Vol. 38 No. 24 CHINESE SCIENCE BULLETIN December 1993

A Unified Structure of Zero Curvature Representations
of Integrable Hierarchies

MA Wen-Xiu ( 53X 5F%)
Unstitute of Mathematics, Fudan University, Shanghai 200433, PRC)

Received July 1, 1993,

Keywords: integrable system, spectral problem, characteristic operator equation, Lax ecgerstor.

Let x, €R. u=(u. ", u)", w=u,(x, 1), 1<i<q. By # denote ali C*-differentiable
functions P(x. t, u) and set ~'= {(P,. -, P)T|F.€ #). Moseover, by ¢’ denote all
C ”-differentiable linear operators ®=d(x, t. u): +— "% by &7, , all matrix multiplication
operators W=(W,} .. with W€ .7, | <i, j<:i, and set &, =2, ®C[4, A7". For Ke. 4",
Wear we delme their Gateavx derivatives in a direction S€ 9 as

K'[S]= % K(u+eS)|,m0. W'[S]= (% Wu+eS)|,-q
The space 7 of vector fields constitutes an infinite-dimensional Lie algebra with the
bilinear operation [K, S]=K'[S]-S '[K] (K, S€ .» ),

Letr us consider the spectral problem

o.=Up=Ulu, Vo, - .
{ U9 [/,EZ’('(.))' ( )

o =Vo=V(u 4o,
Its integrability condition is a zero curvature equation
U-Vv.+[U, V]=0. 2)
Here zero curvature means that the curvature matrix d®—®A® with @ =Udx+ Wdr takes
Zero.

Definition 1. If a system of evolution equations
u=K=Ki(x, t, u), Ke »* (3)

15 equivalent to a zero curvature Eq. (2), then (2) is called a zero curvature representation
of the systemn (3) and V is called a Lax operator of the system (3).

Zero curvature representations play an important role in the theory of integrable
systems. In general, integrable systems may be derived from the zero curvature equation (2),
and by using the spectral problem (1), infinitely many conservation laws of corresponding
integrable systems can be engendered® 7.

In the present note, we elaborate a unified structure of zero curvature representations
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of integrable hierarchies including isospectral (4,=0) and nonisospectral (1,= 1", n=k) cases.
The key point is to convert a recursive property of integrable hierarchies into a
characteristic operator equation. By our general structure, we shall give a hierarchy of
nonisospectral (/1,=Z", n=k) coupled KdV integrable systems associated with a known
hierarchy of isospectral (4,=0) coupled KdV integrable systems, and further for those two
hierarchies, we want to display the concrete construction of their zero curvature
representations.

In what follows, we always assume that the spectral operator U=U(u, x, A)€z,
possesses an injective Gateaux derivative operator U”: ‘//‘"»vfg,. Noticing that U,—U [u]+
4, U;, we can obtain

Proposition 1. The system (3) of evolution equations possesses a .ero curvature
representation (2} if and only if
U'[K]+4,U, -V +[U, ¥]=0 (4)

holds, which is a connection between the system (3) and the spectral problem (1).

First suppose that we have a hierarchy of isospectral integrable systems
u=X,=0"f, dczi, fie »4 m=0. (5)
The operator @ here is usually a hereditary symmetry determined by the spectral problem
¢, =Up". For a given vector field X€:.#9 we introduce an operator equation of Q€ez/
U'[@X]- AU’ [X]=]Q, Ul+Q,, (6)

and call it the characteristic operator equation of U at X. We assume that (6) has
solutions and Q—Q(X) is a particular solution at X.

Theorem 1. Ler the multipiication operator Az, satisfy U'[fi]— Ao +[U. Ag)=0 and set

m Z/{m xA /lmAO'FZ/‘Lm IQ(K’ l) m>0 (7)

=1
Then we have

U [K!N] /N\+[U "l]:()* mZO' (8)

Therefore for any m=0, the integrable system u,=K,, possesses the isospectral (A,=0) Zero
curvature representation U +[U, 17,]=0.

I_ [ mx n

Proof. Obviously by the hypothesis, the equality (7) holds for m=0. Below let m=1.
We may make the following calculation:

[U V ]_ U Z)m IA i/{m—i[U, A,]
= 27U, AJ+E 2D QK )

=1

=M(A0\.—U'[K01)+;P*"<Q<K,_l),\— "[K]-AU K, )]
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Zl'"AO;-+Z imMIQ(K,—]),\-_ U/[Km]

= [/m.\' - U ’ [Km]9

which is just the equality (8). The rest is evident by Proposition 1. The proof is
completed.

Next suppose that we have another hierarchy of nonisospectral integrable systems
u,=0,=0"g), gL, n=0, 9)

where the operator ®€..9 is the same as that of the isospectral hierarchy (5).

Theorem 2. Let the multiplication operator Byge, satisfy U’ [go]+ A/, — By= {U. B)=0
and set

W,=L 3" B =A"B; + Z 17 s, ). n>T (10)
1=u 1=
Then we have
:-]/[{Tn] "_i"-” UA_WH.\‘+[U* Wn]=0~ n>0 (]1)

Thercture for any n=0, the iniegrable system u,=a, possesses the nonisospectral (1,=1""")
zero curveture representation U,— W, +[U, W,]=0.

Proof. The equality (11) for n=0 is easily found by the hypothesis. Now let n=1.
Noting the characteristic operator equation (6), we have

[U, W,)=[U. £ "/B]=¥. #*[U, B]

j=t

="[U, BO]+;/1"_j[U, Q(a;_)]

=A"(By,— U [g,] - A U;)"‘; ln_j(Q(oj—l)‘ -U /[Uj] - AU’ [aj—l])

= j'"BOX - }',H—k UAl + Z l"_jQ(oj—l)x -U /[0'"]

)=1
= an_ ;['"+k Ui_ Ul[an]’

which is just the equality (11). The remaining result is true by Proposition 1. We
complete the proof.

