dv [0
=T+ T,+T;, (3.12)

where we have used the result in (3.11) and the formula for the
derivative of an inverse matrix:

MY, =-MM M. (3.13)
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On the other hand, we have
U'S*[1]1- ST[1U =[U, ST[1]] + [ST[I],A]S*'[I].

We can further compute the two terms in the above sum as follows:

vy =V, 0,0
w.s iy =w,-—~-L1
v—vl D0,
-9 Ulﬁl vi— V00
——(U(V1)+(V—V1)A) + A—(U(V1)+(V—V1)A)
v—="y Divy  v—=1
-V, 0,0 vy — Vv, 010
——U(vl) 190 TN D
v—vl bjvy  v—=1; Dv;
-V, 010 vy =V 010
SNV B Bl Ll S B Bl L VIR
v—"9, 0u; v—v, D0y
T, T -V, 00
=14 BB S i Rt L} - SHA,
v=9V, v-=1 v—1, Djv;
and
LSy 111, AlS*[1]
vy =V 00
= -[SF11). Al — L 4 ST 4]
V- vy
v0; vi—V 0,0 -V, 00
= (v =)= lAl_AI#_A(V]_V]) L1
Do, v—1; Oy v—19, 01u;
+ L U0
+ST1A + A(v; = V)~
b,
T, + =V vdy v0
= +S [1]A - A(vl—vl) +A(v1—v1)—.
V- v—170, Dju; v

At this moment, we see that (v — 9,)(U’S*[1] — ST[1]U) is independent
of the spectral parameter v, and it is equal to T} + T, + T3, which is
—i(v = 91)(ST[1]),. Accordingly, Eq. (3.9) is satisfied.

Note that we can present Q by (2.5) in terms of P. An analogous
but lengthy argument can verify the ¢-part (3.10) of the equations. The
proof is, thus, complete. []

Let us below discuss a general case of using N pairs of eigen-
functions and adjoint eigenfunctions. Associated with arbitrarily given
eigenvalues and adjoint eigenvalues, v, and ¥;, 1 < k < N, denote the
two sets of corresponding eigenfunctions and adjoint eigenfunctions by

—ivg = U, vi)og, —ivg, =V, v v, 1 <k <N, (3.14)
and
iy = 0,UW, ), iy, = 0,V (u,9), 1 <k<N. (3.15)

A key step to define Darboux matrices is the following. Formulate
a square matrix:

Oy . N
—, if v, #,
M = (m) yuns My = v =0 where 1 <k,l < N.
mi](x, 1, ifv, =7,

(3.16)

The spatial and temporal derivatives of m{, will be given later, but
no condition on m¢, is needed in the following discussion until The-
orem 3.2.

ki
Now, when the matrix M is invertible, let us define

i v M=o,
v—9,
ki=1 : (3.17)

N —1 ~
o e O (M) 0
ST=5"w=1 ALy
(V) n+1 + kzl V-,

St=8S*w=1,,, -

and

Sr(v) = hm [V(S*(W) = L], (3.18)
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where I, is the (n + 1)th-order identity matrix. We remark that if we
have the conditions:

(ll<k<NIN{OI1<k<N}=8; vy #v, 0, #0, 1 <kI<N;

then we arrive at the standard Darboux transformations, analyzed in
various studies (see, for example, [3,25,26]). However, the nonempty
intersection is the situation that produces soliton solutions to interest-
ing nonlocal integrable equations, and illustrative examples will also
be given in the next section.

We can easily determine the following results.

Lemma 3.1. The properties hold:

ST, =0, 5,57(9)=0, 1 <k <N, (3.19)
if two matrices S*(v;) and S™(V,) make sense, respectively.

Employing the formulas of the two Darboux matrices S* and S~
in (3.17), we can readily explore their partial fraction decompositions,
which are exhibited in the following lemma.

Lemma 3.2. Let the Darboux matrices S* and S~ be defined by (3.17).
Then the following partial fraction decompositions hold:

N  Mj; N . sM
vl 0 U0y
St = - k = 5= + 3.20
n+l ’;V—\?k n+1 ;V—Vk ( )
where
@M, oM oMM = (vy, 0y, ..., o),
{ Ml n\i T AMNT AMI T2T _ AI}] T AT T (.21
@) @07 ) ..., () ) =(0),05,...,00)" .
Further, we can arrive at the following conclusion.
Lemma 3.3. Under the orthogonal condition
vl o =00, =0, if v, =0, where | <k,/ <N, (3.22)
we have
STWS™(V) =1y, ST =-S5, (3.23)

the first result of which means that S*(v) and S~(v) are inverse to each
other.

Proof. For the sake of good order, we express

U= (U1, 0y ensUN), 0= (0,004 DT (329
and
! 0
V=V
1
F = V=1V, s
0 1
V—VyN
_ Z (3.25)
lA 0
V=V
1
F = V= \’)2
0 lA
| V—VN ]
One can now prove that
FovF = MF - FM. (3.26)

Let us take a pair of integers 1 < k,/ < N. If v, = 7, then we first have
(FovF),, =0, due to (3.22). Second, we can compute

(MF = FM), =my,

—my; =0,

v—vy  v—1
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based on the definition of M in (3.16). Therefore, (FovF),, = (MF —
FM),,. On the other hand, when v, # ¥,, we can have

o D v 1 1 Dv
(FovFy, = —— —1_—¢ - —

_ _ =(MF - FM),,.
V=V, v—1y V-

v—=1. v =0

Consequently, the property in (3.26) holds.
Further, taking advantage of (3.26), we can see that

StS™ =1, —oM ' Fo+vFM "o — oM " FovFM™'o=1,,,,

because S* and S~ can be restated as

St=1,,-vMFo, ST =1,,+vFM ' (3.27)
The second result of (3.23) comes from an observation
N N
S ==Y (M Yyvy =-oM o, ST = Y (MT)yo0, = oMb,
ki=1 k=1
(3.28)

Therefore, the proof is finished. [
At this moment, we are ready to express the required general binary
Darboux transformation for the vector classical local integrable NLS

equations (2.6) as follows.

Theorem 3.2. If the condition in (3.22) and

my, = i0, Avy, if vy =9, where 1 <kl <N, (3.29)
and
mg, = i0 5y qvy, if vy =0, where 1 <k,l <N, (3.30)

ki,
where

_ V,v)—=Vu,v,)

Vi— Vi

- ORI Y. Y .
Epn =0 + 0y +v)O + E(Vk +Vv)P - 5—211»,,(P2 +iP,),

(3.31)

are all satisfied, then the vector classical local integrable NLS equations (2.6)
has the following binary Darboux transformation:

n'=S8*, i =iS7, P'=P+S A+ AS] = P+[S], Al (3.32)
Proof. Our proof is to verify the conditions in (3.9) and (3.10), which
imply the binary Darboux transformation (3.32).

In the same manner as in Theorem 3.1, let us below verify the x-part
(3.9) of the equations. First note that we have

v, = i(AvD + Pv), 0, = —i(DOA + OP), (3.33)
where D and D are given by

D = diag(v, vy, ...,vy), D =diag®;,0,,...,0n). (3.34)
Moreover, like (3.11), we can see

M, = idAv, (3.35)

by virtue of (3.30).

Now taking the matrix expressions for S* and S;r in (3.27) and
(3.28) into consideration, and applying the derivative formulas in
(3.13), (3.33) and (3.35), we can compute that

—iST = (~AvDM ™' Fo— PoM™' Fo) + oM™ 0AvM ™' FD
+(oM ' FDoA + oM~ FoP),

U'S*=@WA+P—ovM™'0A+ AoM™'0) — (vAvM ™' Fo + PoM ™' Fo
oM "DAVM T ED + AvoM T ooM T ),

StU = (VA + P)— (oM FoA + oM™ FoP).
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Upon some further simplification, we can make the following compu-
tation:

—-iST-U'S* +5tU
= —AvAM ' Fo+ oM EDOA —voM FOA + oM~ DA
—AVM 7 '0 + vAOM T ED + AoM T ouoM T F D
= WM EFDOA —voM ' FoA + vM~1HA)
+(vAOM ™ ED — AvDM™YED) — (AoM ™ o — AvM ™ oo M~ Fo)
= (oM EFF A+ oM™ '0A) + AvFT M Fp
—(AvM™'o — AvM ™ ooM 1 F o)
= AvF'M™1Fo— (AvM~'0 — AoM~ ooM~' Fp) =0,
the last step of which comes from (3.26). Therefore, the x-part (3.9) of
the equations is satisfied.