Now let us begin to consider an application of the above unified structure to a
hierarchy of coupled KdV integrable systems:

u=K,=0" f,=0"u,, m=0, (12.1)

where
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N o o - 0o R, |
b, 10 0 R;
o= : |, ®=|0 1 - 0 R} (12.2)
Uy 0 0 1 R;_,
L 4 L 4

with

1
2

|

R=(y— + Iy + %5,.,63)*=u,+ =1 u,.x1+% 5,02 0<i<q—1, [=0""

This hierarchy corresponds to the following spectral problem! ®

Vet OU=0, 0=0(u, =272 01", vy,=—1, g=1, 0<I<g—1. (13)
By setting ¢, =y, ¢,=v,, (13) may be represented as
@ - 01
(/JX=U(/), o= @, s U=U‘\M, A.): _Q 0l (]4)
We easily obtain
0 0 X
U'[X) = g . X=| | ez (15)
_A*IZX,AI—I 0 X
= =1 q

and it follows that U’ is injective. The most important thing s to solve the
corresponding characteristic operator equation (6). Let

X, (®2),
X=|! ez 0ox=| | |,Q=
X @X),

Q(l) Q(Z)
QUJ _ Q( 1

~
Ey(o) s

q
Then we can calculate

U’ [®X]-AU[X]

0 0
g-—1
@X)+) [(@X),. — X=X, 2 0
=1

0 0
= —i_l g-1
go RIX)V=X,2 0]

(2 3 1 1 2
_QQ )_Q( )+Q(‘) ZQ( ) +Q(x)

[ UI+Q, =
- 2007+0Y QP+ 00?-Q!"
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Hence we have

— Q0P - Q¥ +Q=0, 20 +0P =0,

2QQ“’+Q‘\.3’=—A"{Z(R‘,Xq);{'_quq} :

=0

Further we find that

1 1 2
2QQ(”+Q_(3)= _2<? Q_‘,+Q6+ —I a3> QX

d—1
=—2A"<ZJ.R.’5—L,5> Qo). - (16)

=0

By (16). we may choose Q® = —i— 1X,, which gives ase to a special solution of the

corresponding characteristic operztor equation (6):

o\

X, > I, X,
Q=Q(X) o 1 1 ] L X=] e (17)
[— 5 QX=X 7 X, X,

Notice that the simplest isospectral initial Lax operator can be chosen as A,=U.
According to Theorem 1, we obtain a hierarchy of isospectral Lax operators V,=4i"U

+2 A"Q(K,_)), m=0, of the coupled KdV integrable hierarchy (12). Particularly, the
=1
integrable system

1 I .
Ugly -1, Tt 5 UO.\'Uq—l+ T OOIUq~I, xxx

1 1
DO,\’+UIUq—I. x+ T vl.\'uq—l + T 5llvq—l, XXX
u,=K==0f=
1
Uy-3. .\'+Uq~luq—l. ot 7 Vg2 204 + Z 5:;72. 11, xex
3 1 .
Uq—l \+ 7 Uq—l. Uq—l"+ T oq—l. IUq—l, XXX

has an sospectral Lax operator

V,=Ady+ A, =14, +Q(K,) =
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Below we consider the nonisospectral case. We need to solve the following operator
equation with respect to g,€.#7 and B,E#):

U/[90]+lkU1_Bo.r+[U~ By]=0. (18)

Let us choose k=1 and

gl BO -
Boz[ 0 ; €exgy BY €7
@ _pgm
By —By

Then similar to the deduction of (16), it is found that

1 1
QO=(qUO+ 7 (q_[)xu(l_\" T Vq—l + 7 (q—l)qufl. K)T’ (19)
1 1
— 7 ah —,)—(.;--l)x-|
B,= : | (20)
1 ) 1
— 5 @@ S gh |
Now the nonisospectrai (4,=4""") hierarchiy of integrable systems reads
u=0,=0",, n=0, 21)

where @ is given by (12.2) and g, by (19). Moreover, for any n=0, the integrable
system u,=: 0, possesses the nonisospectral (4, =4""') Lax operator W,= ‘"BO+Z;':,&"’JQ
(6;-1). When [=0, we can also make k=0, B,=0. This moment, the operator equation
(18) has a solution gy= (—v,. 20, -, —(q—l)uq_,_q)T. For the isospectral coupled
KdV hierarchy (12). many integrable properties such as multiHamiltonian structures,
infinitely many conservation laws, and compatible Poisson brackets have been presented
in Refs. [7—10]. '

Note that the above deduction process also provides an approach for finding
nonisospectral (4,=4", n=k) integrable hierarchies. For the case of Lax representation,
results similar to those of the present note may be found in Refs. {11, 12]. In addition,
we would like to point out that the conditions in Theorems 1 and 2 are all natural and
do not raise any new requirements. This is because those conditions just require that two
initial integrable systems u,=f, and u;=g, possess isospectral (1,=0) and nonisospectral
(4,=4") zero curvature representations, respectively. Two hierarchies of Lax operators
determined by (7) and (10) may also constitute an infinite dimensional Lie algebra, which
is left to a forthcoming paper. However, the geometrical meaning of the characteristic
operator equation (6) and the interrelations between the hereditary symmetry @ associated
with the spectral problem (1) and the operator solution Q of the characteristic operator
equation (6) deserve a further investigation.

The author is greatly indebted to Profs. Gu Chao-hao and Hu He-sheng for their enthusiastic
encourdagement and guidance.
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