Another similar argument can prove that the r-part (3.10) of the
equations is satisfied, too. The proof is, thus, complete. []

3.2. N-Fold decomposition

Furthermore, by some detailed computation, we would like to prove
that the above general binary Darboux transformation can be factored
into a product of N single binary Darboux transformations.

We first define two sequences of basic matrices S*{k} and S~{k},
1 < k < N, recursively as follows:

A~ ! Al
Vie = Vi Ui Bk

Sk} =SH{k}v) =14 - — ——, 1<k<N,
V=1 oo,
Kk (3.36)
_ _ Vi = U UV
STk} =8S"{k}(v) =1, + - <k<N,
V= Do,
with
v, = S*Ik — 1(v)op, 8, = 8,57k — 110, 1 <k <N, (3.37)
where
ST0] = STIO0N = 1415
SHIKD = S*{k) - ST{2)ST{1), 1<k<N -1, (3.38)

S [kl=S"{1}S{2}-- S {k}, 1 <k<N-1.
We point out that S*{1} and S~{1} above are the same as S*[1] and
S~[1] determined by (3.3).

Theorem 3.3. Assume that {v;|1 <k < N}n{V|1<k<N} =40 Then

St and S~ can be factored into the N-fold products:

St =SH{N}ST{N —1}--SH{1}, ST =S5 {1}--S{N-1}S"{N},
(3.39)

where S*T{k} and S™{k}, 1 <k < N, are recursively defined by (3.36) .

Proof. Using the definition of S*[k] and S~[k] in (3.38), we can see

S*{k}(vv, =0, 0,8 {k}(9)=0, 1 <k<N. (3.40)
It thus follows that
{ STINTv v, = SN -+ STk + 1} (v)ST {k}(v)v, =0, 1<k <N,

0 STINTO) = 0, S~ (k}P)S ™ {k + 1}(D) -+ ST{N}(H) =0, 1<k <N,

where
STIN] = ST{N} - ST{2}ST{1}, ST[N]=S"{1}S {2} S {N}.
(3.41)

Now, due to the same property for S* and S~ in Lemma 3.1, this means

that
St =ST[N], S™=S"[N], (3.42)

which are exactly the decompositions in (3.39). The proof is then
complete. []
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3.3. Nonlocal reduction

To satisfy the nonlocal reduction condition for U’ in (2.7), we
choose

0= —v, 1<k<N, (3.43)
Then, one can directly verify that
(St —0)'C = CSF(x.1) (3.44)

guarantees the nonlocal reduction condition (2.7) for the new spectral
matrix U’. To have the property in (3.44), let us further take

0,06, 1, 9) = vl (x,—1,v)C, 1 <k < N, (3.45)
and demand that

ol (x, =1, v )Coy(x, 1, v)) = 0,

mil’x = iv[(x, —t,vi)CAvy(x,t,v)), if vy = 0, (3.46)

mf, = ivg (x,~1,v)C Sy o (X, 1,)),

where 1 < k,/ < N. Accordingly, the reduced binary Darboux trans-
formation generates a binary Darboux transformation for the nonlocal
integrable NLS equations in (2.11). We summarize this obtained result
on the required Darboux transformation in the following theorem.
Theorem 3.4. Let us take the set of adjoint eigenvalues, {V,|1 <
k < N}, as in (3.43) and the set of adjoint eigenfunctions, {0,|1 <
k < N}, by (3.45). If the three basic conditions in (3.46) are satisfied,
then the reduced binary Darboux transformation (3.32) yields a binary
Darboux transformation for the vector nonlocal reverse-time integrable NLS
Egs. (2.11).

4. Soliton solutions
4.1. Classical unreduced case

Let us take two arbitrary sets of complex numbers {v,|1 < k < N}
and {?;|1 < k < N} as eigenvalues and adjoint eigenvalues. Starting
from the zero seed potential P = 0, we can obtain the associated
eigenfunctions and adjoint eigenfunctions

. .2
v (x, 1) = M AXHVO, 1 <k <N, (4.1)
Ou(x.1) = e ATIRO | <k < N, (4.2)

where w, and &, 1 < k < N, are arbitrary constant column and row
vectors, respectively. Then if we go with m}, = 0, we need to impose
the conditions:

Ww; = W Aw; = W, Ow,; =0, if vy = U, where 1 <k,I <N. (4.3)

At this moment, from the binary Darboux transformation in (3.32),
we directly determine a novel potential matrix:

N

P =[SF AL ST ==Y (M08, (4.4)
k=1

This generate a sort of N-soliton solutions to the local NLS equations

in (2.6):

N N
- D AG+1 - j+1) (1 .
py =8 3 M PoUt g= =5 3 (Mo, 1< <,
ki=1 KI=1
(4.5)

A A(2)

(2) (n+D\1 N
v, ) and 9, = @, 0.,

where v, = 0", 0, ..., O, 1<k <
N.
4.2. Nonlocal reduced case

Considering this nonlocal situation, we have to check if the involu-
tion condition
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(SF(=x,0)'C = CSF(x,1) (4.6)

is satisfied so that we can get soliton solutions to the nonlocal NLS
equations (2.11). Equivalently, this essential property demands that the
novel potential matrix P’ determined by the resultant binary Darboux
transformation needs to satisfy the reduction condition in (2.8). If the
above condition (4.6) holds, then the presented soliton solution to the
local NLS equations (2.6) yields a sort of soliton solutions:
N
py=6 3 (Mot 1< <, (4.7)
k=1

for the nonlocal NLS equations (2.11).

To satisfy the key property (4.6), we introduce the required adjoint
eigenvalues U, 1 < k < N, as in (3.43), upon choosing a set of arbitrary
eigenvalues

v, €C, 1<k<N. (4.8)

Moreover, the associated eigenfunctions v, 1 < k < N, can be taken as
follows:

. )
0 (6 1) = v (x, 1, vy) = e AFO, 1<k <N, (4.9)

respectively, where w,, 1 < k < N, are arbitrary column vectors.
Furthermore, based on the previous analysis on the nonlocal reductions,
the corresponding adjoint eigenfunctions 9;, 1 < k < N, can be chosen
as

006, ) = DG ,00) = 0T (x, =1, v)C = wl e MO0 | <k < N,

(4.10)

respectively. In this way, when taking P = 0, the properties in (3.46)

become the following orthogonal conditions

w! Cw; = w! CAw, = w! COw, =0, if v, = ¥, where 1 <k,l <N,
(4.11)

for {w,|1 < k < N}, if we select m{, = 0. Obviously, those crucial

requirements in (4.11) equivalently yields

(1) _
w,w,’ =0,
@?, ... win+]))2(w(2)

k 5 RS

) if vy =9,, where 1 <k,/ <N,
Jw"HT =0,

(4.12)

with wi") denoting the jth component of w,, where 1 < j < n+ 1, for
each 1 <k < N.

To summarize, if we define an M-matrix by (3.16), which satisfies
(3.46), then the formula (4.7) presents a kind of soliton solutions to
the nonlocal NLS equations (2.11). When we take (4.9) and (4.10) and
choose mZ, = 0, the conditions in (3.46) reduces to the conditions in
(4.12).

5. Conclusion

We aim to propose a binary Darboux transformation for a class of
vector nonlocal reverse-time integrable NLS (nonlinear Schrodinger)
equations. The crucial idea is to take advantage of two sets of eigen-
functions and adjoint eigenfunctions. A general skeleton of binary
Darboux transformations and N-fold decompositions was explored.
Taking a reduction of the M-matrix generates the orthogonal condi-
tions on eigenfunctions and adjoint eigenfunctions. The resultant binary
Darboux transformation was applied to soliton solutions.

The primary result in our analysis is a general framework of Dar-
boux matrices for both local and nonlocal cases. The contributions
consist of a generalized M-matrix and the realization of nonlocal
reductions. While eigenvalues equal to adjoint eigenvalues, the M-
matrix takes zero entries in the existing studies (see, e.g., [14-16]), but
the M-matrix takes non-zero entries in our framework above, which
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satisfy the most general conditions. Our particular case with repeated
eigenvalues or repeated adjoint eigenvalues yields generalized Darboux
transformations. The study was inspired by recent works on nonlocal
reduced integrable equations, including nonlocal integrable NLS and
mKdV equations (see, for example, [4,27-31]).

Applications of binary Darboux transformations to other kinds of
exact solutions, e.g., lump solutions [32] and breather waves [33-
35], could significantly improve our understanding of nonlinear waves.
It is also expected that one could extend the resultant theory of bi-
nary Darboux transformations to nonlocal integrable models with self-
consistent sources (see, e.g., [9,36]), integrable lattice equations (see,
e.g., [37-39] for Darboux transformations), and other multi-component
integrable equations (see, e.g., [40-42]).
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